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Abstract

Our aim in this paper is to prove an analog of Younis’s Theorem on the image under the Jacobi
transform of a class functions satisfying a generalized Dini-Lipschitz condition in the space LI(’(l 8 (RT),
(1 < p <2). It is a version of Titchmarsh’s theorem on the description of the image under the Fourier

transform of a class of functions satisfying the Dini-Lipschitz condition in LP.
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1. Introduction

In this article, we obtain for Jacobi transform an analog of Younis’s theorem ([I2, Theorem 5.2])
which is a version of Titchmarsh’s theorem ([L0, Theorem 84]) on the description of the image under
the Fourier transform of a class of functions satisfying the Dini-Lipschitz condition in LP. This
theorem has been generalized in the case of compact groups [I1], and was extented in [I] for the
Fourier transform in the space Lo(R™) using a spherical mean operator. The Younis’s theorem has
been generalized recently for a class of functions satisfying the Lipschitz condition for the Bessel
transform in [3] and also for the Dunkl transform in [4].

A number of years ago, Titchmarsh established in ([I0, Theorem 84]) that if f(x) satisfies the
Lipschitz condition Lip(a, p) in the L norm (1 < p < 2) on the real line R, that is

/Oo Fx+h) — fz—h)Pde = O (™) (0<a<1) h—0,
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then its Fourier transform ]?belongs to LP for

p

_pr _p
p+ap—1

<p< , 0<a<l
p—1

He also proved in ([10, Theorem 85]) another reversible form in the L?, namely:

Theorem 1.1. If f € L?(R), the conditions

/OO |f(x+h)— flx—h)Pdz =0 (h**) 0<a<1) h—0

([ 4] ) F@pra=06=) ¢

are equivalent, where F stands for the Fourier transform of f in L?(R).

and

On the other hand, the Younis’s theorem [12] characterized a set of functions in L?(R) satisfying
the Dini-Lipschitz condition by means of an asymptotic estimate growth of the norm of their Fourier
transforms. More precisely, we have:

Theorem 1.2. Let f € L?(R). Then the following conditions are equivalent:
L fC+h) = fO)lleem :O((lh;t)’ﬂ> ash—0,0<a<1,p8>0,
og 3
2. / IF(£)N)PdA = O (r?*(logr) ") as r — +o0,
[Al=r

where F is the Fourier transform of f.

The present article is organized as follows. Section 2, includes some facts on the Jacobi function
and basic relations that hold for the Jacobi transform of the first kind. Then we collect a few
estimates of this function. We also introduce an appropriate space on which the transform operates
and the harmonic analysis associated to the Jacobi tansform. We end this section by presenting some
relations related to the transform of the finite differences of the first and higher orders. In Section 3,
devoted to the main results, we investigate the validity of Theorem 1.2 for studying some structural
properties of functions in the wider Jacobi Dini-Lipschitz class.

2. Preliminaries

In this section, we discuss the basic background material which is necessary for the development of
the continuous Jacobi transform. More details about the harmonic analysis associated to the Jacobi
transform can be found in [7]. Let

(a)o=1 and (a)p=ala+1)---(a+k—1).

The Gaussian hypergeometric function is defined by

F(a,b,c,z) = i (a)k(b)‘k 22 < 1,
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where a,b,z € C and ¢ ¢ —N.
The function z — F'(a,b, ¢, z) is a unique solution to the differential equation

2(1—2)u"(2) + (c = (a+ b+ 1)2)u/(2) — abu(z) =0
which is regular in 0 and equals 1 there.

Let a > —%, a> > —% and p = a + [+ 1. The Jacobi function ¢, is defined by

. o1, .
or(0) = 070 = F (0= ). o+ ), L sint )

The Jacobi operator is

2

d d
D=D,;s= e + ((2ac + 1) cotht + (28 + l)tanht)a.

The Jacobi function ¢, can be characterized as a unique solution to
Do+ (A +p?p =0

on R satisfying ¢,(0) = 1, ¢,(0) = 0, and such that the function A ~ ,(t) is analytic for each
t>0.

Lemma 2.1. The following inequalities hold for a Jacobi function px(t), (A, t € RT):

L. |pa(t)] < 1, and the equality is attained only for t =0,
2. 1= pa(@)] < (A +p?),
3. |1 —pa(t)| > ¢, for A\t > 1, where ¢ is some positive constant which depends only on .

Proof . Similar to Lemmas 3.1 and 3.3 in [9]. O
Consider the space L, 5 (R*) = LP(R*, A(t)dt) with1<p<2 a>f> —3 and

A(t) = A p)(t) = (2sinh )**™ (2 cosh t) 11,

1l oy = ( I \f(x)\pA(x)dx) "

Definition 2.2. For a function f € Ly ), the Jacobi transform is defined by

with the norm

+oo
o) = / FOPA A o (D),

where ¢, is the Jacobi function.

o For f € L, 5(R"), if f e LR, o=dyi(X)), the inversion formula is given as [6]:
1 [T~
ft)= 5= FN)ea)dp(X),
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where du(\) = |c(\)|72d)\ and ¢()\) is the c-function defined by

20T ($(1+40)) T(iN)

N E o rar s DTG +a—Gr1)

and p=a+ [+ 1.
o One may show that the Jacobi transform extends to an isometry on Lo (o5 (R") (see [§]):

||f||L< E®D) = ||f||L2(R+,idu(A))- (Parseval’s identity) (2.1)

If fe L](’a’ 5 (R™), and under suitable conditions, it also satisfies the Hausdorfl-Young inequality

on L{, 5(RT), 1<p<2:

1 7lla@.8) < C-llF oty (2:2)
where C' is a positive constant and % + %1 =1.
We note that if a = g = —%, the Jacobi transform coincides with the classical Fourier transform.
For f € L?aﬂ) (RT), we have -
D) =~ + p)FN) (2.3)

o The Generalized translation operator for a function f on Rt was defined in [5] as:

nf(x / f(2)K(x,h,2)A(z)dz,

where K is an explicitly known kernel function such that

or(@)pr(y) = / (2K (. 2)A(2)dz

with the kernel

2—2°T(a41)(cosh x cosh y cosh z) ~*—#—1 a—1
K(m’ Y Z) - F(l/(Q)F(O)é:‘%)(Sinhxsginhysir)th)zo‘ (1 o B2) 2 X F (Od + B’ o — ﬁ’ a+

for |z —y|<z<z+y
K(xz,y,z) =0 elsewhere

(1-B))

D=

Y

N =

and

B_ cosh? x 4+ cosh? y 4+ cosh? z — 1

2 cosh x cosh y cosh z
In [§], for f € L%aﬁ) (R*), we have

D) = ea(h) FON). (2.4)

¢ The finite differences of the first and higher orders are defined as follows:

Apfla) =mf(x) = f(x) = (. — Df(z), [ €L 4R,

A f(a) = Ay (A f(2) = ( Z CH=1)M (m) f(x), (2.5)
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where 70 f(z) = f(z), 7if(x) = 7 (77 ' f(x), (G = 1,2,3,...;k = 1,2,3,...), and I is a unit
operator in L, o (R*). Therefore,
ALFO) = (ea(h) = D" FO), - h=0. (2.6)

Let W;(a’ 8); (1 < p <2) be the Sobolev space constructed by the Jacobi operator D, that is:

Wias = {f € L{, 5R") :D/f € LY, 5 (RT), j=1,2,... k}.

p,

Lemma 2.3. Let f € Wzk Then

(a”B)‘
IARD FOIL, ., = /0 A2+ )1 — @A ()X FON) Pdp(N) (2.7)
wherer =0,1,...,k.

Proof . Analog to ([2, Lemma 2.1]). O

3. Main Results

In this section, we give the principal result of this paper. For this objective, we first need to define
the k-Jacobi Dini-Lipschitz class.

Definition 3.1. Let § € (0,1). We say that a function f € Wzk,(a,g) belongs to the Jacobi Dini-
Lipshitz class J — DLip[2; (d,7), k,r] if f(x) belongs to L%a,ﬁ) (RT) and

h5
kT _
[AD" f( )2y 0p =O (W) as h —0, 6,7 >0,

where r =0,1,... k.
Theorem 3.2. Let f € WQI’“((X ) The following two conditions are equivalent:

f(z) € J— DLip[2;(8,7), k,r], 6,7 >0, (3.1)

[0 2 F R0 = 0 () ass oo (32)

s log s)%

Proof . From now on, the letter ¢ indicates a positive constant that is not necessarily the same in
each occurrence.

B1) = (B2): Let f € J— DLip[2;(6,7), k,7]. From Lemma [2.3| we have
||AEDTf(')||2=/0 (A% + )7 [1 = oa(h) P F (V) Pdu(N).

If A € [, 2] then |Ah| > 1, and by Lemma there exists a constant ¢ > 0 for which

1< —|1 —pa(m)*.
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Therefore,

N

2/h N 1 2/h —~
/l/h X+ o) ITNPd() < = o (A + 9L = oAW1 F (V) Pdp(N)

5 [ OF L= ) F) P

h26
= 0 (—(log %)27> as h — 0

Putting s = h~!, we can write this inequality in the following form:

[ o mmioram <o (25,

where ¢ > 0 is some positive constant. As a consequence,

[Toremiorann = [[C+ [ / | oo Ry

—26 —26 (48)—25

IN

< ce
= ¢ ((log s)% (log 25)2’7 (log4s)* )
~25
C.W [1 + 2726 + (2726)2 + (2726)3 =+ .. :|
§—26
< cKi—
= " log sy

where K = (1 —272°)~1 It follows that

/OO(AQ + 02)2r|f(>\)|2du()\) =0 ((S_—%) as s — +oo.

s log 5)*7

(13.2) = (3.1): Now, suppose that
9 9 5—26
O R = 0 (s ) as s

s log s)
According to Lemma , we write [[AYD" f(.)||?

HLz,m,a) = I + I5, where

I = / 2 4 2711 = oa(W)PEFO) PN

and

L= / T4 AL = on ()P F O PAu(N).
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Let us estimate the summands I; and I, from above. To estimate I;, we use both the first two
estimates of ¢, in Lemma [2.1} Therefore

1

L - / "2 4 2271 — on ()P PN

"

= /Oh(/\2 + %)L — oA (W11 — @A(R) P FOV) Pdu(N)

-

< b / Y4 271 — oa()IF)PAu()

-

< 22k1/0 h2(>\2+p2)2r+1|]?(/\)|2du()\).

Now, we apply integration by parts for a function ®(s) = / (A2 4 o) |F(N)Pdp(N) to get

1

[

h ~ h
I < 2’“}&/ ()\2+p2)27°“\f()\)]2du()\)§—2’“1h2./ (s* + p*)®'(s)ds
0 0

1 1 1
h

) L
< g2, / h32<1>'(8)ds§—Qk_l‘b(E)Jr?khQ / 50 (s)ds < 20 / s®(s)ds

0 0 0
< ot [N 2 0 e 0= [T0R AFFOPA0) = O )
< e | oz o)™ s since s) = s p () = Tog s>

h26
C. _(log %)Q’Y )
where ¢ is a positive constant.
On the other hand, it follows from the first inequality of Lemma [2.1] that

I < 4 / T4 2 FO AR

h26
L=0(—""]).
: O((log%w)

. h25
185D Ol = O (g 1y70)

so that

Consequently,

and this ends the proof of the theorem. [

In the rest of this work, we will give the version of Theorem 3.2 in the space f € L, ;(R*). The

a,
Plancherel formula (2.1)) will likewise be replaced by the Hausdorff-Young inequality (2.2]) to derive
the following non-reversible result.

Definition 3.3. We say that a function f belongs to the k-Jacobi Dini-Lipshitz class J—D Lipy(p, v, k),
v > 01if f(x) belongs to W;’(aﬂ) and

. ¥ (h)
||AZD f(')“Pv(C‘HB) = O <(10g%),\/ as h’ — 07 v > 07

where
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1. ®(t) is a continuous increasing function on [0, c0),
2. (a)p(b) < (ab) for all a,b € [0,00).

Theorem 3.4. Let f belong to J — DLipy(p,~,k). Then

/ T+ AT = O((s ) (log s) ™) as s - oo,

s

1,1 _
where;%—a—l.

Proof . Let f € J — DLipy(p,v, k). Then we have

[AED" F() ety = O (( vih)

) ash—=0, v>0.
o) 70

If X € [, 2], then [Ah| > 1, and from the third inequality of Lemma , we obtain

1
1< 5= pa(h)|7-.

Using the Hausddorff-Young inequality (2.2]), we deduce

2/h 1 2/h ~
[, O < e [T e Oy Fo

o0

<L 0 11— oa(R)|™F (A2 + p2)™1| FN)|7dpa(\)

< | ADTFOII o < I AEDT O,

=0 (éfg(fg)];) as h — 0, v>0,

B)

where c is a positive constant. We get

ey,

(log s)a

2s
[0t praiopau o
Then, there exists a positive constant C' such that

(s~
(log )7

/ TR+ 2T < C

and so

/ (X 4 229 FO) fdu(A

S S

N9 L [((2s)7 D)7 | [((4s)7h))e
(logs)‘” ¢ (log 2s)17 ¢ (log 4s)1

LG ) I C o L O L L i | LI C ) L

=¢ (log s)1 e (log s) +C (log s)® +

)
< L T (i) + (w2 )+ ()

[ /[ e 02+ AP FOIARO)
C’

IN

_|_]
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Since ¢(271) < ¢(1) < 1, and under the hypotheses satisfied by the function 1 in definition [3.3} we

have
N2, gk TN [ip(s71)]9
O O < Cy
where Cy, = C[1 — (¢(1/2))?~". Finally, we find
% 2 Mgk T\ Ig B P(s79) s s o
T 0e o) =0 () s+

which completes the proof. [

We conclude this work by the following immediate consequence.

Corollary 3.5. Let ¢(t) = t° with 0 < §. If a function f € W;’(aﬁ) NJ — DLip|p; (6,7), k,r] with
0,7 > 0, then

/ T2+ AT FO () = O((s~)(log s) ) as s — +oo,

Where1<p§2and%+%:1.
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