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Abstract

In this paper, we introduce the idea of relative order and type of entire functions represented by
Banach valued Dirichlet series of two complex variables to generalize some earlier results.
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1. Introduction

For entire function f, let F(r) = max{|f(2)| : |2| = r}. If f is non-constant then F'(r) is strictly
increasing and continuous function of r and its inverse

F~:(1£(0)],00) = (0,00)

exists and
lim F~(R) = oo.

R—o00

Let f and g be two entire functions. Bernal [3] introduced the definition of relative order of f with
respect to g, denoted by p,(f), as follows:

pe(f) =1inf{p>0:F(r) <G(r*) for allr > re(u) >0}
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After this several papers on relative order of entire functions have appeared in the literature where
growing interest of workers on this topic has been noticed {see for example [I], [2], [4], [5], [6], [7],
3]}

Let f(s) be an entire function of the complex variable s = o + it defined by everywhere absolutely
convergent Dirichlet series

[e.9]

> ane™, (1.1)

n=1

where 0 < A, < Apq1 (n > 1), A, — 00 as n — oo and a;,s are complex constants.
Let
F(o) = lub_scicoo| f(o + it)).

Then the Ritt order [I0] of f(s), denoted by p(f) is given by
p(f) =1inf{u > 0:log F(0) < exp(ou) for all o > R(u)}.

In other words,

p(f) = lim sup—log log F'() :
o—00 o
During the past decades, several authors made close investigations on the properties of entire
Dirichlet series related to Ritt order. In 2010, Lahiri and Banerjee [9] introduced the idea of relative
Ritt order as follows:
Let f(s) be an entire function defined by everywhere absolutely convergent Dirichlet series (1.1) and
g(s) be an entire function. Then the relative Ritt order of f(s) with respect to entire g(s) denoted

by py(f) is defined as
po(f) =1inf{p > 0:log F(0) < G(op)for all large o},

where G(r) = max{|g(s)| : |s| =r}.

Recently Srivastava [11] defined the growth parameter such as relative order, relative type, relative
lower type of entire functions represented by vector valued Dirichlet series of the form as follows:
Let f(s) and g(s) be two entire functions defined by everywhere absolutely convergent vector valued
Dirichlet series of the form (L1.1)), where a,’s belong to a Banach space (E, ||.||) and A, s are non-
negative real numbers such that

D<A <<...<\, =

as n — oo and satisfy the conditions

1
%L _ D<o

lim sup
n—oo n
and

imsup——— = —
n—oo A1'7,

Also F (o), G(0) denote their respective maximum moduli. The relative order of f(s) with respect
to g(s) denoted by p,(f) is defined as

pg(f) =nf{p >0: F(o) < G(op) for all o > oo(u)}
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ie.,
. G 'F(c
py(f) = hmsup—().

The relative type and relative lower type of f(s) with respect to g(s) denoted respectively by
T,(f) and 7,(f) when p,(f) =1 (i-e., p(f) = p(g) = p) and defined as

T,(f) =inf{p >0: F(o) < G[%log(ue”")] for all o > og(u)}

. exp|pG~F(0))]
= lim sup
500 exp(po)

and

e explpG T E(0)]
Tg(f) - hUH_1>g)1f exp(pa)

If T,(f) = 7,(f) then f is said to be of regular type with respect to g.
Srivastava and Sharma [12] introduced the idea of order and type of an entire function represented
by vector valued Dirichlet series of two complex variables. Consider

f(s1,82) = Z A€ H520) (60— g it §=1,2) (1.2)
m,n=1
where a,,,,’s belong to the Banach space (E,[[.|]]) ; 0 < A1 < Ao < ... < Ay = 00 a8 m — o0;
0< g <pg<...<p, —o0oasn— oo and
1
lim supM =D < +o0.

m-+n—00 /\m Mn

Such a series is called a vector valued Dirichlet series in two complex variables.
If only a finite number of a,,,’s are non zero in (|1.2)), then we call it as a Banach valued Dirichlet
polynomial of two complex variables. Let f(si, s2) defined above represent an entre function and

F(O'l,O'Q) = Sllp{”f(O'l + it1, 09 + Ztg)”, —00 < tj < OO,] = 1,2}
be its maximum modulus. Then the order p(f) of f(s1,s2) is defined as

loglog F'(01,09)

= limsu .
p(f) 01,02—>ol:<)> log(e"l + 602)

If (0 < p(f) < 00), then the type T'(f)(0 < T(f) < o0) of f(s1,s2) is defined as

log F'(01,09)
(@P(f)ﬁ + eﬂ(f)az) ’

T(f) = limsup

01,02—00

At this stage it therefore seems reasonable to define suitably the relative order of entire functions

defined by Banach valued Dirichlet series with respect to an entire function defined by Banach valued

Dirichlet series of two complex variables and to enquire its basic properties in the new context.

Proving some preliminary theorems on the relative order, we obtain sum and product theorems and

we show that the relative order (finite) of an entire function represented by Dirichlet series is
the same as its partial derivative, under certain restrictions.

The following definitions are now introduced.
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Definition 1.1. Let f(s1,s2) and g(si, s2) be two entire functions defined by the Banach valued
Dirichlet series ([1.2]). Then the relative order of f(s1,s2) with respect to g(s1, s2) denoted by p,(f)
is defined by

pg(f) =inf{u>0: F(o1,02) < exp|G(o1,02)]"}

where
F(O'l,O'Q) = Sllp{“f(O'l + it1, 09 + Ztg)”, —00 < tj < OO,] = 1,2}

If we put A\, = pu, =n—1forn=1,2,3,... and a2 = as; = 1, and all other a,,,’s are zero then
g(s1,82) = e°' + e*2 and consequently

Definition 1.2. Let f(s1,s2) and g(si, s2) be two entire functions defined by the Banach valued
Dirichlet series (|1.2)) such that p(f) = p(g). Then the relative type and relative lower type of f(sq, s2)
with respect to g(si, s2) are denoted respectively by T,(f) and 7,(f) and defined as

log F(01,02)

T, = limsup ——=-
g<f> 0'1,0'2—>012 G(p017 pJQ)

and log F( )
.. og 01,02

— liminf =271 92)

) = )

where p = p(f) = p(g). Clearly T,(f) =T(f) if g(s1, 52) = e** + €.

Definition 1.3. Let fi(s1,s2) and fa(s1, s2) be two entire functions defined by the Banach valued
Dirichlet series (1.2). Then fi(s1,s2) and fo(s1, s2) are said to be asymptotically equivalent if there

exists [, (0 < I < o0) such that
Fi(o1,09)

Fy(01,09)

as 01,09 — 00 and in this case we write f; ~ f.

— 1

If fi ~ f5 then clearly fo ~ fi.
Throughout the paper we assume that f(s1,$2), fi(s1,52),9(s1, 52), g1(s1, S2), etc. are non-constant
entire functions defined by Banach valued Dirichlet series and F'(oy,09), Fi(01,02), G(01, 032),
G1(01,09) denote their respective maximum moduli.

The following lemma will be needed in the sequel.

Lemma 1.4. Let ¢(s1,s2) be a non-constant entire function defined by Banach valued Dirichlet
series ([1.2) and v > 1,0 < p < A. Then

i (Glon o)
o000 G071, 09)

and

[G (01, 09)]*

Proof of the lemma is omitted.
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2. Preliminary Theorems

log log F'(01,02)

Theorem 2.1. (a) p,(f) = limsup,, ,, o0 o5 o100 "

(b) If f(s1, s2) be a Dirichlet polynomial and g(s1, s2) is not a Dirichlet polynomial, then py(f) = 0.
(c) If Fi(01,092) < Fy(01,02) for all large 01,09 then py(f1) < py(f2).
(d) If Gi(01,02) < Go(o1,02) for all large 01,04 then py, (f) > pg, (f)-

Proof .
(a) This follows from the definition.
(b) Let f be of the form f(sy,52) = > {> ayes*+5241} Then
k=1 =1

F(o1,02) = sup || Z{Z akle(al+it1)>\k+(o—2+itz)ul}H

Toosintaseo oy =

S o heto 2.1
SZ{ZHGMHG 1)\k+2#l} (2.1)

k=1 I=1

< mn HaleealAm+azun — Meorhmtozmn
n

max
k=1,2,3,...,m;l=1,2,3,...,

since we may clearly assume that oy, 05 are positive, where

M =mn

max l|ar]]
k=1,2,3,...m:il=1,2,3,...n

is a constant.
On the other hand, since g(s1, s2) is not a Dirichlet polynomial, for all large oy, 09, p and for
every 0 > 0 and k a constant large at pleasure,

[G(Ul,Uz)]6 > kéafpagp > log M + (01, + 0optn) > log F(01,0)
using ([2.1)). So, for all large o1, 02 and arbitrary 6 > 0

log log F'(01,09) <6

1og G(O’1, 0'2)

and this gives that p,(f) = 0.
(c) Since Fi(01,092) < Fy(o1,09) for all large oy, 09, so

loglog Fi (01, 09) loglog Fy(o1, 02)

lim su < limsu
01702—>£J log G<01a 0'2) - U1,Uz—>013> log G(Uh 02)

ie.,
pe(f1) < py(fa).
(d) Proof is similar as that of (c¢). O

Remark 2.2. Let fi(s1,52) = g(s1,82) = €172 and fy(s1, 52) = €2*1752), Then clearly
Fi(01,02) < Fy(01,02).

But Pg(fl) = Pg(f2) = 0. Let f(s1,52) = g1(s1,52) = e$152 and g2(s1,82) = e2(51+s2) - Then clearly
G1(01702) < G2(01,U2)- But Pgl(f) = sz(f) =0.
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Theorem 2.3. (a) If p(f1) = p(f2) = p(g) and Fi(01,02) < Fy(01,03) for all large values of o1, 09
then Ty(f1) < To(f2)-

(b) If p(f) = p(g1) = p(g2) and Gi(o1,02) < Go(01,02) for all large values of 01,09 then Ty, (f) >
T

0 (f)
Proof . This follows from definition. [
Theorem 2.4. If p(f1) = p(f2) = p(g) then

74(f1) . dog Fi(01,00) _ 74(f1)
2~ < liminf < < limsu
Tg(fg) - 01y0'2—>0010g F2(0_17 0'2) - Tg( 2) o1, 02_>£10g FQ(O’l, 0'2)

log Fi(o1,02) _ Ty(f1)

To(f2)

Proof . Suppose p(f1) = p(f2) = p(g) = p. Then by definition for any € > 0 and for all large values
of 01,09

log Fi(01,02) > (14(f1) — €)G(poy, pos) (2.2)

<

and
log F3(01,02) < (Ty(f2) + €)G(por, po2). (2.3)
Therefore from Equation (2.2) and (2.3 we get for all large o1, 09

log Fi(o1,02) _ T,(f1) — ¢
log Fy(01,09) ~ Ty(fo) +e

or,

lim inf 108§Fl(<71,02) > Tg(fl)

. 24
01,02%0010gF2(01,0'2) - Tg(fg) ( )

Again by definition for any € > 0 there exist sequences {o1,}, 01, — o0 and {o9,}, 02, — 0 as
n — 0o such that

lOg Fl (Ulna UQn) < (Tg(fl) + E)G(pahw pa?n)- (25)
Again for all large values of o1, 09
log F5(01,02) > (14(f2) — €)G(po, poa). (2.6)

Hence from ([2.5) and (2.6)) we get

log Fy(01n, 0an) _ To(f1) + €
log Fo(01n, 09n)  Ty(fo) — €

or

lim inf log Fi(o1, 2) < Tg(fl)-
o1 azﬁ\mlog F2(01,02) 7-g<f2)

(2.7)

Also there exist sequences {o1,,}, 01, — 00 and {09, }, 02, — 00 as m — oo such that

log F5(01m, 02m) < (74(f2) + €)G(pT1m, po21m).- (2.8)
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Therefore from (2.2)) and (2.8]) we get,

log Fy(01m, Tam) - To(f1) — €
log Fo(O1m, 0am) ~ To(f2) + €

or

limsupl()g Fi(oy,09) > Tg(fl)'
o1,09—00108 F2(01> 0'2) Tg<f2>

Again for any € > 0 and for all large values of oy, o9,
log F1(01,02) < (Ty(f1) + €)G(por, po2)
and
log Fy(01,02) > (14(f2) — €)G(por, pos).
Therefore from ([2.10)) and we get for all large o1, 09

log I (01, 09) < Ty(f1) +e€
log F3(01, 09) Tg(fz) — ¢

or

lim sup log F (01, 02) < Tg(fl)'
o1,00—300108 F (071, 02) Tg(fQ)

The theorem now follows from (2.4)), (2.7)), (2.9) and (2.12)). O

3. Sum and Product Theorems

(2.9)

(2.10)

(2.11)

(2.12)

Theorem 3.1. Let fi(s1,52), fa(s1,82) and g(s1, s2) be three entire functions defined by the Banach

valued Dirichlet series (1.2]). Then

Pg(fl + fo) < maX{ﬂg(fl)apg(ﬁ)}a

sign of equality holds if py(f1) # py(f2)-

Proof . We may suppose that p,(fi) and p,(f2) both are finite because in the contrary case the
inequality follows immediately. We prove the theorem for addition only, because the proof for

subtraction is analogous.

Let f = fi+ fo, p=py(f), pi = pg(fi), i =1,2 and p; < py. For arbitrary € > 0 and for all large

01,09 we have from Theorem (a),

Fi(01,09) < exp|G(o1,09)]" T < exp|G(oy, 02)]* ¢

and
Fy(01,02) < exp|G(o1, 09)]2 .

So, for all large o1, 09

F(O’l,Og) S Fl(Ul,JQ) + FQ(Ol,O'Q) < 26Xp[G<O'1,O'2)]p2+€ < eXp[G(Ul,O'Q)]pQJrQe.
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Therefore,
loglog F(01, 0)

< 2
IOgG<<71,<72) _(p2+ €>7

for all large o1, 09. Since € > 0 is arbitrary, we obtain

p < pa (3.1)

This proves the first part of the theorem.
For the second part, let p; < po and suppose that p; < 3 < u < A < pa. Then for all large oy, o9

Fi(o1,09) < exp|G(o1,02)]" (3.2)
and there exist non decreasing sequences
{O-ln}a O1n — o0

and
{oom}, 09, = 00 asn — oo

such that
Fy (010, 095) > exp|G(o1p, 09, (3.3)
Using Lemma [1.4] we see that
(G (01, 02)]* > 2[G(01,09)|" for all large o1, 05. (3.4)
So, from , and ,
Fy(o1n, 00n) > 2F (019, 09p) forn =1,2,3, ...
Therefore,

1
F(01n,09,) > Fo (010, 02,) — Fi(01, 025) > §F2(01n,02n)

1
> 5 exp|G (o1, Jgn)]’\ > exp|G (o1, 0on) .

by (3.3)). Therefore,
p = pa (3.5)
So, from (3.1)) and (3.5 we get p = ps and this proves the theorem. [J

Remark 3.2. For Banach valued Dirichlet series to hold the equality, the condition p,(f1) # p,(f2)
is not necessary. Because if we take fi(s1,$2) = 2€*1752) fo(s1,89) = —e®1752 and g(sy, $9) = €112
then clearly Fi(oq,09) = 2e71772 Fy(01,09) = €772 and

G(o1,02) = eItz

Therefore
Pg(fl) = pg(fZ) = 0.
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On the other hand
fl + f2 — 681+82-

Therefore
pg(fl + f2) =0.
Thus,
pg(fl + f2) = maX{ﬂg(fl)apg(f2)}-
Also if we take fi(s1,52) = 2e"7%2, fo(s1,52) = g(s1,52) = €72, Then clearly p,(f1 — f2) =
maX{pg(fl)vpg(fZ)}'

Theorem 3.3. Let fi(s1,82) and g(s1,s2) be two entire functions defined by the Banach valued
Dirichlet series (1.2) and fa(s1,$2) be an entire function defined by (1.2) where the coefficients ap, €

C. Then py(fi-f2) < max{py(f1), pg(f2)}-

Proof . Let f = fi.f; and the notations p, p1, p2 have the analogous meanings as in Theorem [3.1]
Without loss of generality let p; and p, both are finite and p; < ps. Then for arbitrary € > 0 and
for all large o4, 09

F(O’l, 0'2) S Fl(O'l, O'Q)FQ(O'l, 0'2)

< exp|G(o1,02)] T exp|G (o1, 09)]> €

< exp{2[G(a1,09)]>"}

< exp|G(oy, 09)]P2 T2
Therefore,

loglog F(01,09) < (p2 + 2¢) log G(o71, 03) for all large o1, 0.

Since € > 0 is arbitrary so p < py, which proves the theorem. [
Remark 3.4. For Banach valued Dirichlet series the equality may hold. For example, suppose

fi(s1,82) = fa(s1,52) = g(s1,82) = e 2. Then clearly p,(f1) = py(f2) = 0. On the other hand
fi-fa = e251732) Therefore, p,(fi1.f2) = 0. Thus

pg(f1~f2) = max{pg(fl)v pg(fQ)}-

Theorem 3.5. Let fi(s1,52), fa(s1,82) and g(s1, s2) be three entire functions defined by the Banach
valued Dirichlet series (1.2)) such that Ty(f1), T,(f2) and T,(f1 £ f2) are defined. Then T,(f1 £ fo) <

max{T,(f1),T,(f2)}, the equality holds if T,(f1) # Ty(f2).

Proof . We may suppose that T,(f1) and T,(fz) both are finite because in the contrary case
the inequality follows immediately. We prove the theorem for addition only, because the proof for
subtraction is analogous.

Let f=fi+ fo, T =T,(f), T, =T,(f;) and p = p(fi) = p(f) = p(g), i = 1,2 and suppose that
T1 < T5. For arbitrary ¢ > 0 and for all large o1, 09 we have by definition,

IOg Fl(O'l, 0'2) < (Tl + €)G(P017p‘72)
or

Fi(o1,09) < exp[(T1 + €)G(poy, poa)] < exp[(Tz + €)G(po1, pos)]
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and
Fy(o1,09) < exp|(Tz + €)G(poy, pos)].
So, for all large o1, 09,
F(01,03) < Fi(01,09) + Fy(01,09) < 2exp[(Tz + €)G(po, pos)].
Therefore,
log F(01,02) <log2+ (1> + €)G(pa1, po2)

or
log F (01, 09)

m < (Tg -+ 6) —|—0(1)

Since € > 0 is arbitrary so
T <Ts. (3.6)

This proves the first part of the theorem.
For the second part, let T} < T and suppose that 77 < u < A < T5. Then for all large oy, 09

Fi(o1,02) < expluG(po, pos)] (3.7)
and there exist non decreasing sequences {01, }, o1, — 00, and {09, }, 02, = 00 as n — oo such that
Fy(01p, 02,) > exp[AG(poin, poay,)]. (3.8)
Now, by using (3.7)) and (3.8)).
F(Jlna 0271) Z F2(01n7 UQTL) - Fl(glnu 0271)
> exp[AG (0T 1n, poan)] — exp[uG (po1n, poan))]
> 2exp[uG(pain, poan)] — exp[pG(poin, po2n)]
> exp[uG(poin, pozn)]

or
log F(01n, 020) > pG(p0 10, pO2n)
or
log F(O’ln, O'Qn)
G(PUlm p02n)
Therefore,

T>T. (3.9)
From (3.6) and (3.9) we get T'= T, and this proves the theorem. [J

Theorem 3.6. Let fi(s1,82), g(s1, s2) be two entire functions defined by the Banach valued Dirichlet
series (1.2) and fy(s1,$2) be an entire function defined by (1.2) where the coefficients a,,, € C such

that T,(f1), T,(f2) and T,(f1.f2) are defined. Then T,(f1.f2) < Ty(f1) + Ty(fa).

Proof . Let f = fi.fs and the notations p,T,T} and T, have the analogous meanings as in The-
orem [3.5] Suppose T and Ty both are finite because in the contrary case the theorem is obvious.
Then for arbitrary € > 0 and for all large o1, o9

F(o1,02) < Fi(01,09)Fy(01,09)
< exp|(Ty + €)G(poy, pos)] exp[(Ty + €)G(po1, pos)]
= exp[(T1 + Tz + 2¢)G(poy, po2)].
Since € > 0 is arbitrary we obtain T' < T} + T and this proves the theorem. []
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4. Relative order and type of the partial derivatives

Theorem 4.1. Let f(s1,s2) and g(s1,s2) be two entire functions defined by the Banach valued
Dirichlet series 1} Then py(f) = pg(g—i).

Proof . We write,

0 it it
Fy(o1,00) = sup{)| 2Tt iH.02 F i)

8(0'1 + Ztl)

|l; —o0 < tj; < o0;j =1,2}.

From [[I1], p.68], we may write for fixed oy and for all large values of oy

F(O’l,O'Q) < 0'1F51(0'1,0'2) + O(].)

or
log F'(01,09) < log Fy, (01, 09) +logoy + O(1). (4.1)
Therefore, -
loglog F'(01,02)  loglog F, (01, 09) +o(1)
log G(01,09) log G(01, 02)
for fixed o9 and for all large oy, and so,
of
< — . 4.2
wn<n(5) (42

To obtain the reverse inequality we have from [[II], p.68] for fixed o9 and for large oy

1
Fy (01,09) —€ < SF(UI + 4, 03),

where € > 0 is arbitrary and 6 > 0 is fixed. So,

log F, (01, 0%) < log F(oy + 8,09) + O(1) (4.3)
or _
loglog F, (01, 02) < loglog F'(o1 + 6, 09) +o(1).
log G(o1, 09) log G(o1, 09)
Since o5 is any fixed real number, oy is large and ¢ is any fixed number so,
af
Pg(a_sl) < pg(f). (4.4)

From and we get
of
py(f) = py 8_51 .

Remark 4.2. In Theorem [4.1| putting g(si, s2) = €° + €2, we get p(f) = p(g—fl).

O

Theorem 4.3. Let f(s1,52) an

d g(s1,82) be two entire functions defined by the Banach valued
Dirichlet series 1) such that p(f)

= p(g). Then Ty(f) = Tg(aa_sfl>-
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Proof . From Remark we have, p(f) = p(g—i). Therefore, p(g—i) = p(g) and so Tg(g_i> exists.
Suppose p(f) = p(g) = p() = p. As in Theorem We write

_ Of(oq + ity, 09 + it

;—oo<tj<oo;j:1,2}.

Then from (4.1)) we get

log F(01,09) < log F, (01,02) + log o, + O(1)

or _

log F'(o1,09)  log Fs, (01, 02)

+ o(1).

G(PUhPUz) G(,001,P02) ( )

So taking 01,09 — 00 we get
of
T. < —). 4.
W) < Ty (45)

Again for a fixed o9 and large oy we get from (4.3)) for a fixed § > 0
log F, (01, 09) < log F'(o1 + 9, 09)

+ o(1).
G(por,poz) —  G(poy, pos) @
Since o9 is any fixed real number, o7 is large and ¢ is any fixed number so,
of
Tg(a ) < Ty(f)- (4.6)
S1

From and we get Ty(f) = Tg(g—i). O

5. Asymptotic behavior

Theorem 5.1. Let f(s1,52), g1(s1,82) and go(s1, S2) be three entire functions defined by the Banach
valued Dirichlet series (1.2)) and suppose g1 ~ ga. Then pg, (f) = pg, (f)-

Proof . Let € > 0. Then by definition, for all large o1, 03, there exists [ (0 < [ < oo) such that
G1(01,0'2> < (Z+E>G2<O'1,0'2). (51)
Now for all large o1, 09
loglog F'(01,02) < (pg, (f) + €)log G1(o1, 02)
or using (5.1)),
F(o1,03) < exp|Gy(oy, 05)]PnHFe
< exp[(l + E)GQ(Ul, 0.2)]091 (f)+e
< exp[Ga(oy, 0q)]Por P H2e,

Therefore,
loglog F'(01, 0)

2¢.
lOg G2(0'17 0_2) < pgl (f) + €

Since € > 0 is arbitrary small, so p,,(f) < pg, (f). The reverse inequality is clear because g2 ~ ¢;
and so pg1<f) = pgz(f)- O
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Remark 5.2. For Banach valued Dirichlet series the condition g; ~ ¢ is not necessary. For example,
let f(s1,52) = gi(s1,82) = €72 and gy(s1, s2) = €*172). Then clearly F(o1,02) = Gi(01,03) =
e?1%92 and Gy(0y, 09) = €2@1+92) Therefore, g; ~ g does not hold but py, (f) = pg,(f) = 0.

Theorem 5.3. Let fi(s1,52), fa(s1,52) and g(s1, s2) be three entire functions defined by the Banach
valued Dirichlet series (1.2)) and suppose f1 ~ fo. Then py(f1) = pg(f2).

Proof . Let € > 0. Then by definition, for all large o, 09, there exists [, (0 < | < co) such that
Fi(o1,02) < (I + €)Fy(01,02).

Now for all large o1, 09
lOg Fl(O'l, 0'2) < log FQ(O'l, 0'2) + lOg(l + E).
Therefore,
loglog Fi(01,02)  loglog Fy(oy, 09)
log G(01,09) log G(01,09)

+o(1)

ie.
pg(f1) < pg(f2).
The reverse inequality is clear because fy ~ f1 and so py(f1) = py(f2). O

Remark 5.4. For Banach valued Dirichlet series the condition f; ~ f5 is not necessary which follows
from the following example.

Let fi(s1,82) = g(s1,82) = €172 and fy(s1,52) = €2*172), Then clearly f; ~ f» does not hold
but pg(fl) = Pg(fQ) = 0.

Theorem 5.5. Let fi(s1,52), fa(s1,82) and g(s1, s2) be three entire functions defined by the Banach
valued Dirichlet series (1.2)) such that T,(f1) and T,(f2) are defined and suppose fi ~ fo. Then

Tg(fl) = Tg(f2)'

Proof . Let € > 0 and p(f1) = p(f2) = p(g) = p. Then by definition, for all large o1, 09, there exists
[ (0 <l < o0) such that
F1<0'1, 0'2) < (l + G)FQ(O'l, 0'2)
or
10g Fl(O'l, O'Q) < 10g FQ(O’l, 0'2) + O(].)

or
lOgFl(O'l,O'Q) < lOgFQ(O'l,O'Q) i 0(1)
G(po, poa) G(poy, poa)

Since € > 0 is arbitrary small, so T,(f1) < T,(f2). The reverse inequality is clear because fo ~ f;

and so T,(f1) = T,(f2). O
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