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Abstract

The purpose of this paper is to introduce the concept of soft double fuzzy semi-topogenous order.
Firstly, we give the definition of soft double fuzzy semi-topogenous order. Secondly, we induce a soft
double fuzzy topology from a given soft double fuzzy semi-topogenous order by using soft double
fuzzy interior operator.
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1. Introduction

Topology is a distinct branch of modern mathematics which is formed in the middle of the twentieth
century. Due to its various applications in theoretical and applied sciences, the subject became very
famous and attractive to the researchers from the around world.

There are many applications of general topology. For example, ophthalmologists have found that
when the sight is restored to a blind person, the person will have a topological vision for some time.
During this short time, the person who has recovered from the blindness cannot differentiate between
a circle and a square and any o closed curves. He has to practice for some time to accurately describe
various closed curves. Based on this idea, Zeeman has originated a topological model of the brain
and the visual perception [15].

Topological psychology [5, 6] is an argumentative topic in which mathematicians have uneven
opinions on it. Lewin studied topology and developed the topological notions in his theories in
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psychology. He tried hard to formalize his theories into an evident form in order to avoid the rigidity
and inflexibility of the results. Lewin introduced concepts incidentally and progressively developed
them through experimental and observation methods.

In the real world, the exact solution cannot be found for many problems. As a solution to this
problem, scientists have resorted to use approximate solutions. In 1999, Molodtsov [9] introduced
a new approach for the real world problems. He proposed the soft sets as a tool for dealing with
uncertainty.

In 2011, Shabir and Naz [12] introduced the notion of soft topological spaces and Min corrected
some of their results [8]. Zorlutuna et al. [16] continued to study the properties of soft topological
spaces by defining the concepts of soft interior point, soft interior, soft neighborhood, soft continuity
and soft compactness. Later on, Nazmul et al. [10] characterized the soft neighborhoods in soft
topological space. In 2012, Husain and Ahmad [2] strengthened the theory of soft topological spaces
by defining it on a fixed initial universe. Varol et al. [13] presented soft Hausdorff spaces and
introduced some new concepts such as convergence of sequences.

The attempts to develop the soft topology didn’t stop. In 2013, Caǧman et al. [1] redefined soft
topological spaces by modifying the soft set. Also, Roy and Samanta [11] strengthen the definition
of the soft topological spaces presented in [1] and they used the base and the subbase to charac-
terize its properties. Recently, Zakari et al. [14] introduced the notion of soft weak structures as a
generalization of soft topology. An application of soft topology in GIS has been introduced in [3].

In this paper, we will introduce and characterize soft double fuzzy semi-topogenous order. More-
over, we will investigate the relationship between it and soft double fuzzy topological spaces by using
soft double fuzzy interior operator. The results which we will get in this paper are a generaliza-
tion of all the corresponding notions in general topology, soft topology, fuzzy topology, double fuzzy
topology and soft fuzzy topology.

2. Preliminaries

Throughout this paper, let X be a non-empty set, E be a set of attributes or parameters, I = [0, 1],
IX denote the set of all fuzzy sets on X and A ⊂ E. fA is called a fuzzy soft set [7] over X, where f
is the mapping given by f : A → IX . For e ∈ A, f(e) ≡ fe : X −→ I may be considered as a fuzzy
set on X. For any two fuzzy soft sets fA and gB defined over a common universe X, we have:

(1) fA v gB iff A ⊂ B and fe ≤ ge for all e ∈ A.

(2) fA=̃gB iff fA v gB and gB v fA.

(3) fA t gB=̃hC where C = A ∪B and

he =


fe, if e ∈ A−B,
ge, if e ∈ B − A,
fe ∨ ge, if e ∈ A ∩B.

for all e ∈ C.

(4) fA u gB=̃kD where D = A ∩B and ke = fe ∧ ge for all e ∈ D.

A fuzzy soft set fA is called a null fuzzy soft set (denoted by 0̃) if fe = 0 for all e ∈ A and called an
absolute fuzzy soft set (denoted by 1̃) if fe = 1 for all e ∈ A. If fA is a fuzzy soft set over X and
Y ⊂ X, then the fuzzy soft set Y fA is defined by Y fe = 1Y ∧ fe for each e ∈ A, i.e., Y fA=̃1Y u fA.
The relative complement of fuzzy soft set fA (denoted by f ′A), where f ′ : A → IX is given by
f ′e(x) = 1− fe(x) for each e ∈ A and x ∈ X. It is clear that 0̃′=̃1̃ and 1̃′=̃0̃. A fuzzy soft set fE on
X is called α-absolute fuzzy soft set (denoted by 1̃α), if fe = α for each e ∈ E.
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Let φ : X −→ Y and ψ : E −→ K be two mappings, where E and F are the attributes set for
the sets X and Y , respectively. Then the image and the preimage [4] under the fuzzy soft function
φψ : (IX)E −→ (IY )K will be defined as follows:

(1) The image of fA under the soft function φψ, denoted by φψ(fA), is the fuzzy soft set over Y
defined by φψ(fA) = φ(f)ψ(A), where

φ(f)k(y) =

{ ∨
x∈φ−1(y)

(∨
e∈ψ−1(k)∩A fe(x)

)
, if φ−1(y) 6= ∅, ψ−1(k) ∩ A 6= ∅;

0, otherwise.

for each k ∈ K and y ∈ Y .

(2) The pre-image of gB under the fuzzy soft function φψ, denoted by φ−1
ψ (gB), is the fuzzy soft set

over X defined by φ−1
ψ (gB) = φ−1(g)ψ−1(B), where

φ−1(g)e(x) =

{
gψ(e)(φ(x)), if ψ(e) ∈ B;
0, otherwise.

for each e ∈ E and x ∈ X. If φ and ψ are injective (resp. surjective) functions, then φψ is said
to be injective (resp. surjective) fuzzy soft function.

For any two fuzzy soft functions φψ : (IX)E −→ (IY )F and φ∗ψ∗ : (IY )F −→ (IZ)K , we have
φ∗ψ∗ ◦ φψ : (IX)E −→ (IZ)K where φ∗ψ∗ ◦ φψ ≡ (φ∗ ◦ φ)ψ∗◦ψ.

3. Soft double fuzzy topological spaces

In this section, we introduce basic properties of soft double fuzzy topology and investigate the
relationship with soft double fuzzy interior operator.

Definition 3.1. The pair of mappings τ , τ ∗ : E −→ I(IX)E is called a soft double fuzzy topology on
X if it satisfies the following conditions for each e ∈ E, fA, gB ∈ (IX)E and {(fA)i|i ∈ Γ} ⊂ (IX)E:

(1) τe(fA) ≤ τ ∗e (fA)′.

(2) τe(fA u gB) ≥ τe(fA) ∧ τe(gB) and τ ∗e (fA u gB) ≤ τ ∗e (fA) ∨ τ ∗e (gB).

(3) τe(
⊔
i∈Γ(fA)i) ≥

∧
i∈Γ τe((fA)i) and τ ∗e (

⊔
i∈Γ(fA)i) ≤

∨
i∈Γ τ

∗
e ((fA)i).

A soft double fuzzy topology is called enriched if it satisfies the following condition:

(4) τe(1̃
α) = 1 and τ ∗e (1̃α) = 0.

The triplet (X, τE, τ
∗
E) is called a soft double fuzzy topological space. The values τe(fA) and τ ∗e (fA)

are interpreted as the degree of openness and degree of non-openness of a fuzzy soft set fA with
respect to e ∈ E.

Let (τ 1
E, τ

∗1
E ) and (τ 2

E, τ
∗2
E ) be two soft double fuzzy topologies on X. We say that (τ 1

E, τ
∗1
E ) is finer

than (τ 2
E, τ

∗2
E ) ( (τ 2

E, τ
∗2
E ) is coarser than (τ 1

E, τ
∗1
E )), denoted by (τ 2

E, τ
∗2
E ) b (τ 1

E, τ
∗1
E ), if τ 2

e (fA) ≤ τ 1
e (fA)

and τ ∗2e (fA) ≥ τ ∗1e (fA) for all e ∈ E and fA ∈ (IX)E.

Definition 3.2. Let (X, τE, τ
∗
E) and (Y, νF , ν

∗
F ) be two soft double fuzzy topological spaces. A fuzzy

soft function φψ : (IX)E −→ (IY )F is called a soft double fuzzy continuous function if

τe
(
φ−1
ψ (gB)

)
≥ νψ(e)(gB) and τ ∗e

(
φ−1
ψ (gB)

)
≤ ν∗ψ(e) (gB) ,

for each gB ∈ (IY )F and e ∈ E.
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Proposition 3.3. Let {(τ iE, τ i
∗
E)|i ∈ Γ} be a family of soft double fuzzy topologies on X. Then

(τE, τ
∗
E) =

(∧
i∈Γ τ

i
E,
∨
i∈Γ τ

i∗
E

)
is also a soft double fuzzy topology on X, where

τe(fA) =
∧
i∈Γ

(τ i)e(fA) and τ ∗e (fA) =
∨
i∈Γ

(τ i
∗
)e(fA),

for all fA ∈ (IX)E and e ∈ E.

Proof . Obvious. �

Definition 3.4. A map I : E × (IX)E × I1 × I0 −→ (IX)E is called a soft double fuzzy interior
operator on X if and only if I satisfies the following conditions, for all e ∈ E, fA, gB ∈ (IX)E,
α, α1 ∈ I1 and β, β1 ∈ I0 such α + β ≤ 1 and α1 + β1 ≤ 1:

(1) I(e, 1̃, α, β) = 1̃,

(2) I(e, fA, α, β) v fA,

(3) If fA v gB, then I(e, fA, α, β) w I(e, gB, α, β),

(4) If α ≤ α1 and β ≥ β1, then I(e, fA, α, β) w I(e, fA, α1, β1),

(5) I(e, fA u gB, α, β)=̃I(e, fA, α, β) u I(e, gB, α, β).

The pair (X, IE) is called a soft double fuzzy interior space. A soft double fuzzy interior operator
IE is called topological provided that:

I(e, I(e, fA, α, β), α, β)=̃I(e, fA, α, β).

Theorem 3.5. Let (X, τE, τ
∗
E) be a soft double fuzzy topological space. Define the map I(τE ,τ

∗
E) :

E × (IX)E × I0 × I1 −→ (IX)E by

I(τE ,τ
∗
E)(e, fA, α, β) =

⊔
{gB ∈ (IX)E : gB v fA, τe(gB) ≥ α, τ ∗e (gB) ≤ β}

for each e ∈ E, fA ∈ (IX)E, α ∈ I0 and β ∈ I1. Then I(τE ,τ
∗
E) is a topological soft double fuzzy

interior operator.

Proof .(1), (2) and (3) are obvious. We will prove (4) and (5) as follows:

(4) Let α ≤ α1 and β ≥ β1. Then

I(τE ,τ
∗
E)(e, fA, α, β)=̃

⊔
{gB ∈ (IX)E : gB v fA, τe(gB) ≥ α, τ ∗e (gB) ≥ β}

w
⊔
{gB ∈ (IX)E : gB v fA, τe(gB) ≥ α1, τe(gB) ≤ β1}

=̃I(τE ,τ
∗
E)(e, fA, α1, β1),

for each e ∈ E, fA ∈ (IX)E, α, α1 ∈ I1, β, β1 ∈ I0.

(5) Since fA u gB v fA and fA u gB v gB, then we have

I(τE ,τ
∗
E)(e, fA u gB, α, β) v I(τE ,τ

∗
E)(e, fA, α, β)

and I(τE ,τ
∗
E)(e, fA u gB, α, β) v I(τE ,τ

∗
E)(e, gB, α, β). Thus

I(τE ,τ
∗
E)(e, fA u gB, α, β) v I(τE ,τ

∗
E)(e, fA, α, β) u I(τE ,τ

∗
E)(e, gB, α, β),
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for each e ∈ E, fA, gB ∈ (IX)E, α ∈ I1 and β ∈ I0.
Conversely, since I(τE ,τ

∗
E)(e, fA, α, β) u I(τE ,τ

∗
E)(e, gB, α, β) v fA u gB,

τe(I(τE ,τ
∗
E)(e, fA, α, β) u I(τE ,τ

∗
E)(e, gB, α, β)) ≥ τe(I(τE ,τ

∗
E)(e, fA, α, β)) ∧ τe(I(τE ,τ

∗
E)(e, gB, α, β))

≥ α ∧ α = α,

and

τ ∗e (I(τE ,τ
∗
E)(e, fA, α, β) u I(τE ,τ

∗
E)(e, gB, α, β)) ≤ τ ∗e (I(τE ,τ

∗
E)(e, fA, α, β)) ∨ τe(I(τE ,τ

∗
E)(e, gB, α, β))

≤ β ∨ β = β,

then
I(τE ,τ

∗
E)(e, fA, α, β) u I(τE ,τ

∗
E)(e, gB, α, β) v I(τE ,τ

∗
E)(e, fA u gB, α, β).

Hence
I(τE ,τ

∗
E)(e, fA u gB, α, β)=̃I(τE ,τ

∗
E)(e, fA, α, β) u I(τE ,τ

∗
E)(e, gB, α, β).

�

Theorem 3.6. Let I : E × (IX)E × I1 × I0 −→ (IX)E be a soft double fuzzy interior operator on X
and let τI, τ ∗I : E −→ (IX)E be a pair of maps defined by

(τI)e(fA) =
∨
{α ∈ I : I(e, fA, α, β)=̃fA},

and
(τI)

∗
e(fA) =

∧
{β ∈ I : I(e, fA, α, β)=̃fA},

for each e ∈ E and fA ∈ (IX)E. Then ((τI)E, (τI)
∗
E) is a soft double fuzzy topology on X.

Proof .The proof of (1) is obvious. We will prove (2) and (3) as follows:

(2) Suppose that
(τI)e(fA u gB) 6≥ (τI)e(fA) ∧ (τI)e(gB)

or
(τI)

∗
e(fA u gB) 6≤ (τI)

∗
e(fA) ∧ (τI)

∗
e(gB)

for each e ∈ E and fA, gB ∈ (IX)E. Then there exist t1, t2 ∈ I such that

(τI)e(fA u gB) < t1 < (τI)e(fA) ∧ (τI)e(gB)

or
(τI)

∗
e(fA u gB) > t2 > (τI)

∗
e(fA) ∧ (τI)

∗
e(gB).

Since t1 < (τI)e(fA), t1 < (τI)e(gB), t2 > (τI)
∗
e(fA) or t2 > (τI)

∗
e(gB), there exist α1, α2 ∈ I1 and

β1, β2 ∈ I0 such that t1 < α1 ≤ (τI)e(fA), t1 < α2 ≤ (τI)e(gB), or t2 > β1 ≥ (τI)
∗
e(fA), t2 > β2 ≥

(τI)
∗
e(gB). Let α = α1 ∧ α2 and β = β1 ∨ β2, then I(e, fA, α, β) = fA and I(e, gB, α, β) = gB.

By Definition 3.4(5), we have

I(e, fA u gB, α, β) = I(e, fA, α, β) u I(e, gB, α, β) = fA u gB.
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Thus

t1 > (τI)e(fA u gB) =
∨
{α∗ ∈ I : I(e, fA u gB, α∗, β∗) = fA u gB}

≥ α = α1 ∧ α2 > t1,

or

t2 < (τI)
∗
e(fA u gB) =

∧
{β∗ ∈ I : I(e, fA u gB, α∗, β∗) = fA u gB}

≤ β = β1 ∨ β2 < t2.

It is a contradiction. Hence

(τI)e(fA u gB) ≥ (τI)e(fA) ∧ (τI)e(gB)

and
(τI)

∗
e(fA u gB) ≤ (τI)

∗
e(fA) ∨ (τI)

∗
e(gB).

(3) Suppose that

(τI)e(
⊔
i∈Γ

(fA)i) 6≥
∧
i∈Γ

(τI)e((fA)i)

or
(τI)

∗
e(
⊔
i∈Γ

(fA)i) 6≤
∨
i∈Γ

(τI)
∗
e((fA)i)

for each e ∈ E and {(fA)i|i ∈ Γ} ⊂ (IX)E. Then there exist t1, t2 ∈ I such that

(τI)e(
⊔
i∈Γ

(fA)i) < t1 <
∧
i∈Γ

(τI)e((fA)i)

or
(τI)

∗
e(
⊔
i∈Γ

(fA)i) > t2 >
∨
i∈Γ

(τI)
∗
e((fA)i).

Since t1 < (τI)e((fA)i) or t2 > (τI)
∗
e((fA)i) for each i ∈ Γ, there exist αi ∈ I1 and βi ∈ I0 such

that
t1 ≤ αi ≤ (τI)e((fA)i)

or t2 ≥ βi ≥ (τI)
∗
e((fA)i). Let α =

∧
i∈Γ αi and β =

∨
i∈Γ βi. Then

I(e,
⊔
i∈Γ

(fA)i, α, β)=̃
⊔
i∈Γ

(fA)i.

Thus

t1 > (τI)e(
⊔
i∈Γ

(fA)i) =
∨
{α∗ ∈ I : I(e,

⊔
i∈Γ

(fA)i, α
∗, β∗)=̃

⊔
i∈Γ

(fA)i}

≥ α =
∧
i∈Γ

αi ≥ t1,

or

t2 > (τI)
∗
e(
⊔
i∈Γ

(fA)i) =
∧
{β∗ ∈ I : I(e,

⊔
i∈Γ

(fA)i, α
∗, β∗)=̃

⊔
i∈Γ

(fA)i}

≤ β =
∨
i∈Γ

βi ≤ t2.

It is a contradiction. Hence (τI)e(
⊔
i∈Γ(fA)i) ≥

∧
i∈Γ(τI)e((fA)i) and (τI)

∗
e(
⊔
i∈Γ(fA)i) ≤∨

i∈Γ(τI)
∗
e((fA)i).

�
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4. Soft double fuzzy topogenous structure

In this section, we start with softification of the concept of double fuzzy semi-topogenous structure.
Hence, we give its properties and the relationship with soft double fuzzy interior operator and soft
double fuzzy topology.

Definition 4.1. A soft double fuzzy semi-topogenous order on a set X is a pair of functions η, η∗ :
E −→ I(IX)E×(IX)E (where (ηe, η

∗
e) ≡ (η(e), η(e)∗) : (IX)E × (IX)E −→ I are mappings for all e ∈ E)

which satisfy the following axioms for any e ∈ E, fA, (fA)1, (fA)2, (gB), (gB)1, (gB)2 ∈ (IX)E:

(S1) ηe(fA, gB) ≤ η∗e(fA, gB)′.

(S2) If ηe(fA, gB) 6= 0 and η∗e(fA, gB) 6= 1, then fA v gB.

(S3) If (fA)1 v fA v gB v (gB)1, then ηe((fA)1, (gB)1) ≥ ηe(fA, gB) and η∗e((fA)1, (gB)1) ≤
η∗e(fA, gB).

A soft double fuzzy semi-topogenous order (ηE, η
∗
E) is said to be finer than (θE, θ

∗
E) ((θE, θ

∗
E) is

coarser than (ηE, η
∗
E)), denoted by (ηE, η

∗
E) b (θE, θ

∗
E), iff ηe(fA, gB) ≥ θe(fA, gB) and η∗e(fA, gB) ≤

θ∗e(fA, gB), for all fA, gB ∈ (IX)E and e ∈ E. The composition (ηE ◦ θE, η∗E ◦ θ∗E) of soft double fuzzy
semi-topogenous orders (ηE, η

∗
E) and (θE, θ

∗
E) on X is defined by

ηe ◦ θe(fA, gB) =
∨

hC∈(IX)E

{θe(fA, hC) ∧ ηe(hC , gB)}

and
η∗e ◦ θ∗e(fA, gB) =

∧
hC∈(IX)E

{θ∗e(fA, hC) ∨ η∗e(hC , gB)},

for each fA, gB ∈ (IX)E and e ∈ E. A soft double fuzzy semi-topogenous order (ηE, η
∗
E) is called a

soft double fuzzy topogenous order if it satisfies the following conditions:

(S4) ηe((fA)1 t (fA)2, gB) ≥ ηe((fA)1, gB) ∧ ηe((fA)2, gB) and η∗e((fA)1 t (fA)2, gB) ≤ η∗e((fA)1, gB) ∨
η∗e((fA)2, gB).

(S5) ηe(fA, (gB)1 u (gB)2) ≥ ηe(fA, (gB)1)u ηe(fA, (gB)2) and η∗e(fA, (gB)1 u (gB)2) ≤ η∗e(fA, (gB)1)∨
η∗e(fA, (gB)2).

A soft double fuzzy topogenous order (ηE, η
∗
E) on X is called a soft double fuzzy topogenous structure

iff (ηE ◦ηE, η∗E ◦η∗E) b (ηE, η
∗
E). The triplet (X, ηE, η

∗
E) is called a soft double fuzzy topogenous space.

Example 4.2. Let X = {a, b}, E = {e1, e2, e3} and let the fuzzy soft sets hC , lD ∈ (IX)E defined
by

(hC)ei(a) = (hC)ei(b) = 0.5, and (lD)ei(a) = 0.3, (lD)ei(b) = 0.7,

for each i = 1, 2, 3. Define the soft double fuzzy topogenous structure η, η∗ : E −→ I(IX)E×(IX)E by:

ηe1(f, g) =

{
1, if f = 0̃ or g = 1̃;
0, otherwise.

and η∗e1(f, g) =

{
0, if f = 0̃ or g = 1̃;
1, otherwise.

ηe2(f, g) =


1, if f = 0̃ or g = 1̃;
1
3
, if 0̃ 6= f v hC v g 6= 1̃;

0, otherwise.
and η∗e2(f, g) =


0, if f = 0̃ or g = 1̃;
1
3
, if 0̃ 6= f v hC v g 6= 1̃;

1, otherwise.
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ηe3(f, g) =



1, if f = 0̃ or g = 1̃;
0.3, if f v hC v g, g 6w lD;
0.5, if f v lD v g, f 6v hC ;
0.7, if f v hC t lD v g;
0.6, if f v hC u lD v g;
0, otherwise.

and η∗e3(f, g) =



0, if f = 0̃ or g = 1̃;
0.6, if f v hC v g, g 6w lD;
0.4, if f v lD v g, f 6v hC ;
0.3, if f v hC t lD v g;
0.2, if f v hC u lD v g;
1, otherwise.

Definition 4.3. Let (X, ηE, η
∗
E), (Y, θF , θ

∗
F ) and (Z, ξM , ξ

∗
M) be soft double fuzzy topogenous spaces.

A fuzzy soft function φψ : (IX)E −→ (IY )F is called a soft double fuzzy topogenous function if

θψ(e)(fA, gB) ≤ ηe(φ
−1
ψ (fA), φ−1

ψ (gB)) and θ∗ψ(e)(fA, gB) ≥ η∗e(φ
−1
ψ (fA), φ−1

ψ (gB)),

for each fA, gB ∈ (IY )F and e ∈ E.

Proposition 4.4. Let (X, ηE, η
∗
E), (Y, θE, θ

∗
E) and (Z, ξM , ξ

∗
M) be soft double fuzzy topogenous spaces.

If φψ : (IX)E −→ (IY )F and ψ?ψ? : (IY )F −→ (IZ)M are soft double fuzzy topogenous functions, then
(φ? ◦ φ)ψ?◦ψ : (IX)E −→ (IZ)M is soft double fuzzy topogenous function.

Proof . For each fA, gB ∈ (IZ)M and e ∈ E, we have

ηe
(
(φ? ◦ φ)−1

ψ?◦ψ(fA), (φ? ◦ φ)−1
ψ?◦ψ(gB)

)
= ηe

(
φ?−1

ψ? (φ−1
ψ (fA)), φ?−1

ψ? (φ−1
ψ (gB))

)
≥ θψ(e)

(
φ?−1

ψ? (fA), φ?−1
ψ? (gB)

)
≥ ξψ?◦ψ(e)(fA, gB),

and

η∗e
(
(φ? ◦ φ)−1

ψ?◦ψ(fA), (φ? ◦ φ)−1
ψ?◦ψ(gB)

)
= η∗e

(
φ?−1

ψ? (φ−1
ψ (fA)), φ?−1

ψ? (φ−1
ψ (gB))

)
≤ θ∗ψ(e)

(
φ?−1

ψ? (fA), φ?−1
ψ? (gB)

)
≤ ξ∗ψ?◦ψ(e)(fA, gB).

�

Theorem 4.5. Let (ηE, η
∗
E) be a soft double fuzzy semi-topogenous order on X. Define a function

I(ηE ,η
∗
E) : E × (IX)E × I1 × I0 −→ (IX)E by:

I(ηE ,η
∗
E)(e, fA, α, β) =

⊔
{gB ∈ (IX)E |ηe(gB, fA) ≥ α, η∗e(gB, fA) ≤ β},

for each e ∈ E, fA ∈ (IX)E, α ∈ I1 and β ∈ I0. Then:

(i) IηE ,η∗E is soft double fuzzy interior operator.

(ii) If (ηE, η
∗
E) is a soft double fuzzy topogenous structure on X, then IηE ,η∗E is topological soft double

fuzzy interior operator.

Proof .

(i) (1) Obvious.
(2) Let ηe(fA, gB) ≥ α and η∗e(fA, gB) ≤ β for each e ∈ E, fA, gB ∈ (IX)E. By using Definition

4.1 (S2), we have gB v fA. Then I(ηE ,η
∗
E)(e, fA, α, β) v gB.
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(3) If fA v gB, ηe(hC , fA) ≥ α and η∗e(hC , fA) ≤ β for each e ∈ E. By Definition 4.1 (S3),
ηe(hC , gB) ≥ α and η∗e(hC , gB) ≤ β. Thus, I(ηE ,η

∗
E)(e, fA, α, β) v I(ηE ,η

∗
E)(e, gB, α, β).

(4) By using (3), we have

I(ηE ,η
∗
E)(e, fA u gB, α, β) v I(ηE ,η

∗
E)(e, fA, α, β) u I(ηE ,η

∗
E)(e, gB, α, β).

Now, suppose there exist fA, gB ∈ (IX)E such that

I(ηE ,η
∗
E)(e, fA u gB, α, β) 6w I(ηE ,η

∗
E)(e, fA, α, β) u I(ηE ,η

∗
E)(e, gB, α, β).

Then, there exists x ∈ X and t ∈ I1 such that

I(ηE ,η
∗
E)(e, fA u gB, α, β)(x) < t < I(ηE ,η

∗
E)(e, fA, α, β)(x) u I(ηE ,η

∗
E)(e, gB, α, β)(x).

Since I(ηE ,η
∗
E)(e, fA, α, β)(x) > t and I(ηE ,η

∗
E)(e, gB, α, β)(x) > t, there exist hC , lD ∈ (IX)E

with ηe(hC , fA) ≥ α, η∗e(hC , fA) ≤ β and ηe(lD, gB) ≥ α, η∗e(lD, gB) ≤ β such that

I(ηE ,η
∗
E)(e, fA, α, β)(x) ≥ hC(x) > t, I(ηE ,η

∗
E)(e, gB, α, β)(x) ≥ lD(x) > t.

On the other hand, since

ηe(hC , fA) ≥ α, ηe(lD, gB) ≥ α⇒ ηe(hC u lD, fA) ≥ α, ηe(hC u lD, gB) ≥ α,

⇒ ηe(hC u lD, fA u gB) ≥ α.

η∗e(hC , fA) ≤ β, η∗e(lD, gB) ≤ β ⇒ η∗e(hC u lD, fA) ≤ β, η∗e(hC u lD, gB) ≤ β

⇒ η∗e(hC u lD, fA u gB) ≤ β.

Then we have
I(ηE ,η

∗
E)(e, fA u gB, α, β)(x) ≥ (hC u lD)(x) > t.

It is contradiction. Thus,

I(ηE ,η
∗
E)(fA u gB, α, β) ≥ I(ηE ,η

∗
E)(e, fA, α, β) u I(ηE ,η

∗
E)(e, gB, α, β).

(ii) Since I(ηE ,η
∗
E)(e, fA, α, β) v fA. Then, we have

I(ηE ,η
∗
E)(e, I(ηE ,η

∗
E)(e, fA, α, β), α, β) v I(ηE ,η

∗
E)(e, fA, α, β).

Suppose there exists fA ∈ (IX)E such that

I(ηE ,η
∗
E)(e, I(ηE ,η

∗
E)(e, fA, α, β), α, β) 6w I(ηE ,η

∗
E)(e, fA, α, β).

There exist x ∈ X and t ∈ I1 such that

I(ηE ,η
∗
E)(e, I(ηE ,η

∗
E)(e, fA, α, β), α, β)(x) < t < I(ηE ,η

∗
E)(e, fA, α, β)(x).

Since I(ηE ,η
∗
E)(e, fA, α, β)(x) > t, then there exists gB ∈ (IX)E with ηe(gB, fA) ≥ α and

η∗e(gB, fA) ≤ β such that IηE ,η∗E(fA, α, β) ≥ gB(x) > t. Also, since (ηe ◦ ηe, η∗e ◦ η∗e) is finer
than (ηe, η

∗
e), then ηe ◦ ηe(gB, fA) ≥ ηe(gB, fA) ≥ α and η∗e ◦ η∗e(gB, fA) ≤ η∗e(gB, fA) ≤ β, and

therefore, there exists hC ∈ (IX)E such that ηe(gB, hC) ≥ α, η∗e(gB, hC) ≤ β, ηe(hC , fA) ≥ α
and η∗e(hC , fA) ≤ β. Hence ηe(gB, IηE ,η∗E(fA, α, β)) ≥ α and η∗e(gB, IηE ,η∗E(fA, α, β)) ≤ β. Thus

IηE ,η∗E(e, IηE ,η∗E(fA, α, β), α, β)(x) ≥ gB(x) > t.

It is a contradiction. So,

IηE ,η∗E(e, IηE ,η∗E(fA, α, β), α, β) ≥ IηE ,η∗E(fA, α, β).
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�

Definition 4.6. A soft double fuzzy semi-topogenous order (ηE, η
∗
E) is called perfect if

ηe(
⊔
i∈Γ

(fA)i, gB) ≥
∧
i∈Γ

ηe((fA)i, gB)

and
η∗e(
⊔
i∈Γ

(fA)i, gB) ≤
∨
i∈Γ

η∗e((fA)i, gB),

for each {(fA)i|i ∈ Γ} ⊂ (IX)E and e ∈ E.

Theorem 4.7. Let (ηE, η
∗
E) be a soft double fuzzy topogenous order on X. Define the maps τI(ηE,η∗E)

,

τ ∗I(ηE,η∗E)
: E −→ I(IX)E by:

τI(ηE ,η
∗
E)(fA) =

∨
{α ∈ I | I(ηE ,η

∗
E)(e, fA, α, β) = fA},

τI
∗
(ηE ,η

∗
E)(fA) =

∧
{β ∈ I | I(ηE ,η

∗
E)(e, fA, α, β) = fA},

for each e ∈ E and fA ∈ (IX)E. Then:

(i) (τI(ηE,η∗E)
, τI
∗
(ηE ,η

∗
E)) is a soft double fuzzy topology on X.

(ii) If (ηE, η
∗
E) is perfect, then

τI(ηE,η∗E)
(fA) = ηe(fA, fA) and τ ∗I(ηE,η∗E)

(fA) = η∗e(fA, fA).

Proof .

(i) Similar to the proof of Theorem 4.7.

(ii) Let τI(ηE,η∗E)
(fA) ≥ α and τ ∗I(ηE,η∗E)

(fA) ≤ β, then

fA = I(ηE ,η
∗
E)(e, fA, α, β) =

∨
{gB ∈ (IX)E |ηe(gB, fA) ≥ α, η∗e(gB, fA) ≤ β}.

Since (ηE, η
∗
E) is perfect, then ηe(fA, fA) ≥ α and η∗e(fA, fA) ≤ β. Conversely, let ηe(fA, fA) ≥ α

and η∗e(fA, fA) ≤ β, then I(ηE ,η
∗
E)(e, fA, α, β) w fA. So, τI(ηE,η∗E)

(fA) ≥ α, τ ∗I(ηE,η∗E)
(fA) ≤ β and

the result follows.

�

Theorem 4.8. Let (X, IE) be a soft double fuzzy interior space. Define the functions ηI, η
∗
I : E −→

I(IX)E×(IX)E by:

(ηI)e(fA, gB) =
∨
{α ∈ I |fA v I(e, gB, α, β)},

(ηI)
∗
e(fA, gB) =

∧
{β ∈ I |fA v I(e, gB, α, β)}.

Then:

(a) (ηI, η
∗
I) is perfect soft double fuzzy semi-topogenous order on X such that

I((ηI)E ,(ηI)∗E)(e, fA, α, β) = I(e, fA, α, β),

for each e ∈ E, fA ∈ (IX)E, α ∈ I1 and β ∈ I0.
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(b) (ηI, η
∗
I) is a soft double fuzzy topogenous order on X.

(c) If I is topological soft double fuzzy interior operator, then (ηI ◦ ηI, η∗I ◦ η∗I) b (ηI, η
∗
I).

(d) If (η, η∗) is a soft double fuzzy semi-topogenous order, then (ηI(η,η∗) , η
∗
I(η,η∗)

) b (η, η∗).

(e) If (η, η∗) is perfect soft double fuzzy semi-topogenous order, then

(η, η∗) = (ηI(η,η∗) , η
∗
I(η,η∗)

).

Proof . (a) Firstly, we will show that (ηeI, η
∗
eI) is perfect double fuzzy semi-topogenous order:

(1) Trivial.

(2) If ηeI(fA, gB) 6= 0 and η∗eI(fA, gB) 6= 1, then fA v I(e, gB, α, β) v gB.

(3) Let hC v FA v gB v lD, ηeI(fA, gB) ≥ α and η∗eI(fA, gB) ≤ β. Since fA v I(e, gB, α, β), then
hC v I(e, lD, α, β). Hence ηeI(hC , lD) ≥ α and η∗eI(hC , lD) ≤ β. Thus ηeI(hC , lD) ≥ ηeI(fA, gB) and
η∗eI(hC , lD) ≤ η∗eI(fA, gB).

(Pf) Let

ηeI(
⊔
i∈Γ

fAi, gB) ≥ α

and
η∗eI(

⊔
i∈Γ

fAi, gB) ≤ β.

Since
fAi v

⊔
i∈Γ

fAi,

then by (3) ηeI(fAi, gB) ≥ α and η∗eI(fAi, gB) ≤ β, for each i ∈ Γ. Thus⊔
i∈Γ

ηeI(fAi, gB) ≥ α

and ⊔
i∈Γ

η∗eI(fAi, gB) ≤ β

and therefore

ηeI(
⊔
i∈Γ

fAi, gB) ≤
∧
i∈Γ

ηeI(fAi, gB) and η∗eI(
⊔
i∈Γ

fAi, gB) ≥
∨
i∈Γ

η∗eI(fAi, gB).

Now, let ∧
i∈Γ

ηeI(fAi, gB) ≥ α

and ∨
i∈Γ

η∗eI(fAi, gB) ≤ β.

Then
fAi v I(e, gB, α, β),

for each i ∈ Γ. Thus ⊔
i∈Γ

fAi v I(e, gB, α, β).
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It implies

ηeI(
⊔
i∈Γ

fAi, gB) ≥ α

and
η∗eI(

∨
i∈Γ

fAi, gB) ≤ β.

Thus, (ηeI, η
∗
eI) is perfect soft double fuzzy semi-topogenous order.

Secondly, we will show that
IηeI,η∗eI(e, fA, α, β) = I(e, fA, α, β),

for each fA ∈ (IX)E, α ∈ I1 and β ∈ I0:

Let ηeI(gB, λ) ≥ α and η∗eI(gB, λ) ≤ β. Then gB v I(e, fA, α, β). By the definition of IηeI,η∗eI , we
have

IηeI,η∗eI(e, fA, α, β) v I(e, fA, α, β).

Since
I(e, fA, α, β) v I(e, fA, α, β),

then
ηeI(I(e, fA, α, β), fA) ≥ α

and
η∗eI(I(e, fA, α, β), fA) ≤ β.

Thus,
IηeI,η∗eI(e, fA, α, β) v I(e, fA, α, β)

and the result follows.

(b) From (1), we will only show that (ηeI, η
∗
eI) satisfies (T):

Let
ηeI(fA, gB1 u gB2) ≥ α

and
η∗eI(fA, gB1 u gB2) ≤ β.

Since
gB1 u gB2 v gBi

for each i ∈ {1, 2}. Then, by Definition 4.1-(T), η(fA, gBi) ≥ α and η∗(fA, gBi) ≤ β, for each
i = {1, 2}. Thus

ηeI(fA, gB1 u gB2) ≤ ηeI(fA, gB1) ∧ ηeI(fA, gB2)

and
η∗eI(fA, gB1 u gB2) ≥ η∗eI(fA, gB1) ∨ η∗eI(fA, gB2).

Conversely, let ηeI(fA, gBi) ≥ α and η∗eI(fA, gBi) ≤ β, for each i ∈ {1, 2}. Then fA v I(e, gBi, α, β),
but I is a soft double fuzzy interior operator, then

fA v I(e, gB1, α, β) u I(e, gB2, α, β) = I(e, gB1 u gB2, α, β).

Hence
η(fA, gB1 u gB2) ≥ α,
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η∗(fA, gB1 u gB2) ≤ β

and the result follows.

(c) Let ηeI(fA, gB) ≥ α and η∗eI(fA, gB) ≤ β. Then fA v I(e, gB, α, β). Since

fA v I(e, gB, α, β) = I(e, I(e, gB, α, β), α, β)

and
I(e, gB, α, β) v I(e, gB, α, β),

then
ηeI(fA, I(e, gB, α, β)) ≥ α,

η∗eI(fA, I(e, gB, α, β)) ≤ β

and
ηeI(I(e, gB, α, β), gB) ≥ α,

η∗eI(I(e, gB, α, β), gB) ≤ β.

Thus,
ηeI ◦ ηeI(fA, gB) ≥ α

and
η∗eI ◦ η∗eI(fA, gB) ≤ β.

(d) Let ηe(fA, gB) ≥ α and η∗e(fA, gB) ≤ β. Then

fA v Iη,η∗(e, gB, α, β).

Thus
ηeIη,η∗ (fA, gB) ≥ α

and
η∗eIη,η∗ (fA, gB) ≤ β.

Thus,
(ηIη,η∗ , η

∗
Iη,η∗

)

is finer than (η, η∗).

(e) Let
ηIη,η∗ (fA, gB) ≥ α

and
η∗Iη,η∗ (fA, gB) ≤ β.

Then
fA v Iη,η∗(e, gB, α, β) =

⊔
{hC ∈ (IX)E |η(hC , gB) ≥ α, η∗(hC , gB) ≤ β}.

Since (η, η∗) is perfect, then
η(Iη,η∗(e, gB, α, β), gB) ≥ α

and
η∗(Iη,η∗(e, gB, α, β), gB) ≤ β.

From (T),
fA v Iη,η∗(e, gB, α, β).

It implies that ηe(fA, gB) ≥ r and η∗e(fA, gB) ≤ β. �
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Theorem 4.9. Let (τE, τ
∗
E) be a soft double fuzzy topology on X. Define the maps ητE , ητ∗E : E −→

I(IX)E×(IX)E by:

ητe(fA, gB) =

{ ∨
τe(hC), if hC ∈ Φ(fA, gB);

0, if Φ(fA, gB) = ∅. ,

ητ∗e (fA, gB) =

{ ∧
τ ∗e (hC), if hC ∈ Φ(fA, gB);

1, if Φ(fA, gB) = ∅.
where Φ(fA, gB) = {hC |fA v hC v gB}. Then:

(i) (ητE , ητ∗E) is a perfect soft double fuzzy topogenous order on X.

(ii) (ητE , ητ∗E) = (ηI(τE,τ∗E)
, η∗I(τE,τ∗E)

).

Proof .(i) (1) Trivial.

(2) If ητe(fA, gB) 6= 0 and ητ∗e (fA, gB) 6= 1. Then there exists Φ(fA, gB) 6= φ. Thus fA v gB.

(3) It follows from the definition of (ητe , ητ∗e ).

(T) Let ητe(fA, (gB)i) ≥ α and ητ∗e (fA, (gB)i) ≤ β, for each i ∈ {1, 2}. Then there exist (hC)1 ∈
Φ(fA, (gB)1) and (hC)2 ∈ Φ(fA, (gB)2) such that τe((hC)1) ≥ α, τ ∗e ((hC)1) ≤ β and τe((hC)2) ≥ α,
τ ∗e ((hC)2) ≤ β. Since τe((hC)1u (hC)2) ≥ α, τ ∗e ((hC)1u (hC)2) ≤ β and (hC)1u (hC)2 ∈ Φ(fA, (gB)1u
(gB)2), we have ητe(fA, (gB)1 u (gB)2) ≥ α, ητ∗e (fA, (gB)1 u (gB)2) ≤ β.

Now, to prove that (ητE , ητ∗E) is perfect, let ητe((fA)i, gB) ≥ α and ητ∗e ((fA)i, gB) ≤ β, for each i ∈ Γ.
For each i ∈ Γ, there exist (hC)i ∈ Φ((fA)i, gB) such that τe((hC)i) ≥ α and τ ∗e ((hC)i) ≤ β. It implies
that ⊔

i∈Γ

(fA)i v
⊔
i∈Γ

(hC)i v gB

and τe(
⊔
i∈Γ(hC)i) ≥ α, τ ∗e (

⊔
i∈Γ(hC)i) ≤ β. Hence ητe(

⊔
i∈Γ(fA)i, gB) ≥ α and ητ∗e (

⊔
i∈Γ(fA)i, gB) ≤

β.

(ii) Let ηI(τE,τ∗E)
(fA, gB) ≥ α and η∗I(τE,τ∗E)

(fA, gB) ≤ β. Since

fA v IτE ,τ∗E(e, gB, α, β) v gB

and
τe(I(τE ,τ

∗
E)(e, gB, α, β)) ≥ α,

τ ∗e (I(τE ,τ
∗
E)(e, gB, α, β)) ≤ β,

then ητe(fA, gB) ≥ α, ητ∗e (fA, gB) ≤ β.

Conversely, let ητe(fA, gB) ≥ α and ητ∗e (fA, gB) ≤ β. Then, there exists hC ∈ Φ(fA, gB) such that
τe(hC) ≥ α and τ ∗e (hC) ≤ β. Since I(τE ,τ

∗
E)(e, hC , α, β)=̃hC , ηI(τE,τ∗E)

(fA, hC) ≥ α, η∗IτE,τ∗E
(fA, hC) ≤ β

implies ηI(τE,τ∗E)
(fA, gB) ≥ α and η∗I(τE,τ∗E)

(fA, gB) ≤ β. �

Theorem 4.10. Let (ηE, η
∗
E) be a perfect soft double fuzzy semi-topogenous order on X. Define the

maps ηηE , τη∗E : E −→ (IX)E by

τηe(fA) = ηe(fA, fA), τη∗e (fA) = η∗e(fA, fA)

for each fA ∈ (IX)E. Then:
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(i) (τηE , τη∗E) = (τI(ηE,η∗E)
, τI(ηE,η∗E)

).

(ii) If (ηE, η
∗
E) is perfect soft double fuzzy topogenous order on X, then (τηE , τη∗E) is a soft double

fuzzy topology on X.

(iii) (ηE, η
∗
E) b (ητηE , ητη∗E

).

(iv) If (ηE ◦ ηE, η∗E ◦ η∗E) b (ηE, η
∗
E), then (ηE, η

∗
E) = (ητηE , ητη∗E

).

Proof .(i) From Theorem 4.5(2), τηe(fA) ≥ α, τη∗e (fA) ≤ β iff ηe(fA, fA) ≥ α, η∗e(fA, fA) ≤ β iff

fA = I(ηE ,η
∗
E)(e, fA, α, β),

fA = I(ηE ,η
∗
E)(e, fA, α, β)

iff τI(ηE,η∗E)
(fA) ≥ α, τ ∗I(ηE,η∗E)

(fA) ≤ β.

(ii) (1) Trivial.

(2) Let τηe((fA)1) ≥ α, τη∗e ((fA)1) ≤ β and τηe((fA)2) ≥ β, τη∗e ((fA)2) ≤ β. Then ηe((fA)1, (fA)1) ≥ α,
η∗e((fA)1, (fA)1) ≤ β, ηe((fA)2, (fA)2) ≥ α and η∗e((fA)2, (fA)2) ≤ β. Thus, ηe((fA)1 u (fA)2, (fA)1) ≥
α, η∗e((fA)1 u (fA)2, (fA)1) ≤ β, ηe((fA)1 u (fA)2, (fA)2) ≥ α and η∗e((fA)1 u (fA)2, (fA)2) ≤ β, which
tends to

ηe((fA)1 u (fA)2, (fA)1 u (fA)2) ≥ α, η∗e((fA)1 u (fA)2, (fA)1 u (fA)2) ≤ β.

Thus τηe((fA)1 u (fA)2) ≥ α, τη∗e ((fA)1 u (fA)2) ≤ β.

(3) Let τηe((fA)i) ≥ α and τη∗e ((fA)i) ≤ β, for each i ∈ Γ. Then ηe((fA)i, (fA)i) ≥ α and
η∗e((fA)i, (fA)i) ≤ β, for each i ∈ Γ. By Definition 4.1-(3), we have ηe((fA)i,

⊔
i∈Γ) ≥ α and

η∗e((fA)i,
⊔
i∈Γ) ≤ β. Then ηe(

⊔
i∈Γ(fA)i,

⊔
i∈Γ(fA)i) ≥ α and η∗e(

⊔
i∈Γ(fA)i,

⊔
i∈Γ(fA)i) ≤ β ( Since

(ηE, η
∗
E) is perfect ). Therefore, τηe(

⊔
i∈Γ(fA)i) ≥ α, τη∗e (

⊔
i∈Γ(fA)i) ≤ β and the result follows.

(iii) Let ητηe (fA, gB) ≥ α and ητη∗e (fA, gB) ≤ β. Then, there exists hC ∈ Φ(fA, gB) such that

τηe(hC) ≥ α and τη∗e (hC) ≤ β. Since τηe(hC) ≥ α, τη∗e (hC) ≤ β iff ηe(hC , hC) ≥ α, η∗e(hC , hC) ≤ β
and fA v hC v gB. By Definition 4.1-(3), ηe(fA, gB) ≥ α and η∗e(fA, gB) ≤ β. Then, (ηE, η

∗
E) b

(ητηE , ητη∗E
).

(iv) We need only to show that (ητηE , ητη∗E
) b (ηE, η

∗
E). Let ηe(fA, gB) ≥ α and η∗e(fA, gB) ≤ β. Then,

fA v I(ηE ,η
∗
E)(e, gB, α, β) v gB. Since

I(ηE ,η
∗
E)(e, I(ηE ,η

∗
E)(e, gB, α, β), α, β) = I(ηE ,η

∗
E)(e, gB, α, β),

we have τI(ηE,η∗E)
(I(ηE ,η

∗
E)(e, gB, α, β)) ≥ α and τ ∗I(ηE,η∗E)

(I(ηE ,η
∗
E)(e, gB, α, β)) ≤ α. Since τI(ηE,η∗E)

= τηe

and τ ∗I(ηE,η∗E)
= τη∗e , then we have τηe(I(ηE ,η

∗
E)(e, gB, α, β)) ≥ α and τη∗e (I(ηE ,η

∗
E)(e, gB, α, β)) ≤ β and

therefore, ητηe (fA, gB) ≥ α and ητη∗e (fA, gB) ≤ β. �

Theorem 4.11. Let (τE, τ
∗
E) be a soft double fuzzy topology on X. Then

(τητE , τητ∗E
) = (τηI(τE,τ∗E)

, τηI(τE,τ∗E)
) = (τE, τ

∗
E).

Proof . By Theorem 4.9, (ητE , ητ∗E) is a perfect soft double fuzzy semi-topogenous order on X and
(ητE , ητ∗E) = (ηI(τE,τ∗E)

, η∗I(τE,τ∗E)
). Then, by Theorem 4.10,

(τητE , τητ∗E
) = (τηI(τE,τ∗E)

, τη∗I(τE,τ∗E)
).
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Let
τηI(τE,τ∗E)

(fA) ≥ α

and
τη∗I(τE,τ∗E)

(fA) ≤ β.

Then, by definition of
(τηI(τE,τ∗E)

, τη∗I(τE,τ∗E)
),

ηI(τE,τ∗E)
(fA, fA) ≥ α and η∗I(τE,τ∗E)

(fA, fA) ≤ β. Thus, ητe(fA, fA) ≥ α and ητ∗e (fA, fA) ≤ β. By

definition of (ητE , ητ∗E), τe(fA) ≥ α and τ ∗e (fA) ≤ β. So,

τηI(τE,τ∗E)
≤ τ

and
τη∗I(τE,τ∗E)

≥ τ ∗.

Let τe(fA) ≥ α and τ ∗e (fA) ≤ β. Then, I(τE ,τ
∗
E)(e, fA, α, β) = fA. By Theorem 4.8, it implies that

ηI(τE,τ∗E)
(fA, fA) ≥ α and η∗I(τE,τ∗E)

(fA, fA) ≤ β iff τηI(τE,τ∗E)
(fA) ≥ α and τη∗I(τE,τ∗E)

(fA) ≤ β. Thus

τ ≤ τηI(τE,τ∗E)
and τ ∗ ≥ τη∗I(τE,τ∗E)

. Hence (τE, τ
∗
E) = (τηI(τE,τ∗E)

, τη∗I(τE,τ∗E)
). �

Theorem 4.12. Let (X, IE) be a soft double fuzzy interior space. Define the maps τIE , τ
∗
IE

as in
Theorem 4.11. Then:

(a) (τIE , τ
∗
IE

) = (τηIE , τη
∗
IW

).

(b) (ηIE , η
∗
IE

) b (ητIE , ητ
∗
IE

).

(c) If (X, IE) is topological, then (ηIE , η
∗
IE

) = (ητIE , ητ
∗
IE

).

Proof .(a) Let (τI)e(fA) ≥ α and (τI)
∗
e(fA) ≤ β with I(e, fA, α, β) = fA. It implies that (ηI)e(fA, fA) ≥

α and (η∗I)e(fA, fA) ≤ β iff τηI(fA) ≥ α and τη∗I(fA) ≤ β. Thus, τI ≤ τηI and τ ∗I ≥ τη∗I . Let τηI(fA) ≥ α
and τη∗I(fA) ≤ β. Then ηI(fA, fA) ≥ α and η∗I(fA, fA) ≤ β. It implies that fA v I(e, fA, α, β). Thus,
τI(fA) ≥ α and τ ∗I (fA) ≤ β. So, τηI ≤ τI and τη∗I ≥ τ ∗I .

(b) Let ητI(fA, gB) ≥ α and ητ∗I (fA, gB) ≤ β. Then, there exists hC ∈ Φ(fA, gB) such that τI(hC) ≥ α
and τ ∗I (hC) ≤ β. Since fA v hC = I(e, hC , α, β), we have ηI(fA, hC) ≥ α and η∗I(fA, hC) ≤ β, which
implies ηI(fA, gB) ≥ α and η∗I(fA, gB) ≤ β. Hence (ηI, η

∗
I) is finer than (ητI , ητ∗I ).

(c) Let (ηI)e(fA, gB) ≥ α and (ηI)
∗
e(fA, gB) ≤ β. Then fA v I(e, gB, α, β) v gB. Since (X, IE) is

topological, τI(I(e, gB, α, β)) ≥ α and τ ∗I (I(e, gB, α, β)) ≤ β. Thus, ητI(fA, gB) ≥ α and ητ∗I (fA, gB) ≤
β. Hence (ητI , ητ∗I ) is finer than (ηI, η

∗
I) and this complete the proof. �

Theorem 4.13. Let (X, ηE, η
∗
E) and (Y, θF , θ

∗
F ) be two soft double fuzzy topogenous spaces. If φψ :

(IX)E −→ (IY )F is soft double fuzzy topogenous function, then it satisfies the following statements:

(1) φψ
(
I(ηE ,η

∗
E)(e, fA, α, β)

)
v I(θF ,θ

∗
F )(ψ(e), φψ(fA), α, β) for each fA ∈ (IX)E, α ∈ I1, β ∈ I0 and

e ∈ E.

(2) I(ηE ,η
∗
E)

(
ψ−1(e), φ−1

ψ (gB), α, β
)
≤ φ−1

ψ

(
I(θF ,θ

∗
F )(e, gB, α, β)

)
, for each gB ∈ (IY )F , α ∈ I1, β ∈ I0

and e ∈ F .
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(3) φψ : (X, τ(ηE ,η
∗
E), τ

∗
(ηE ,η

∗
E)) −→ (Y, τ(θF ,θ

∗
F ), τ

∗
(θF ,θ

∗
F )) is soft double fuzzy continuous function.

Proof .

(1) Suppose there exist fA ∈ (IX)E, α ∈ I1, β ∈ I0 and e ∈ E such that

φψ
(
I(ηE ,η

∗
E)(e, fA, α, β)

)
6≤ I(θF ,θ

∗
F )(ψ(e), φψ(fA), α, β).

By using the definition of I(θF ,θ
∗
F ), there exists gB ∈ (IY )F with θψ(e)(gB, φψ(fA)) ≥ α and

θ∗ψ(e)(gB, φψ(fA)) ≤ β such that φψ
(
I(ηE ,η

∗
E)(e, fA, α, β)

)
6v gB. Since φψ is soft double fuzzy

topogenous function, then

ηe
(
φ−1
ψ (gB), φ−1

ψ (φψ(fA))
)
≥ θe(gB, φψ(fA)) ≥ α,

and
η∗e
(
φ−1
ψ (gB), φ−1

ψ (φψ(fA))
)
≤ θ∗e(gB, φψ(fA)) ≤ β.

Since
ηe(φ

−1
ψ (gB), fA) ≥ ηe(φ

−1
ψ (gB), φ−1

ψ (φψ(fA)))

and
η∗e(φ

−1
ψ (gB), fA) ≤ η∗e(φ

−1
ψ (gB), φ−1

ψ (φψ(fA))),

we have
I(ηE ,η

∗
E)(e, fA, α, β) = φ−1

ψ (gB).

Then
φψ
(
I(ηE ,η

∗
E)(e, fA, α, β)

)
v φψ(φ−1

ψ (gB)) v gB.

It is a contradiction.

(2) For each gB ∈ (IY )F , α ∈ I1, β ∈ I0 and f ∈ F , put fA=̃φ−1
ψ (gB) in (1), we get

φψ
(
I(ηE ,η

∗
E)(ψ

−1(f), φ−1
ψ (gB), α, β)

)
≤ I(θF ,θ

∗
F )(f, φψ(φ−1

ψ (gB), α, β)

≤ I(θF ,θ
∗
F )(f, gB, α, β).

Then

I(ηE ,η
∗
E)(ψ

−1(f), φ−1
ψ (gB), α, β) ≤ φ−1

ψ

(
φψ
(
I(ηE ,η

∗
E)(ψ

−1(f), φ−1
ψ (gB), α, β)

))
≤ φ−1

ψ

(
I(θF ,θ

∗
F )(f, gB, α, β)

)
.

(3) It easily proved from (2) and Theorem 4.7.

�

5. Conclusion

In this paper, we have introduced the notions of soft double fuzzy topology, soft double fuzzy interior
operator, and soft double fuzzy semi-topogenous structure. In this way, we constructed soft dou-
ble fuzzy interior operator and soft double fuzzy semi-topogenous structure from soft double fuzzy
topology and vice versa. Finally, we presented many properties of the new structures. The results
of this paper are considered as a generalization of the same concepts that have been studied before.
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