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Abstract

In this paper, a new inequality for generalized convex functions which is related to the left side of
generalized Hermite-Hadamard type inequality is obtained. Some applications for some generalized
special means are also given.
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1. Introduction

Definition 1.1. [Convex function] The function f : [a,b] C R — R, is said to be convex if the
following inequality holds

flte + (1 —t)y) <tf(x)+(1—1t)f(y)
for all z,y € [a,b] and t € [0, 1] . We say that f is concave if (—f) is convex.
Theorem 1.2. [Hermite-Hadamard inequality] Let f : I € R — R be a convex function on the

interval I of real numbers and a,b € [ with a < b. If f is a convex function then the following double
inequality, which is well known in the literature as the Hermite-Hadamard inequality, holds [0]
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In [10], Sarikaya et al. established inequalities for twice differentiable convex mappings which are
connected with Hadamard’s inequality, and they used the following lemma to prove their results.

Lemma 1.3. Let f : I° C R — R be twice differentiable function on I°; a,b € I° with a < b. If
f" € Li[a,b], then

s s = 1 (5

_ @ Jo (@ [f"(ta+ (L= 0)) + f"(tb + (1 = ya)] dt,

(1.2)

where
2 t€[0,3)
n(t) :=

Also, one of the the main inequalities in [10], pointed out as follows:

Theorem 1.4. Let f: I C R — R be a twice differentiable function on I° such that f” € Ly[a,b]
where a,b € I, a <b. If |f”|? is convex on [a, b], ¢ > 1, then

otb| . _(-af [P @I+
2 )| < 1/p
8(2p+1) 2

[ () — £ (13)

1,1 _
Where5+a—1.

2. Preliminaries

Recall the set R* of real line numbers and use the Gao-Yang-Kang’s idea to describe the definition
of the local fractional derivative and local fractional integral, see [11, [12] and so on.

Recently, the theory of Yang’s fractional sets [I1] was introduced as follows
For 0 < a < 1, we have the following a-type set of element sets:

Z® : The a-type set of integer is defined as the set {0%, £1%, +2%, ... +n® ...}

Q% : The a-type set of the rational numbers is defined as the set {m® = (§> :p,q € Z, q# 0}.

J* : The a-type set of the irrational numbers is defined as the set {m® # (%) :p,q € Z,q#0}.

R : The a-type set of the real line numbers is defined as the set R* = Q“ U J*.
If a®, 0™ and ¢ belongs the set R* of real line numbers, then
(1) a® 4 b* and a®b* belongs the set R%;

)
) a®+ (b + ¢*) = (a+ b)* + ¢*;

) a®d® = b*a® = (ab)” = (ba)";

) a® (baca) — (aaba) Ca;

) aa (ba ‘I’ Ca) — aaboz + aaca;

) a® + 0% = 0%+ a® = a® and a®1* = 1% = a®.

The definition of the local fractional derivative and local fractional integral can be given as follows.
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Definition 2.1. [II] A non-differentiable function f : R — R*, = — f(x) is called to be local
fractional continuous at xg, if for any € > 0, there exists § > 0, such that

[f(x) = flzo)| <&

holds for |z — xo| < §, where £,6 € R. If f(z) is local continuous on the interval (a,b), we denote

f(z) € Cyula,b).
Definition 2.2. [II] The local fractional derivative of f(x) of order o at x = z is defined by
PI@| A~ f)

[ R (x — x9)”

where A% (f(x) = f(w0)) =T'(a +1) (f(z) = f(20)) -

f(a) (170) =

?

k+1 times

——N—
If there exists f*+tDe(z) = D... D2 f(x) for any x € I C R, then we denoted f € Di1)a(l),
where £k =0,1,2,...

Definition 2.3. [I1] Let f(z) € C, |a,b]. Then the local fractional integral is defined by,

1) = ey [ 00 = s Jim Z Flt) (AL,

with At; = t;41 —t; and At = max {Aty, Ats,...,Aty_1}, where [t;,t;11], j =0,...,N —1 and
a=ty <t <...<ty_1 <ty =bis partition of interval [a,b]. Here, it follows that I f(z) = 0 if
a=>band I f(x) = —p I3 f(x) if a < b. If for any x € [a,b], there exists IS f(z), then we denoted
by f(x) € 1% [a,b].

Definition 2.4. [Generalized convex function] [I1I] Let f : I C R — R*. For any x1,22 € I and
A € [0, 1], if the following inequality

FAz1 + (1= N)wo) <X f(z1) + (1= X)) f(x2)

holds, then f is called a generalized convex function on 1.

Here are two basic examples of generalized convex functions:
(1) flz)=2P, 2 >0,p>1;

(2) f(z) = Eu(z®), x € R where E,(z%) = > F(%Za) is the Mittag-Leffer function.
k=0

Theorem 2.5. Let f € D,(I), then the following conditions are equivalent
a) f is a generalized convex function on [
b) f(® is an increasing function on I
c) for any xy, 25 € I,
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Corollary 2.6. Let f € Ds,(a,b). Then f is a generalized convex function (or a generalized concave
function) if and only if
FEO() 2 0 (orf#(x) < 0)

for all = € (a,b).

Lemma 2.7. [11]
(1) (Local fractional integration is anti-differentiation) Suppose that f(z) = ¢'®(x) € Cy[a,b],
then we have

ofy f(2) = g(b) — g(a).
(2) (Local fractional integration by parts) Suppose that f(z), g(x) € D, [a,b] and f® (), ¢\ (z) €
Cy [a,b], then we have

o5 f(@)g' ™ (2) = f(2)g(@)ly —a I f @ (@)g(2).

Lemma 2.8. [1]]
dexhe T+ ka) Sk Da,
dre T+ (k—1)a) ’
1 D el e [(1+ ka)
T(a+1) St (de) = T+ (k+1)a)

(b(k+1)a _ a(k-l—l)a) 7 ke R.

Lemma 2.9. [Generalized Holder’s inequality| [11] Let f,g € C, [a,b], p,q > 1 with %+é =1, then

b

[ 15@g(@) )

a

1 / p [e
g e / (@) (dz)

1
['(a+1)

q

1 / q «
g [ @

In [3], Mo et al. proved the following generalized Hermite-Hadamard inequality for generalized
convex function:

Theorem 2.10. [Generalized Hermite-Hadamard’s inequality| Let f(x) € I%[a,b] be generalized
convex function on [a, b] with a < b. Then

a+b 'l+a) f(a)+ f(b)
(£59) <P < 210

The interested reader is refer to [1,[2], [3]-[5],[7]-[9], [11]-[I5] for local fractional theory and theory
of inequalities.

The aim of the paper is to establish some new inequality for generalized convex functions which
is related to the left side of generalized Hermite- Hadamard type inequality and apply them for some
generalized special means.
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3. Main results

We will start the generalized identity for local fractional integrals as follow.

Theorem 3.1. Let I C R be an interval, f : I° C R — R* (I° is the interior of I) such that
f € Dy (I°) and f@® € Cyy [a,b] for a,b € I° with a < b. Then, we have the identity

F(E)lj—aQ)a) O () — ?((11:25))f (a —QF b)
P (3.1)
T 20 (1+a) /m J(ta+ (1= t)b) + fC(th + (1 — t)a)] (dt)®
where 12 ‘e [a, %}
m(t) =
(1=, te (3]
Proof . From definition of mapping m(t), we have
e [ O T (1= 0n) £+ (1= )] (@)
- O/t FO (ga + (1 — £)b) (di)
+ m O/t f( )(tb + (1 —t)a) (dt) (3.2)
B viEy / (1= 0% £ (ta + (1 - £)b) (d)°
TiT e / (1 —8)* Pt + (1 — t)a) (dt)

2

:K1+K2+K3+K4.

Using the local fractional integration by parts twice (Lemma , we have

NI

1 oo (20 22 f@(ta+ (1 —t)b) |3

Kl—mof’f fEta+ (1= 1)b) (dh)” = (a—b)° 0
1 éF(l—i—?oz)a N o
_(a—b)o‘F(1+a)0/F(l—l—a)tf()(ta+(1_t)b>(dt)
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and so

[NIES

B 1 o [a+b ['(1+2a)t*f(ta+ (1 —t)b)
=g (1) -

2 F(l+a)  (a—b)" |,
1 ; N

+(a_b)2ar(1+a)0/F(1+2a)f(ta+(1—t)b) (dt) »
o 1 o (atb) 1 L'(1+2a), (a+b '
T on(p— )af()( 2 ) (b—a)Qar(1+04)f< 2 )
+(b_r§1+2a /f (ta -+ (1 — 1)b) (dt)".

Similarly, we have

Ky, = ﬁ O/tQQf(za)(tb—i— (1 —t)a) (dt)”
B 1 @ [atb) 1 F'l+2a),(a+b
2% (b— )”‘f ( 2 ) 20 (b — )2ar(1+a)f( 2 ) (3.4)

F(1—|—2a
t e T s /ftb+ (1—t)a) (dt)* .

Moreover, using the local fractional integration by parts twice (Lemma [2.7]), we have

/1 )(ta + (1 — ) () = L= 0 S (ta+ (L - t)b) !
(a—0)" }
T la= b)“; (i+a) /(—1) 2((1112;) (1= fD(ta+ (1 —t)b) (dt)”

_ 1 @ (atby o T(1+2a) (1 =) f(ta+ (1 —¢)b)
220‘(a—b)af ( ) (=1) I'(l+a) (a—b)*

1
1
2

e (45) e T ()

T (14 2a) - .
+ (a_b)ZaF(1+a)l/f(ta+(1 £)b) (dt)

2
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and so
B 1 @ (atb) 1 I'(1+ 2a) (a+b)
K3_220‘(b— )O‘f ( 2 ) 2 (b — )QQF(l—i—a)f 2
(3.5)
r1 +2a B
+(b— ) /fta+ (1 —1t)b) (dt)™.
Similarly, we have
1
_ ; )20 p(2a) _ a
K=t /(1 12 £ (1 4 (1 = t)a) (dt)
_ 1 (a)<a+b)_ 1 I'(1+2a) (a—l—b)
22a (b— )Oéf 2 2a (b— a)2a F(l +CY) f 2 (36)
I'(1+ 2a)
(b—a)%‘ 1+0) /ftb+ (1 —1t)a) (dt)*.
Putting equality — in , we obtain
1 1 (20) B (20) B o
e O/m(t) (£ (ta + (1= 1)b) + £ (th + (1 — t)a)] (dF)
. 1
= K1 + K2 + K3 + K4 = (;1__2)2262) 11_|— a) /f(ta + (1 — t)b) (dt)a (3 7)

1
N 4o I'(14+2a), (a+b
1+a 0/ftb+ (1—t)a) (d)*| — f( )

2 h—a T(l+ta)’ \ 2
QQF( + 2a) 2 T'(1+2a),fa+b
a0 <b—a>2ar<1+a> (% )

If we multiply the resulting equality 1}

Remark 3.2. If we assume that o = 1, then the identity (3.1)) reduces the identity (1.2)).

Theorem 3.3. The assumptions of Theorem are satisfied. If ‘f(2a)| 1s generalized convex on
la,b], then we have the inequality

T (14 2a) T'(142a), (a+b
(b—a)” 15 S (8) = F(1+a)f( 2 )‘

b—a)® (T (142 - -
< OS2 (TR @) + )]

(3.8)
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Proof . Taking modulus in (3.1]), we find that

T (14 2a) CT(1+2a),(a+b
R R ACR TR (2 )’

s<62§>alrf a(/wn@nv@®@a+<1—wmwwwa

1+a /ym )] [FPtb+ (1~ t)a )(dt)]

Since || is generalized convex on [a,b], then we have

[fE (ta+ (1= 1)b)| <t [fE(a)| + (1 — 1) | F*I (b))

and
| FEO b+ (1 — t)a)| <t [P 0)| + (1 =) | P (a)].
Then, we get
r(1+2a) T(1+2a). (a+b
‘w—@an“*'ru+mf< 2)‘

<9 {mfﬂw/ﬁﬁwummo+uwﬂﬂwwﬂhm“

0

1
1

t it ] G0 @] 0 ) e

+ r(11+a) / 22 [t [ FE(0)] + (1 - 1) [ 122 (a)]] (d)°

1
1

g ] O w0 {Mw>]

2

_ o) (20) (¢ (20) 2 / 2
(b 2a) Pf <r)(|1++}£) (0)] (/tm(dt)“+/(1t) “ 1o (dt)°

0

1
+/t2a a+/1—t3°‘ (dt) )}

1
2

N|=

0

Using Lemma [2.8, we obtain

3 1

I'(1+3a) [/ 1\°
12 (dt)” (1 — ) (dt)* —
/ / I'(1+4a) (16)

Budak, Sarikaya

(3.9)

(3.10)
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and

1 1

l/awmfmmaj?%1wwma;%{%%(%)a%%égg(%)% (3.11)

Substituting the equalities (3.10) and (3.11)) in (3.9), we obtain desired inequality, which completes
the proof. [

[N

Remark 3.4. If we assume that o = 1, then the inequality (3.8) reduces the following inequality

a;b)'<<h—@2pf%@w+v«wq

- 24 2

1
‘mfabf(f)diﬂ— f (
which was proved by Sarikaya et al. in [10].

Theorem 3.5. The assumptions of Theorem are satisfied. If |f(2a)|q ,q > 1 1is generalized convex
on [a,b], then we have the inequality

‘F“+Qa)ﬁyay—ra+2®f(a+bﬂ

(b—a)® *° I'(1+a) 2 -
(b— CL)QO‘ ['(1+ 2pa) v (14 a) o o . , .
< (rrvore) (Faaa) L@l o),

where p,q > 1 with %%—% =1.
Proof . Taking modulus in (3.1]) and using generalized Holder’s inequality (Lemma , we have

e TE5)

UL T / () |70t + (1 — 1D)] (d8)°

T / m(®)] |7 (tb + (1~ t)a)]| (d)° s
<O i / (O (@)° | Fi / 76t + (1= )" @ |

+ f7§;;ZVMMWﬁW ;iTEEBZJQWw+uw@Fuw*§

Since | £ |q is generalized convex on [a, b, then we have

FE (ta+ (1= 1)b)|" <t [ £ (a)|" + (1 — 1) | £ (b)]°
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and
£ (th+ (1 — t)a)|* < 2 [FEI )|+ (1 — 1) | £ (a)|.

It follows that
1

ﬁ/|f(2a)(ta+(1—t)b)\q(dt)a
<N ey [ @+ e o (340
~ e 1@l + o)
and similarly,
. /|f2a> b+ (1= )" (@) = £ g [0+ A 0)]. (3.15)
Furthermore, we have
1 / e 1 1 2 o 1 / 2a o
m/m(m (dt) :m/t (dt) +m/(1—t) (dt)
 T(1+2pa) 1 I'(1+ 2pa) 1 (3.16)
T+ 2+ 1)a)2@e T+ (2p+1)a)2@e
I' (14 2pa) 1

T T+ (2p+1)a)dr
Adding (3.14))-(3.16)) in (3.13]), we obtain the desired result. O

Remark 3.6. If we assume that o = 1, then the inequality (3.12)) reduces the inequality (|1.3)).

Theorem 3.7. The assumptions of Theorem are satisfied. If ‘f(
on |a,b], then we have the inequality

q . .
,q > 1 1is generalized convex

‘—F(Eff 2;3) () - 1;((11125‘)) / (“ . b)
. 20 (20) 1 (3.17)
L () <Fu+mn)|f (@] +1f <m]
=" 4 \T'(1+3a) 9a
Proof . Taking modulus in (3.1]), we have
F(1+20) .. D(@+22), (ath
‘w—@a”b“) ra+mf< 2)‘
<a [Nfﬂw/nw>ﬂ“WaH1tm(ﬁf 518)

+ ;/|m(t)| | £ (b + (1 —t)a)| (dt)“] .
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Because of %+% =1« (% + %) can be written instead of a. Using the generalized Holder’s inequality,
we find that

- H2)

(b—a)™

< o ( o) /|m | (dt) )

X [(m [ imoi17e t““_t)b)q(dt)a)
( e /|m O 72t + (1 — t)a)|’ (dt)‘“) ]

If | f2) ‘q is generalized convex on [a, b], then we have

ﬁ O/ |m(t)‘ ‘f(Qa)(ta —+ (1 _ t)b)|q (dt)oz

< vy [ O @+ @ - 00w @

g [0 [ @) @ o |20 @

/ 3 (dt)” / — )% (dt)“]
/ t2(1 — *+ /1 )% (dt) ]

0

(1 + 20) 1 S 20
r(1j:3a §) 1@ + |1 (b)}]'

|f(2a
1+a

|f(2a

1

Similarly, we get
1
- (20) _ a o
F(1+a)/lm(t)]|f (tb+ (1 —t)a)| (dt)
0

<Hirs (5) [eor - or]
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Hence, we obtain

T )

(R ()
X [W (%> @ £ @)+ |f<2a><b>\q];]

4o (14 3a) %0 :

Here, we used the fact that

1 . T(1+2a) (1)
F(1+a)0/|m(t)|(dt) " T(ra) (Z) !

which completes the proof. [

Remark 3.8. If we assume that o = 1, then the inequality (3.8) reduces the following inequality.

P o - g (0| < g [ 0]

which was proved by Sarikaya et al. in [10].

4. Applications to Some Special Means

We consider some generalized means as in [10]:

a® + b*
A(a,b) = .
(a,b) TR
I'(1+ na) pn+a _ 4(n+a]w
Ln 7b == « 9 Z —1’0 s ’b R’ b
) {F(1+(n+1)a){ b—a) n€ Z\{-1,0},a,b € R,a #

Proposition 4.1. Leta,b€ R, 0<a<b,0¢[a,b] andn € Z, |n(n—1)| > 3. Then, we have the
mequality

. T(1+20)
- T'(1+a)

(b—a)*™ (T (1+2a) I'(1+na)
ST (F(l+3a)>’f‘(1+(n—2)a)

‘r (1+ 2a) [Ln(a,b)] A"(a, b)'

A(ajn72’ bn72>'
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Proof . Let us reconsider the inequality (3.8]):

P(1+2a) P(1+2a) . (a+b
‘(b—a)a S 10 = r<1+a>f< 3 )‘
(b—a)*™ (T (1+2a)
=T g <F(1+3a)

) @) + ).
Consider the mapping f : (0,00) — R%, f(z) = 2", n € Z\{—1,0}. Then, 0 < a < b, we have

f ( i b) = An(a,b), BTG a5 ()

2 (b—a)”
B ‘ I'(1+na) n-2)a
T (1+ (n—2)a)
and
| e ‘ _ ‘ (14 na) pn-2)a
(1+ (n—2)a) ’
Then, we obtain
‘r (1+ 2a) [Ly(a,b)]" — %m(a, b)
(b—a)™ (T (1+3a) I'(1+na) |[ar2o 4 pn—2e
=T <F<1+4a>) ‘ T+ (m—2)a) [ 20 }
B (b—a)za I'(1+ 3a) I'(1+ na) P,
BT (F(1+4a)) ' T(1+(n—2)a) A5 577,

This completes the proof. [J
Proposition 4.2. Leta,be R, 0<a <b, 0¢ [a,b] andn € Z, |n(n—1)] > 3. Then, we have the
inequality
T (1+20)
I'(l+ )
_b-a* (F(l —i—3a)> ’ I (1+na)
I(

T 4o I' (14 4a) 14+ (n—2)a)

’r (1+ 2a) [Ln(a,b)]" A"(a, b)‘

a [A(an—Z’ bn—Q)]% ]

Proof . From Theorem with f(z) = 2", f:(0,00) — R* and the above equalities, we have

(14 20)

’F (14 2a)[Ly(a,b)]" — mA”(a, b)’

(b—a)* (T (1+2a) P(1+4na) |i [a2e 4 pn-2a]s
ST <F(1+3a))‘l’(1+(n—2)a) [ 20 }
_(b—a) (T(+30)\| T(+na) |7, 0y o0t

e <F(1+4a)) ‘F(l—l—(n—Q)a) [A@™55)]

This completes the proof. [J
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