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Abstract

Using the fixed point method, we prove the generalized Hyers-Ulam—-Rassias stability of the following
functional equation in multi-Banach spaces:

if<—2xj+ i a;) = (n—6)f<ixi> +9if(xi),

i=1,i#j =1
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1. Introduction

A classical question in the theory of functional equations is the following: “When is it true that a
function, which approximately satisfies a functional equation £ must be close to an exact solution
of £7” If the problem accepts a solution, we say that the equation &£ is stable. Such a problem was
formulated by Ulam [40] in 1940 and solved in the next year for the Cauchy functional equation
by Hyers [I7]. It gave rise the stability theory for functional equations. The result of Hyers was
extended by Aoki [I] in 1950, by considering the unbounded Cauchy differences. In 1978, Th. M.
Rassias [36] proved that the additive mapping 7', obtained by Hyers or Aoki, is linear if, in addition,
for each x € E the mapping f(tx) is continous in ¢ € R. Gavruta [16] generalized the Rassias’
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result. Following the techniques of the proof of the corollary of Hyers [I7] we observed that Hyers
introduced (in 1941) the following Hyers continuity condition: about the continuity of the mapping for
each fixed, and then he proved homogenouity of degree one and therefore the famous linearity. This
condition has been assumed further till now, through the complete Hyers direct method, in order to
prove linearity for generalized Hyers—Ulam stability problem forms (see [19]). Beginning around the
year 1980 The stability problems of several functional equations and approximate homomorphisms
have been extensively investigated by a number of authors and there are many interesting results
concerning this problem (see [3], [6], [11]-[15], [20]-[31], [37], [38]).

J.M. Rassias [34] following the spirit of the innovative approach of Hyers [17], Aoki [I] and Th.
M. Rassias [36] for the unbounded Cauchy difference proved a similar stability theorem in which he
replaced the factor ||z[|? + ||y||” by [|z||” - [|y||? for p,q € R with p+ g # 1 (see also [33] for a number
of other new results).

In 2003 Cadariu and Radu applied the fixed point method to the investigation of the Jensen
functional equation [4] (see also [5], [6], [18], [32]). They could present a short and a simple proof
(different of the “direct method” , initiated by Hyers in 1941) for the generalized Hyers—Ulam stability
of Jensen functional equation [4], for Cauchy functional equation [6] and for quadratic functional
equation [5].

The following functional equation

Qxr+y)+Qz —y) = 2Q(x) +2Q(y), (1.1)

is called a quadratic functional equation and every solution of equation is said to be a quadratic
mapping. F. Skof [39] proved the Hyers—Ulam stability of the quadratic functional equation for
mappings f : E; — E,, where E; is a normed space and Es is a Banach space. In [7], S. Czerwik
proved the Hyers—Ulam stability of the quadratic functional equation . C. Borelli and G. L.
Forti [2] generalized the stability result of the quadratic functional equation (|1.1)).

Recently, Dales and Polyakov [§] introduced the notion of multi-normed spaces. This concept is
somewhat similar to operator sequence spaces and has some connections with operator spaces and
Banach lattices. Dales and Moslehian [9] investigated stability of Cauchy functional equation in
multi-Banach spaces (see also [28], [35]).

In this paper, for a fixed positive integer n > 2, we introduce the following generalized quadratic
functional equation:

if<_2$j+ i :Ez> :<n_6)f<ixl>+9if(xl) (1.2)

i=1,i#j =1

Every solution of the functional equation (1.2)) is said to be a generalized quadratic mapping.
We will adopt the idea of Cadariu and Radu [4], [6], [32], to prove the generalized Hyers-Ulam—
Rassias stability of generalized quadratic functional equation on multi-Banach spaces.

2. Preliminaries

Assume that (E, || - ||) is a complex linear space and let m € N. We denote by E™ the linear space
E®E®...® F consisting of m-tuples (z1,...,x,), where 1, ..., x, € E. The linear operations on
E™ are defined coordinatewise. When we write (0, ..., 0, x;,0, ..., 0) for an element in E™, understand
that x; appears in the i"" coordinate. The zero element of either E or E™ is denoted by 0. We denote
by N,, the set {1,2,...,m} and by o,, the group of permutations on m symbols.

In this section, we recall the notion of a multi-normed space and some preliminaries concerning
multi-normed spaces from [§].
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Definition 2.1. [§] Let (£, ]| -||) be a complex normed space and let m € N. A multi-norm of level
mon {E° : s € N,,} is a sequence

(- 1ls) = (- lls = s € Niw),

such that || - ||s is a norm on E* for each s € N,,,, such that ||z||; = ||z|| for each 2 € E and such that
the following Axioms (A1) — (A4) are satisfied for each s € N,,, with s > 2:

(A1) for each o € o4 and x1,..., 2, € E, we have
H(xa(l)7 ce 7xa(s))"s = H(xlv v st)Hs;
(A2) for each ay,...,a5 € C and x4, ...,2, € E*, we have

(21, ..., o) ||s < (max |oy]) || (21, . .., 2s) s
i€Ng

(A3) for each xq,...,2s € E, we have
(@1, wsn, O)lls = (21, @smn) omns
(A4) for each xq,...,x5 € E, we have
(1, Tso1,ws1)||s = [(x1, ooy Ts—1) || s—1-
In this case, we say that ((£°,] - ||s) : s € Ny,) is a multi-normed space of level m.
Definition 2.2. [8] A multi-norm on {£* : s € N} is a sequence

(- 1ls) = - 1ls = s € N),

such that (|| - ||s : s € N,,) is a multi-norm of level m for each m € N. In this case, we say that
((E%,] - |Is) : s € N) is a multi-normed space.

Lemma 2.3. [§] Let ((E%,| -||s) : s € N) be a multi-normed space. The following properties are
immediate consequences of the axioms for multi-normed spaces:

(i) for all z € E and s € N, we have
G, = =],

(i) for all s € N and all xy,...,z5 € E, we have

S
max [|zi]| < [[(z1, ..., 2s)lls < 2; lzill < s max ;).
1=

The following Lemma is a consequence of (ii):

Lemma 2.4. [§] Suppose that (E, || - ||) is a Banach space. Then (£?, ]| - ||5) is a Banach space for
each s € N.
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Definition 2.5. [8] Let ((E*, ||-||s) : s € N) be a multi-normed space for which (E, ||-||) is a Banach
space. Then ((E*, | - ||s) : s € N) is called a multi-Banach space.

Now, we recall two important examples of multi-norms for arbitrary space (E,|| - ||). For other
examples we refer to readers to [§].

Example 2.6. Let (E, | - ||) be a normed space. For m € N, define || - ||,, on E™ by

[(1s s )l = max |z (21, 2m € E).
’LeNm
It is immediate that ((E%] - |s) @ s € N) is a multi-normed space.  The sequence
(Il - [lm : m € N) is called minimum multi-norm. The terminology ‘minimum’ is justified by

Lemma [2.3]

Example 2.7. Let (E,||-||) be a normed space and {(||-||%, : m € N) : a € A} be the (non-empty)
family of all multi-norms on {E*® :s € N}. For s € N, define

[(z1, ... zs)|lls = sup [[(z1, ..., z) |8 (21,...,25 € E).
acA

Then (|||-||lm : m € N) is a multi-norm on {E* : s € N}, which is called maximum multi-norm.
We recall two fundamental results in fixed point theory.

Theorem 2.8. [4] Let (X, d) be a complete metric space and let J : X — X be strictly contractive,
ie.,

d(Jz,Jy) < Lf(z,y), Ve,yeX

for some Lipschitz constant L < 1. Then
(1) the mapping J has a unique fixed point z* = Jx*;
(2) the fixed point x* is globally attractive, i.e.,

lim J"z = ™,
n—oo

for any starting point r € X;
(3) one has the following estimation inequalities:

d(Jz,z*) < L"d(x,z"),

1
n * < n n+1
d(J"z,z*) < —1_Ld(J x, J" ),
1
——d(z, Jx),

d(x,z") T 7

IN

for all nonnegative integers n and all x € X.

Definition 2.9. Let X be a set. A function d : X x X — [0,00] is called a generalized metric on
X if d satisfies

(1) d(x,y) = 0 if and only if x = y;

(2) d(z,y) = d(y,z) for all x,y € X;

(3) d(z,2) < d(z,y) +d(y,z) for all z,y,z € X.



Approximate a quadratic mapping in multi-Banach spaces ... 7 (2016) No. 1, 63-75 67

Theorem 2.10. [I0] Let (X,d) be a complete generalized metric space and let J : X — X be a
strictly contractive mapping with Lipschitz constant L < 1. Then for each given element z € X,
either

d(J"z, )" x) = oo,

for all nonnegative integers n or there exists a positive integer ng such that
(1) d(J"z, J"z) < oo, Vn > ng;
(2) the sequence {J "m} converges to a fixed point y* of J;
(3) y* is the unique fixed point of J in the set Y = {y € X | d(J™x,y) < co};
(4) d(y,y*) < 1=pdly, Jy) for ally € Y.

3. Main results
Throughout this paper, n will be a positive integer such that n > 2.

Lemma 3.1. Let X and Y be linear spaces and suppose that a mapping Q : X — Y satisfies the
functional equation (1.2) for all z1,...,x, € X. Then the mapping L is quadratic.

Proof . Since n is a positive integer, putting 1 = --- =z, = 0 in ((1.2), we get Q(0) = 0. Letting
:Um:Oinforalllgmgnwithm#i,j,weget
Q(x; — 2z;) + Qxj — 2x;) + 4Q(z; + x5) = 9Q(z;) + 9Q(x;5), (3.1)
for all z;,z; € X. Letting z; = 0 in (3.1)), we have
Q(—2x;) = 4Q(x), (3.2)
for all z; € X. Replacing x; by z; + z; in (3.1), we get
Qi — ) + Q(—x5 — 2x;) +4Q(z; + 225) = 9Q(7; + x5) + 9Q(;), (3.3)
for all z;, x; € X. Replacing x; by —z; in , we have
Qz; + ;) + Qxj — 2x;) + 4Q(x; — 2x;) = 9Q(x; — x;) + 9Q(—x;), (3.4)
for all z;,z; € X. Letting ; = 0 in , we get
2Q(x;) +4Q(—2z;) = 18Q(—x;), (3.5)

for all x; € X. It follows from and (3.5) that Q(—z;) = Q(z;) for all z; € X, i.e. Q is even.
Using evenness of ) and (3.4), we have

Q(z; + x;) + Q2w — x5) +4Q(x; — 2x;) = 9Q(; — x;) + 9Q(x;), (3.6)
for all z;,z; € X. Interchange x; and z; in , we get

for all z;, z; € X. Adding (3.6) and (3.7)), we have

2Q(w; + x5) + 5Q(w; — 25) +5Q(23; — x;) = 18Q(w; — x5) + 9Q(x:), +9Q(x;) (3.8)
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for all z;,z; € X. Using (3.1)) and (3.8)) we conclude that
Qi + ;) + Qi — x;) = 2Q(x:) + 2Q(x;),

for all o;,x; € X. This means () is quadratic. [

Let X and Y be vector spaces. For a given mapping f : X — Y, we define

Df(z,..., Zf<—2a:]+ Z :EZ> (n—06)f <in>—92f(a:i),
i=1,i#j i=1 i=1
for all z1,..., 2, € X.

Now, we prove the generalized Hyers—Ulam—Rassias stability of generalized quadratic mapping
on multi-Banach spaces for the functional equation D f(z1,...,x,) = 0.

Theorem 3.2. Let E be a linear space and {(F',| -||;) :1 € N} be a multi-Banach space. Suppose
that m € N and f : E — F is a mapping satisfying f(0) = 0 for which there exists a control function
@ E™ — [0,00) such that

I(DAXD), .., DX | < p(XD, .., X ), (39)
for all XM = (acgl), . ,x,(ll)), XM = (xgm), . (m)) € E". If there exists a Lipschitz constant
L <1 such that

(1) (m)
go(X(l), o ,X<m>) < 4L¢(X2 ,...,X2 )

for all XM, ... X € E™ then there exists a unique quadratic mapping Q : E — F such that
1f (21)=Q(1), ..., f(@m) = Q(@m)]|m

1 2
S 4 _ 4_L [§¢<Xz,](07 21’1), XW(O, 2.%'2), Ce 7Xi,j(07 2.’L'm)>
1 (3.10)
+ 18g0<X (=221, 221), X (=229, 229), ..., X j(—224, me)>

+90< zj 0 .’Ifl) Xi,j(oaxQ)a"'7Xi,j(07xm)>]7

forall xq,...,x, € E, where

X j(x,y)=(0,...,0, x ,0,...,0, v ,0,...,0),

forall x,y € E.

Proof . For convenience, set

2
@i,j(mla T, ... 7$m) - §SD<XZ,](O7 21'1), Xi,j<07 21’2), s 7Xi,j<07 2$m)>

1
+ 18Q0<X (—21’1, 2[E1), XZ'Vj(—QZL'Q, 21‘2), ce 7Xi,j(_2xm, QJZm))

+ SD(Xz‘,j(O, r1), Xi;(0,22),...,X;,;(0, $m))7
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where z1,...,2, € E and 1 < i < j < n. Consider the set X := {g: E — F, ¢(0) = 0} and
introduce the generalized metric on X:

d(g,h) = inf {C eRy: |(g9(z1) — h(z1), ..., g(zm) — B(Tm))||Im
SCQDZ‘,]'(ZEthQ,...,ZL‘m), \Vll'l,l‘g,...,l’mEE}.

It is easy to show that (X, d) is complete. Now we consider the linear mapping J : X — X such
that Jg(z) := 1g(2z) for all z € E. For any g,h € X, we have

d(g,h) <C
= [[(g(z1) — h(21), ..., g(2m) — h(@m))|lm <
Coij(x1,29,. .., 2n), (T1,22,...,2m € E)

— || (o) — ghr). . jo(2wn) — (h25)]

<

m

1
Zc¢i’j<2xl7 23}'2, Ce ,me),

1 1 1 1
— ||(= - - — = <
LCQDZ‘J(I‘l, To, ... ,l‘m),
— d(Jg, Jh) < LC.

Therefore, we see that
d(Jg, Jh) < Ld(g,h), Vg,h € X.

This means J is a strictly contractive self-mapping of X, with the Lipschitz constant L.
For each 1 < r < n with r # i,j and each 1 < m < s, let ngm) = T, xém) =y, and 2™ =0
in (3.9)), we get
H (f(xl —2y1) + f(y1 — 2z1) + 4f (21 +y1) — 9f(z1) = 9f (w1),
f(@2 = 2y) + fy2 — 222) + 4f (22 + y2) — 9f(22) —9f (v2),- - -,

P = 2) + 10— 25) + 45 @+ 1) = F () = 9 )| )

< @(Xz‘,j(l’la 1), Xij(22,92), - -, Xij(@m, ym)>,

for all x1,y1, 22, Y2, -, Ton, Ym € E. Letting x1 =29 =---=1x,, =01in , we get
| (F20) = 41 @), £=20) = 45 ), 12

F(=2y) =45 ) ) | < (X000, X (0,2). - Xi5(09m)).

for all y1,ys9,...,ym € E. Interchange x1,x,..., 2, by x1 +y1, T2+ Yo, . . ., Ty + Ym, respectively, in

B, we get

H (f(l’l — 1) + f(=y1 — 221) +4f (z1 + 2p1) — 9f (x1 + 1) — 9f(v1),
[z —y2) + f(—yo — 212) + 4f (w2 + 2y2) — 9f (22 + v2) — 9f(32), - - -,
f(mm - ym) + f<_ym - 2xm) + 4f(xm + 23/m) - 9f(xm + ym) - 9f(ym)>

< <P(Xi,j($1 +y1,01), Xij(x2 +y2,92)s - o, Xii (T + Y, ym)):

(3.13)

Hm
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for all 1, y1, T2, Y2, .-, Tm,ym € E. Replacing y1,vy2, ..., Ym by —y1, =¥, ..., —Ym, respectively, in
(13.13), we have

H (f(xl +y1) + flyr — 220) +4f (21 = 2y1) — 9f (21 — v1) — 9f (=),
f(za +y2) + fly2 — 222) + 4f (22 — 2y2) — 9f (22 — y2) — 9f(—22),- - -,

(3.14)
f@m +ym) + fYm — 22m) +4f (@m — 2Um) — I (Tm — Ym) — 9f(_3/m)> Hm
< SO(Xz‘,j(ﬂﬁ - ylayl)aXi,j($2 - y2,y2)7- . Xzy( ymﬂm));
for all z1,y1, 22, Y2, s T, Ym € E. Letting 1 = 29 = - -+ =, = 0 in (3.14), we get
H <2f y1) +4f(—2y1) — 18f(—wy1),
2f(y2) +4f(—2y2) — 18f(~12),.
(3.15)
20 () + 4F (~2) = 18f(~ )H
( Gy u), X (=2, 2), - - ,Xi,j(—ym,ym)),
for all y1,90,...,ym € E. It follows from (3.12)) and (3.15)) that
| (F(n) = F(=w0)s Fly2) = F(=w2)s -5 f(ym) — F(=um) ]|,
2
< §§0<Xi,j<0a y1), Xi;(0,92), ..., X;,5(0, ym)> (3.16)
1
+ 18§0<X (_ylv ?/1); Xi,j(_y% y2)7 e 7Xi,j<_ym7 ym)>7
for all y1,vy2,...,ym € E.
Now, using (3.12)) and (3.16)), we can conclude that
||( (221) =4 f(21), f(222) — 4f(22), ..., f(20m) — 4f(33m)) Hm
2
S §§0<X17](O, 2251), Xi,j (0, 21’2), Ce ,X@j(O, me)>
1 (3.17)
+ 1—8QD<XZ'J'(—2.’E1, 2[E1), Xi,j(_2x27 21’2), e ,Xi,j(—2acm, 2[Em>>
+ QO(XZ‘J'(O, Il), Xi’j(O, Ig), . ,XZ'J‘(O, ZL’m>>,
for all x1,29,...,2,, € E. So
1 1 1
|£@20) = F@), 7 £222) = f(a),. o 1F Qo) = flam)|| < Zous(rma e sam),
1
for all x1, 29, ..., 2, € E. Hence d(f, Jf) < 7
By Theorem [2.10] there exists a mapping ) : E — F such that
(1) @ is a fixed point of J, i.e.,
1
Q(z) = £ Q(2z), (3.18)

4
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for all z € E. The mapping @ is a unique fixed point of J in the set
V={geX:d(f g) < oo}
This implies that () is a unique mapping satisfying such that there exists C' € (0, 00) satisfying
1Q(z1) = f(x1), .-, Q(@m) = f(@m)llm < Copi (w1, 22, Zm),

for all 1, 29,...,2,, € E.
(2) d(J*f,Q) — 0 as k — oo. This implies the equality

lim 4if (2%2) = Q(z), (3.19)

for all x € E. .
(3) d(f,Q) < Ed(f’ Jf), which implies the inequality

This implies that the inequality (3.10]) holds.
Replacing X = ... = X(m) = (w1,79,...,1,) = X in (3.9), using the properties of norm in

multi-normed spaces and (3.19)), we have
HDQ<x17 ) : DQ(xlw"axn)HS
= hm —||Df(2kx1, o2k D2y, 280 |

for all x1,29,...,2, € E. So

ZQ(—Q:UJ—F Z xl): —6)@( xi>+9iQ(azi).

i=1,i#£j =1

3

By Lemma [3.1] the mapping @ : E — F is Quadratic, i.e., Q(z +y) + Q(z — y) = 2Q(z) +2Q(y) for
all z,y € B. [J

Corollary 3.3. Let E be a linear space and {(F',|| - ||;) :1 € N} be a multi-Banach space. Suppose
thatm € N and 0 <p <2 and f : E — F is a mapping with f(0) = 0 satisfying

IDF(XD), ..., DFX") ] < € ZZII% 17,

k=1 t=1

for all XM, ... X ¢ E™ Then there exists a unique quadratic mapping Q : E — F such that

120 = Qoo Flom) = Qo) < (55557 + g5 ) <2 Il

forall xq,...,z,, € E.
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Proof . The proof follows from Theorem [3.2 by taking

P(XD, XY = ST ™|,

m=1 t=1
1
for all XM ..., X ¢ E*. We can choose L = 2 to get the desired result. [J

Theorem 3.4. Let E be a linear space and {(F',|| - |l) :1 € N} be a multi-Banach space. Suppose
thatm € N and f : E — F is a mapping satisfying f(0) = 0 for which there exists a control function
p : E" — [0,00) satisfying for all XM ... XM ¢ E* [f there exists a Lipschitz constant
L <1 such that

gp(X(l), o ,X<m>> < iLgp <2X<1>, o ,2X<m>>,

for all XM, ... X € E™ then there exists a unique quadratic mapping Q : E — F such that
1f(21)=Q(z1), .., flam) — Q(@m)lm

L 2
= 4 — 4], [§¢<X1,J(O7 21‘1), Xi,j(o, 21’2), NP ,Xi,j(()? me))
: (3.20)
+ 1—90<Xi,j(—2m1, 2[B1), Xi7j(—2x27 2$2), o >Xi,j(—2xm, 2$m)>

8
+ @(XZJ(Oa xl)a Xi,j(oa 5132), s 7Xi,j(07 xm))] )

forall xq,...,x,, € E, where

Xij(z,y)=1(0,...,0, 2z ,0,...,0, y ,0,...,0),

forall x,y € E.

Proof . Similar to the proof of Theorem [3.2] we consider the linear mapping J : X — X such that
Jg(z) := 4g(3z) for all z € E. We can conclude that J is a strictly contractive self-mapping of X,
with the Lipschitz constant L.

It follows from (3.17)) that

1 1 1 L
| £@0) = 47 Ga), flan) = 4f G- flan) = 4f Gaw)| < Fus(aran o),
L
for all z1,29,..., 2, € E. Hence d(f, Jf) < 1
By Theorem [2.10], there exists a mapping () : E — F such that
(1) @Q is a fixed point of J, i.e.,
x
Q(z) =4Q(3). (3.21)

for all z € E. The mapping @ is a unique fixed point of J in the set

Y={geX:d(f g) < oo}



Approximate a quadratic mapping in multi-Banach spaces ... 7 (2016) No. 1, 63-75 73

This implies that ) is a unique mapping satisfying (3.21]) such that there exists C' € (0, c0) satisfying

1 (1) = Q1) fam) = Qam)l[m < Cpij(w1, 22, Tm),

for all z1,29,..., 2, € E.
(2) d(J*f,Q) — 0 as k — oo. This implies the equality

i 1 () = Q)

for all x € F. .
(3) d(f,Q) < ﬁd(f, J f), which implies the inequality

L
df,Q) < 7

This implies that the inequality (3.20]) holds.
The rest of the proof is similar to the proof of Theorem [3.21 O

Corollary 3.5. Let E be a linear space and {(F',|| - ||;) :1 € N} be a multi-Banach space. Suppose
that m € N and p > 2 and f : E — F is a mapping with f(0) = 0 satisfying

IDF(XD),. . DX <> D i),

k=1 t=1

for all XM, ... X € E™. Then there exists a unique quadratic mapping Q : E — F such that

2° 1 -
— — p
1 (1) = Q@1), .- f(@m) — Q@m)llm < (3(2p o T 22) egl\xkl\ :
forall xqy,...,x, € F.
Proof . The proof follows from Theorem [3.4] by taking

(XD XMy =S ™,

m=1 t=1

1
for all XM ..., X(™ ¢ E*. We can choose L = 2 to get the desired result. [
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