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Abstract

In this paper, a modified version of LLL algorithm, which is a an algorithm with output-sensitive
complexity, is presented to convert a given Grobner basis with respect to a specific order of a poly-
nomial ideal / in arbitrary dimensions to a Grobner basis of I with respect to another term order.
Also a comparison with the FGLM conversion and Buchberger method is considered.
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1. Introduction

One of the main tools for solving nonlinear systems is the computation of Grobner bases. Buch-
berger algorithm [3] computes a Grébner basis for a polynomial ideal I with respect to an admissible
term ordering <. There are different algorithms like F; and Fj5 which were presented by Faugere in
[5] and [6], to improve Buchberger algorithm. Runtime and memory requirements for computing a
Grobner basis is heavily dependendent on the term ordering <. The lexicographic term orders are
enable to eliminate some variables and hence they can be used for solving polynomial systems and
unfortunately, computing the consumes Grobner basis wrt lexicographic order consumes a lot of time
and memory than other orders. Changing of ordering can be given rise to overcome this problem.
Among the all term orders, the total degree term order is one of the best orders, that the computing
Grobner basis respect to it, can be done by consuming reasonable time and memory and this is a
intensive incentive for computing a total degree Grobner basis and converting it to a lexicographic
Grobner basis. When the ideal is zero-dimensional, The algorithms presented in [7], 8] are efficients
for converting the ordering of Grobner basis. The aim of this paper is to introduce an algorithm to
convert the ordering of a Grébner basis when the dimension of ideal is positive.
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The idea of using LLL algorithm was first proposed by Basiri and Faugere [1], for change ordering
of Grobner basis in polynomial ring with two variables. In this paper, we tend to introduce an
extension of this idea, considering a new modified LLL algorithm for conversion a Grobner basis of
an ideal with respect to <4 into a Grobner basis with respect to <,., in polynomial rings with n
variables, where n > 2.

The rest of the paper is organized as follows. Section 2 is devoted to present some requirement
perliminaries. In Section 3, modified LLL algorithm along with its correctness and termination are
described. Experimental results and a comparision with the FGLM and Buchberger methods are
shown in Section 4.

2. Perliminaries and Definitions

In this section some requirement concepts and properties of Grébner basis and lattice basis will
be introduced. We refer to [4], 2] for basic facts and notations.

Let Klz] be a polynomial ring in variables xq,--- ,x, over an arbitrary field K and I be an
ideal. The ideal generated by a set of polynomials {g1,- - ,¢m} C K[z] is denoted by (g1, , gm)-
Considering an admissible ordering <, we denote by 1t(f) the leading term of a polynomial f. An
element f € K|[x] is reduced by a Grobner basis G if no element ¢ € G has a leading term that
divides some terms of f. A Grobner basis G is reduced if each g € G is reduced by G — {g}.

Theorem 2.1. Letn, dy,--- ,d, € IN and w be not more than d,ds - - - d,, — 1, then there exist unique
numbers 0 < w; < d; — 1, such that

w = w1d2d3 e dn + w2d3 T dn +- wn—Zdn—ldn + wn—ldn + Wy,

Proof . The proof is by induction on n. For n = 1, let w; = w. Suppose dy,---,d, € IN and
0 <w< dydy---d, — 1. By division algorithm, w = wyds---d, +r, where 0 < r < dy---d, — 1
and wy; < dy — 1, because w; > d; is contrary to w < dyds---d, — 1. By induction assumption,
r=wsyds---d,+ -+ w,_1d, + w,, where 0 < w; < d; — 1. Thus

w:wlden+w2d3dn++wn71dn+wn

Suppose that 0 < w; < d; — 1, for 1 <@ < n, satisfy in properties of the theorem. So

1
Widig1 -+ dp—q + Wy, < dods - -+ dy, — 1.

n

I|
N

7

By uniqueness of r and w; the proof is complete. [J
Let (G={g1, " ,9m}, <) be a reduced Grobner basis for I and

a; = max{deg,,(g;)| 1 < j < m},

and also c= (a3 + 1) -+ (a1 + 1).
By Theorem for 0 < d < ¢, there exist unique numbers 0 < s4;, 1 < j < n — 1, such that

d=14 Sqn-1+ San-2(0n_1+1)+---+sg1(aa+ 1) (vp_1 +1).

Let sq = (Sa1, " »Sdn-1) and sg = {s1,-++, 8.} C N, . For f € K|[z] we define a(f) = the
2 g where 16(f) = 2P B

n—1"
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Definition 2.2. Let (G = {g1, - ,gm}, <) be a reduced Grébner basis for I and1t(g;) = x5 - - ap™",
for 1 < i < m. We can consider a change in the indices such that, a(g;) < a(g;y1). For integer
numbers d; > deg,, (1t(g;)), i =1,--- ,n—1, define

t . :
Bg={a}' -2 lgi|t; <dj—aiy, 1<i<m, 1<j<n—1},

A={af - a g @ G| 31<j<my i< j, st alal -2y gy) = alal 271 g)}

B,(G) = Be — A.

We denote by My(G) the K|x,]-submodule of K[z| generated by Bs(G) which is called s-th K|[x,)-
module associated to ideal I with respect to <. In this case, Bs(G) is called s-th basis of K|[xz,]-module
associated to ideal I, with respect to <.

Let by,--- b be vectors in K[x,]° which are linearly independent over K[r,], where [ and c are
positive integers and [ < ¢. The lattice L C K|[z,]° of rank [ spanned by by, - -, b; is defined as

l
L= Klzbi={>_ Xbi| \i € K[z,], 1 <i <1},
i =1

Consider the natural mapping from K{z,]° to K[z], which corresponds the vector o = (v1,- - ,v,.)
to the polynomial v = %, v;z,%* - -z, %71, Under this mapping, the lattice L C K[x,]° corre-

sponding to the K{[z,|—submodule M (L) of K|z] is denoted by
M(L)={v= Zvjzvlsﬂ?l Ly O = (vy, -0 ,0) € L}
j=1

Let by, - - - , b be a basis for the K[z,,]—submodule M (L) of K [z] and let by, --- ,b; be the correspond-
ing basis for the lattice L. We denote by B = (b; jx1%" - - - x,_1%"") the | X ¢ matrix where b, ; is the
coefficient of %1 ... x, 1% in the polynomial b; = 25:1 b, ja1%t -+ - xp_1*m-1. Then we define
determinant d(M (L)) of M(L) to be the maximum of the determinant of [ x [ sub-matrices of B
with respect to <, and the determinant d(L) of L to be the determinant d(M (L)) of M(L). Finally,
the orthogonality defect OD(Bl, e ,BZ) of the basis by, - - - , b, for the lattice L with respect to <, is
defined as
16(by) - - - 16(by) — 1t(d(L)).

Definition 2.3. The basis by, -+ - , b, is called reduced iof OD(Bl, e ,51) = 0.

For 1 < ¢ < [, ith successive minimum (non-unique) of M (L) with respect to < is a minimum
element m; of M (L), such that m; does not belong to the K|[z,| submodule of M (L), generated by
My, -« 5 M1

Proposition 2.4. Let by,--- b, be a reduced basis for a lattice L C K[x,|¢ of rank | < ¢, which is
ordered in such a way that b; < b; for 1 < i < j < I. Then for 1 < i <[, b; s an ith successive
minimum of M (L) with respect to <.

Proof . See [9] O
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Proposition 2.5. Let by, --- ,b; be a basis for lattice L C K[x,]¢ of rank | < c. If the coordinates of
the vectors by, --- b, can be permuted so that they satisfy
b < by, forl<i<g <l
-bi’j<bz‘l}’ bir, forl<i<j<l i<k<c,
then the basis by, - - - ,Bl 15 reduced.

Proof . See [11]. O

Theorem 2.6. Let (G ={g1, - ,9m}, <) be a reduced Gribner basis for I, dy,--- ,d,_1 be positive
integer numbers such that d; > deg,,(1t(g;)) for1 <i<n—1, 1 <j<m, and

Is<G):{f€I‘04(>—xl1ﬂ' 1’?:117 ki <di, - kno1 < dpa},
then I(G) = My(G).

Proof . Because Bs(G) C I(G) then M (G) C I4(G). If M(G) # Is(G), let h be the minimum
polynomials (with respect to <) in I, which does not belong to M,(G). Let lt(h) = 2% ... 2P
and ip = max{i | It(g;)|lt(h)}, then a;,; < B;, for 1 < j < n. We have §; < d; for 1 < j < n

because h € I4(G), thus 5; — a;, j < dj — 5. Let b= xfl_aio’l . -xﬂn*l_aio’"_lgio. Choosing iy and

n—1

b € B,(G), we put h = h — Hc(h) 2" %" b We claim that & does not belong to M,(G), because

HC(b)
otherwise h = h + gg((b)) xPr=ionp is a member of M,(G) which is a contradiction with the choice

of h. On the other hand, 1t(gg§g;xﬂ" Yonp) = ... gf = 16(h) and so 16(h) < lt(h). Therefore,

h < h that is a contradiction with the choice of h. Hence M,(G) = I,(G). O

3. Modified LLL Algorithm

In this section we present a new version of LLL algorithm [10], which computes a Grébner basis
for term order <., from the Gobner basis corresponding to term order <,4) in K[z| and in the
end, termination and correctness of the given algorithm will be proved. This algorithm contains two
major steps: initialization step and main steps. In initialization step, a basis Bs(Gyq) is produced
where the K[x,]-module generated by it, includes a Grobner basis with respect to <,e,. In main
steps, first a matrix by the elements of Bs(Go4) is created and then using linear algebra techniques,
this matrix is converted to a new matrix, where its orthogonality default is equal to zero. It will be
justified that the rows of last matrix forms a Grobner basis with respect to <jc.-

LLL Algorithm.

Initialization step

Consider (Gog = {g1, "+ ,gm}, <owa) as a reduced Grobner basis for I, <., and
d;, 1=1--- ,n —1, as positive integers sufficiently large.

Set {by, - ,b} := Bs(Goa), and k := 0.

Main steps

1. Choose ig € {k + 1, oo 1} st by =mine,, {bi | k+1 <i <1} and swap(bpi1, by, )-
2. Choose j € {1,--- ,c} s.t. H ey (bgt1) = HT ey (bit15)-

3 Ifj k Sett — bk+1 H;g::ib(l;j—)l) aj;ileg(bk+1 J) deg(a] ])

4. If HTpow(t) = HTpew(bpy1) then Gyyq :=t. Permute (k -+ 1,--- ,n) such that
HTnew(ak—f—l,k—H) - HTnew(ak—&-l)‘

k:=k+ 1 and if k = [ stop. Otherwise go to step 1.

5. If HTew(t) <new HTnew(brr1) then p = maX{O < s < k| as <pew t} and for
t=k+1,--- ;p+2set b, :=a;_1, pr =t and k := p. Go to step 1.

a;, otherwise, = ka



A modified LLL Algorithm for Change of Ordering of Grébner Basis 4 (2013) No. 1,59-65 63

Theorem 3.1. LLL algorithm computes a Grobner basis Gey in K|z], such that Id(Goq) = 1d(Grew)-

Proof . Let dy,--- ,d,_1 be a positive integer such that
d; > max{deg,,(1t(g)), deg..(1t(h)) for g € Gyq and h € G}

for 1 <7< n—1, where G is a Grobner basis for I with respect to <y, then G C I3(G,q) and by
Theorem , M(Goq) C Is(Gog). Therefore, Bs(Gog) is a Grobner basis for I with respect to <4,
where K|x,]-module generated by it, includes a Grobner basis with respect to <.

Termination: There are finite numbers of passages through step 4 because k is increased by 1.
Also there are finite numbers of passages through step 5, because

t(ay) - - (a1t (bprr) - - - 16(by)

becomes smaller than previous step and stays unchanged in the step 4. Hence, the number of passages
in the main steps are finite and algorithm terminates when k = [.

Correctness: Clearly, Bs(Goq) and {ay,--- ,a;} generate the same K|x,] submodule M of K|z].
By Theorem , M = I,(Gpq). On the other hand, by Proposition , {eay, -+ ,a;} is a reduced
basis for the lattice L with basis {b,--- , b}, because the following invariants are valid before steps
1 and 4

ca;<aj,for 1 <i<j<k,
«oap < by, for k< j <,
e A < Q> i, forl1<j<i<kandi<r<ec

Hence by Proposition a; is ith successive minimum of M and 1t(a;) < lt(a;y1), (otherwise
1t(a;) = lt(a;41), and then @ = a1 —a; € M and 1t(a’) < 1t(as1) imply that @' is dependent upon

the rows aq, - -+, a;, S0 ;41 = a + a; is also dependent with aq, - - - , a;, which is a contradiction with
the choice of a;11). Now, let g be a polynomial in I,(Gy4) = M, then there are Ay, -+ |\ € K|z,]
such that

1
g = Z Ajaj.
j=1

But for 1 < i < j <[, t(Na;) # 18(N\ja;), because otherwise there are ¢;, t; such that lt(\a;) =
2lilt(a;) and 16(\ja;) = 2i1t(a;), but 1t(a;) < 1t(a;) implies t; > t; (if t; < t; then z%1t(a;) < z31t(a;),
and if ¢; = ¢; then It(a;) = 1t(a;)) and hence a’ = 25 “a;—a; € M and 1t(a') < 1t(a;) which implies a
is dependent upon ay,- -+ ,a;_1, S0 a; = v Ya;—a depends on a4, - -+, a;_; which is a contradiction
with the choice of a;. Finally, there is a unique 1 < j < [ such that 1t(g) = 1t(\;a;), so 1t(a;)[lt(g).
On the other hand, GG is a Grobner basis and for any polynomial f € I, there exists g € G C M
such that 1t(g)|lt(f) and thereupon lt(a;)|lt(f) which reveals that {ay,--- ,a;} is a Grébner basis for
I with respect to <j,e. U

4. Experimental Results

To demonstrate the efficiency of the presented algorithm in previous section, a Grobner basis with
respect to DRL order in case of general and n variables, which is Grobner basis generated by random
polynomials; is considered. Results of implementing this modified algorithm and compare it with
FGLM algorithm and Grobner basis algorithm available in Maple can be observed in Tables [1] and
2] respectively. Note, here we didn’t compute B,(Goq), because there is not any gap between a(g;)
and a(gi11), for g;, giv1 € Goq. Output is Grobner basis with respect to Lex order. The following



64 Borujeni, Basiri, Rahmany, Borzabadi

notations is used in Tables: n is the number of variables, D = max{ay,--- ,a,} is degree of Grébner
basis , dim is dimension of K-vector space @, N,, is the number of multiplications for algorithm,

t; is LLL algorithm execution time and ¢, is Grobner basis algorithm (available in Maple) execution
time.

dim | n.dim? | N,
5 250 25
10 2000 329
15 6750 | 1105
20 | 16000 | 2826
5 375 108
10 3000 | 1590

dim | n.dim? Ny,
20 | 24000 | 18323
30 | 81000 | 120428
4 256 162
8 2048 1338
3 135 52
10 5000 8563

w|w| || oo 3
w|wlo| o~ wlD
w|ro| w| oo | T

O Ot x| | | w3

Table 1: The results of comparison between LLL and FGLM algorithms(DRL to Lex)

dim tl tg
30 | 78.741 | > 1424.514
20 | 34.598 265.180
30 | 256.732 | >3354.062
15 | 28.613 | >1895.691
12 | 34.394 957.812
20 | 464.417 | 4043.733

dim tl tQ
40 1.780 5.760
49 3.757 13.565
o1 4.844 20.697
60 8.208 41.367
50 | 137.709 | >2172.900
20 5.976 70.333

N NJUIN I G NG NGY
| g ooy o x| 3

Table 2: The results of comparison of LLL algorithm with Grébner basis algorithm (available in Maple)(DRL
to Lex)

5. Conclusion

The modified version of LLL algorithm converts a Grébner basis of an ideal with respect to
an arbitrary ordering into a Grébner basis with respect to another desired ordering. Although in
some cases, complexity of FGLM algorithm is less than LLL algorithm complexity, but an important
feature of LLL algorithm lies in the fact that it can compute Grobner basis for ideals of positive
dimension while FGLM algorithm can compute it only for ideals of zero dimension.
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