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Abstract

The aim of this paper is to prove some common fixed point theorems for four mappings satisfying
(1, p)-weak contractions involving rational expressions in ordered partial metric spaces. Our results
extend, generalize and improve some well-known results in the literature. Also, we give two examples
to illustrate our results.
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1. Introduction and preliminaries

The existence and uniqueness of fixed points of operators has been a subject of great interest since
the work of Banach [I] in 1922. There exist vast literature concerning its various generalizations
and extensions. Existence of fixed points in ordered metric spaces has been initiated in 2004 by Ran
and Reurings [2], and further studied by Nieto and Lopez [3]. Subsequently, several interesting and
valuable results have appeared in this direction see for examples [4]-[12].

The concept of a partial metric space was introduced by Matthews [I3] in 1994. After that, fixed
point results in partial metric spaces have been studied, see for example [14]-[25]. First, we present
some necessary definitions and results which will be needed in the sequel.
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Definition 1.1. [I3] Let X be a nonempty set. A mapping p : X x X — [0,00) is said to be a
partial metric on X if for all z,y, z € X the following conditions are satisfied:

(p

(p2) p(x,z) < p(x,y),

1)
) )
) )
1)

v =y plr,r)=plr,y) =ply,y),

(p3) p(z,y) = ply, @),

(p

The pair (X, p) is called a partial metric space.

p(x,y) < p(x, 2) +p(2,y) —p(z, 2).

If p(z,y) = 0, then (p;) and (p2) imply that z = y. But converse dose not hold always.

Example 1.2. [13]
1. The function p(z,y) = max{z,y} for all x,y € RT defines a partial metric p on R™.

2. If X ={la,b] : a,b € R, a < b} then p([a,b],[c,d]) = max{b,d} — min{a, c} defines a partial
metric p on X.

Each partial metric p on X generates a T topology 7, on X which has as a base the family of
open p-balls {B,(z,¢) : x € X,e > 0}, where By(z,¢) = {y € X : p(z,y) <p(zr,z)+e} forall z € X
and ¢ > 0.

If p is a partial metric on X, then the function p* : X x X — R* given by

pi(z,y) =2p(z,y) —p(x,x) — p(y,y),
is a metric on X.

Definition 1.3. [I3] Let (X, p) be a partial metric space. Then,

(i) a sequence {z,} in a partial metric space (X,p) converges to a point z € X if and only if
p(z,z) = lim p(z,x,),
n—oo

(ii) asequence {z,} in a partial metric space (X, p) is said to be a Cauchy sequence if lim p(z,, z,,)
n,m—00

exists and is finite,
(iii) (X,p) is said to be complete if every Cauchy sequence {z,} in X converges, with respect to 7,

to a point € X such that p(z,z) = lm p(x,,z,).
n,m—00

Remark 1.4. A limit of a sequence in a partial metric space need not be unique. Moreover, the
function p(.,.) need not be continuous in the sense that z,, — = and y, — y implies p(z,,y,) —
p(z,y). For example, if X = [0,+00) and p(x,y) = max{z,y} for x,y € X, then for {z,} = {1},
p(Tn, ) = x = p(x,z) for each z > 1 and so,for example, z,, — 2 and x,, — 3 when n — oc.

It is easy to see that every 7,-closed subset of a complete partial metric space is complete.

Lemma 1.5. [13] Let (X, p) be a partial metric space. Then
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(i) {z,} is a Cauchy sequence in (X, p) if and only if it is a Cauchy sequence in the metric space
(X, p%).
(ii) A partial metric space (X,p) is complete if and only if the metric space (X, p®) is complete.

Furthermore, lim p*(z,,z) = 0, if and only if
n—oo

p(z,z) = lim p(z,,z) = lim p(x,,z,).
n—00 n,Mm—00

Definition 1.6. [15] Let (X, p) be a partial metric space, F' : X — X be a given mapping. We
say that F' is continuous at zp € X, if for every € > 0, there exists n > 0 such that F(B,(xo,n)) C
B,(F (o, €))-

Lemma 1.7. [24] Let {z,} and {y,} be two sequences in partial metric space (X, p) such that

lim p(x,,z) = lim p(z,,z,) = p(z, x),
n—oo n—o0

and
Tim p(yn, y) = Hm p(yn, ya) = p(y,),

then lim p(z,,y,) = p(x,y). In particular, lim p(z,,z) = p(x, z) for every z € X.
n—o0

n—oo

Definition 1.8. Let X be a nonempty set. Then (X, <, p) is called an ordered partial metric space
if and only if:

(i) (X,p) is a partial metric space,

(i) (X, =X) is a partially ordered set.

Definition 1.9. Let (X, <) be a partially ordered set. =,y € X are called comparable if x < y or
y = x holds.

Definition 1.10. Let (X, <) be a partially ordered set. A mapping f on X is said to be monotone
nondecreasing if for all z,y € X, © < y implies fx < fy.

Definition 1.11. [4], [5] Let (X, <) be a partially ordered set. A mapping f on X is said to be
(i) dominating if x < fx for all x € X,
(ii) dominated if fx < x for all x € X.
For examples illustrating the above definitions were given in [4].

Definition 1.12. [26] A function 1 : [0, 00) — [0, 00) is called altering distance function if

(i) % is increasing and continuous,
(ii) ¢(t) = 0 if and only if ¢t = 0.

Now, we recall the following definition of partial-compatibility.
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Definition 1.13. [23] Let (X, p) be a partial metric space and T',g : X — X be given mappings.
We say that the pair (7', g) is partial-compatible if the following conditions hold:

(i) p(x,x) = 0 implies that p(gx, gz) = 0.

(ii) lim p(Tgx,,gTx,) =0, whenever {z,} is a sequence in X such that T'z,, — t and gx,, — t for
n—oo
some t € X.

Note that Definition[I.13|extends and generalizes the notion of compatibility introduced by Jungck
[27] in the setting of metric spaces.

Definition 1.14. Let (X,d) be a metric space. A mapping f : X — X is said to be weakly
contraction if

d(fz, fy) < d(z,y) — e(d(z,y)).

for all z,y € X, where ¢ : [0, 00) — [0, 00) is a continuous and non-decreasing function with ¢(t) =0
if and only if t = 0.

In 1997, Alber and Guerre-Delabriere [28] proved that weakly contractive mapping defined on a
Hilbert space is a Picard operator. Afterwards, Rhoades [29] proved that the corresponding result is
also valid when Hilbert space is replaced by a complete metric space. Dutta et al. [30] generalized the
weak contractive condition and proved a fixed point theorem for a selfmap, which in turn generalizes
Theorem 1 in [29] and the corresponding result in [28].

In [31] Dass and Gupta proved the following fixed point theorem.

Theorem 1.15. [31] Let (X, d) be a complete metric space and 7' : X — X be a mapping such that

there exist a, f > 0 with a + 3 < 1 satisfying

d(y, Ty)[1 + d(z, T'x)]
[1+d(z,y)]

d(Tz, Ty) < « + pd(x,y), forallr,y € X. (1.1)

Then T has a unique fixed point.

In [7], Cabrera et al. proved the above theorem in the framwark of partially ordered metric
spaces. Recently, Karapinar et al. [20] obtained the following result in partial metric spaces.

Theorem 1.16. [20] Let (X, p) be a complete partial metric space and T : X — X be a mapping
satisfying
U(p(Tx, Ty)) <P(M(z,y)) —p(M(z,y)), Vi,yeX,

where

M(2.y) = mas {p(y,Ty)[l +p(w,Tw)]’ (x. y)} |

1+ p(x,y)

and ¢ : [0,00) — [0,00) is a continuous and monotone non-decreasing function with ¢ (t) = 0 if and
only if t = 0 and ¢ : [0,00) — [0, 00) is a lower semi-continuous function with ¢(¢) = 0 if and only if
t = 0. Then T has a unique fixed point.

The purpose of this paper is to prove some common fixed point theorems for four mappings f, g,
S and T satisfying a generalized contraction of rational type in ordered partial metric spaces, where
the mappings f, g are dominated and S, T' are dominating maps. Two illustrative examples are
given.
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2. Main Results

In this section we prove some common fixed point theorems which give conditions for existence and
uniqueness of a common fixed point for a generalized contraction of rational type in ordered partial
metric spaces.

Let ® denote the set of all functions ¢ : [0, 00) — [0, 00) such that

(i) ¢ is a lower semi-continuous function,
(ii) ¢(t) =0 if and only if ¢t = 0.

Theorem 2.1. Let (X, <,p) be an ordered complete partial metric space. Let f,g,S, T : X — X be
four mappings such that f(X) C T(X), g(X) C S(X), f, g are dominated mappings and S, T are
dominating mappings. Suppose that for all comparable elements x,y € X, we have

Y(p(fz, 9y)) <Y (M(x,y)) — (M(x,y)), (2.1)

uhere (Ty. gu)[1 + p(S, )]
p\LY, gy p\ox, JT
2l erSn T2 s, Ty>} |

and 1 is an altering distance function and ¢ € ®. If for a nonincreasing sequence {x,} in X with
Yn = Ty, for all n and lim p*(y,, z) =0, it follows z <Xz, for all n € N, and either
n—oo

M(z,y) = max{

(i) (f,S) is partial-compatible, f or S is continuous on (X, p®) or
(ii) (g,T) is partial-compatible, g or T is continuous on (X, p*),
then f, g, S and T have a common fixed point.

Proof . Let zy be an arbitrary point in X. Since f(X) C T'(X), g(X) € S(X), we can choose
x1,To € X such that yo = frg = Txq, and y; = gry = Sxo. Continuing this process, we define the
sequences {z,} and {y,} in X by

Yon = f$2n = T$2n+1, Yon+1 = GXon+1 = S-T2n+2, for all n > 0.

By the given assumptions we obtain

Tont2 R STopio = gTont1 = Tont1 = TTopi1 = fron = Top.

Thus, for all n € N we have x,1 < z,,. Suppose that p(yen_1,y2,) > 0 for all n.
If not then p(yon—1,y2,) = 0 for some n and S0 yo,—1 = Yo,. Further, since xs, and s, are
comparable, so from ({2.1]), we get

(p(fonv ngn—&—l))

¢<p(y2na y2n+1)) = ’(/)
<YM (220, Tont1)) — (M (T2, Tont1)),

(2.2)
where

DT a1, 710)[L+ P(S 20, f720)]
Son, T
1+ p(Sxon, TTopy1)  p(STan, Tonst)

P(Y2n, Yons1)[1 + P(Yon—1, Yon)] }
= maXx y P\Y2n—15 Y2n
{ 1 +P(3/2n71,92n) ( ? b2 )

M(Z’zm $2n+1) = max{

= p(yZna y2n+1)-
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Hence from (2.2) we get

V(P(Yon, Yons1)) < V(OWans Yont1)) — (P W2n: Y2nt1)),

So (p(Yon, Yont1)) = 0, and ya, = yon41. Similarly, we obtain yo,11 = y2,12 and so on. Therefore
{yn} becomes a constant sequence and ¥s, is the common fixed point of f, g, S and T.

Now, we suppose that p(ya,_1,%2,) > 0 for all n € N. Since xg, and z,,1 are comparable, from
(2.1) we have

(p(fr2n, 9T2n11))

V(p(Y2n, Yont1)) = ¥
< Y(M (2o, Tont1)) — @(M (22, Ton1)),

(2.3)

where

P(T9041, 972011)[L + P20, frzn)]
Son, Toap
1+ p(Sxon, Topy1)  p(STan, Tonst)

nsy Y2n 1 n—1; Y2n

:max{p(y2 Yont)[L F PWarn1, ¥ >]> (an—laan)}
1 +P(Z/2n71, y2n>

= max{p(ygn, y2n+1)7 p(anfb an)}

M(l"zm $2n+1) = max{

If M(x9n, Zons1) = P(Y2n, Yons1), then from (2.3]) we obtain

V(P(Y2n, Yont1)) < VOW2n, Yont1)) — (P(Yons Yons1))-

Hence ¢(p(yon, Yont1)) = 0, and so p(yon, Yons1) = 0, gives a contradiction. Thus M (zay,, 1) =
P(on-19on), and from (Z3) we obtain

V(P(Y2n, Y2n+1)) < VPY2n-1,Y20)) — ©P(Y2n-1, Y20)) < V(P(Y20-1, Y20))-
Since v is increasing, we get
P(Y2n, Yont+1) < P(Yon—1,Yon) = M(T2n, T2ps1)  Yn = 0. (2.4)
By similar arguments we can show that
P(Y2n+1, Y2nt2) < P(Y2ns Yons1) = M(T2ps1, Toni2) VR 2 0. (2.5)
Combining and , we have
PWn Yn+1) < P(Yn-1,Yn) = M(2n-1,20) V0 =0.
Thus, the sequence {p(yn, Yn+1)} is nonincreasing and so there exists § > 0 such that
i p(yn, ynia) = im M (2, 2p41) = 0.

Suppose that § > 0. Then taking the upper limit as n — oo, in (2.3)) and by the lower semi-continuity
of ¢ we get

lim sup ¢(p<y2m ?/2n+1)) < limsup ¢(M(I2m $2n+1)) — lim inf @(M(%m $2n+1))-

N—00 n—00 n—0o0
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Using the properties of the functions ¢ and ¢, we have 1(d) < ¥(J) — p(d), so p(d) = 0, hence § = 0,
which is a contradiction. We conclude that

T p(yan, Yont1) = Him M(2on, Tons1) = 0. (2.6)

Now, we show that {y,} is a Cauchy sequence in the partial metric space (X, p). For this, it is
sufficient to prove that {ys,} is a Cauchy sequence in (X, p). Suppose that {y2,} is not a Cauchy
sequence in (X, p). Then, there is € > 0 such that for an integer k there exist integers 2n(k), 2m(k)
with 2m(k) > 2n(k) > k such that

P(Yan(k), Yom(k)) = €, (2.7)

for every integer k, let m(k) be the least positive integer with 2m(k) > 2n(k), satisfying (2.7) and
such that

P(yzn(k)>y2m(k)—2) <e. (2.8)
Now, using (2.7) and the triangular inequality one gets

£ < p(Yon(k), Yomk)) < P(Yon(k)s Yomk)—2) + P(Yom(k)—25 Yomk)—1) + P(Yomk) -1, Yom(k))
- p(y2m(k:)—27 y2m(k)—2) - p(me(k)—h yzm(k)—1)-
Letting k — oo, in the above inequality and from ({2.6]), (2.8) it follows that
Jm p(yance), Yam)) = & (2.9)
Also, by the triangular inequality, we have

PYantk)s Yom)—1) < P(Yontk)s Yom(k)) + P(Yami)> Yom)—1) — P(Yom(k)> Yom(k)) s

and
PYontk)s Yom)) < P(Y2n(k) Yomk)—1) + P(Yom) -1 Y2mk)) — P(Y2mk) =1, Yom(k)—1)-
Letting k — oo, in the two above inequalities and using (2.6 and (2.9) we have

Jm p(yancw) Yomy-1) = & (2.10)

Similarly,

P(Yan(k)—15 Yam(k)—2) < P(Y2n(k)—1, Yonk)) + P(Y2nk)s Yomk)—1) + D(Yomk) -1, Yom(k)—2)

- p(an(k)u y2n(k)) - p(yZm(k)—la me(k)—l),

and

p(an(k‘)v me(k)—1> < p(an(k)a y2n(k)—1> + p(an(k)—lu y2m(k)—2) + p<y2m(k)—27 y2m(k)—1)

- p(an(k)A, ?Jzn(k)q) - p<y2m(k)727 me(k)fQ)-

Letting k — oo, in the two above inequalities and using ([2.6)) and (2.10) we have

im p(Yank)—1, Yom(k)—2) = €. (2.11)

k—o00

Since Ton(k); Tam(k)—1 are comparable, then from (2.1)), we obtain

V(P(Yan(k)> Yomr)-1)) = VO Tonk), 9T2m(k)-1))

N (2.12)
< Y(M(2an(), Tamk)—1)) — P(M (an(), Tam(k)-1))-
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Where
P(TT2m(k) -1, 9T2mk)—1) [1 + P(ST2nk), [Tank))]
L+ p(Szaney, TTo2m(k)-1)
B {P(me(k)—z, Yom(k)—1)[1 4 D(Yan(k)=1, Yon(k))]
= Inax
L+ p(Yon(k) -1 Yom(k)—2)

Letting k£ — oo in (2.12) and from(2.6)), (2.10)),(2.11)), we get
(e) < p(max{0,e}) — p(max{0,e}) = ¥(e) — ¢(e).

Hence ¢(¢) = 0, i.e. € =0, which is a contradiction. Thus we proved that {y,} is a Cauchy sequence
in (X, p). Since (X, p) is complete then from Lemmal[L.5| (X, p®) is a complete metric space. Therefore
there exists z € X, such that lim p®(y,, 2) = 0. Also, from Lemma we obtain

n—o0

M<x2n(k)7 J:Qm(k)—l) = max { 7p(5x2n(k:)7 Tme(k)—l)}

,p(y2n(k)f1, y2m(k)2)} .

p(z,2) = lim p(yn, 2) = m}ggoop(ym Y- (2.13)

Moreover, since {y,} is a Cauchy sequence in the metric space (X, p®), then lim p*(yn,ym) = 0.
m,n—00

On the other hand, by (py) and (2.6), we have p(yn, ¥n) < P(Yn, Ynt1) — 0, as n — oo and hence we
get
lim p(yn, yn) = 0. (2.14)
n—oo

Therefore from the definition of p* and (2.14), we have lim p(y,, ym) = 0. Hence, from (2.13)), we
m,n—00

have
p(z,2) = lim p(yn, 2) = 1im_p(yn, ym) = 0. (2.15)

Then we conclude that
lim p(yon,z) = lim p(fza,, 2) = lim p(Tx9,.1,2) =0,
n—00 n—o00 n—0o0

lim p(yans1,2) = lim p(gxeni1, 2) = lim p(Sxo,ie,2) = 0.
n— 00 n— 00 n—00
Assume that S is continuous on (X, p®). Then

lim p*(SST2p425 fTont2) = 0.

n—o0

Also, since the (f,S) is partial-compatible, we have lim p(fSzo,yi2, Sfronsa) = 0. Further, since
n—oo

p(z,z) = 0, then again the partial-compatibility of the pair (f,S) gives that p(Sz,Sz) = 0.
We need to show that lim p(fSzonia, gToni1) = p(Sz,2), lUm p(SSxonia, fSTonia) =0 and
n—00 n—00

lim p(SSwanya, Txoni1) = p(Sz, z). So, since

n—oo

Ps(f5$2n+2, g$2n+1) < Ps(f5$2n+2> Sf$2n+2) + ps(5f$2n+27 9172n+1),
and
P*(Sfront2, gTont1) < P°(Sfxonie, [STanto) + P°(fSToni2, gTont1)-

Letting n — o0, in the two above inequalities and using the continuity of S and the partial-
compatibility of the pair (f,S) we have

lim ps(fstnJrQa gx2n+1) = ps(Szﬂ Z).

n—oo
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On the other hand

ps(f5$2n+2, 91U2n+1) = 2p(f5$2n+27 9332n+1) - p(fstn-l—Za f5$2n+2) - p(9$2n+1, gl’zn+1),

that is

2p(fSwanta, 9Tant1) = P°(fSTony2, gTont1) + P(fSTont2, [STanta) + P(9%2n+1, 9Tont1)-

Taking limit as n — oo we conclude that

2 lim p(fS$2n+27g$2n+1) = pS<SZ,Z) = 2p<5272)'

n—oo

Hence lim p(fSxany2, gTant1) = p(S2, 2).
n—oo

Since S is continuous, and {y,} converges to z in (X, p), hence

lim p(SS@api2,52) = lim p(Sysns1, Sz) = p(Sz,52) = 0.

n—oo

Thus,
lim p(Sfx2n+27sz) = lim p(Sy2n+27SZ) = p(SZ7 SZ) =0.
n—o0 n—o00

Then by triangular inequality we obtain
p(SSTanya, fSTont2) < p(SSToni2, S2)+p(S2, S franta) +0(S franta, fSToni2)—p(Sfroni2, Sfranya).

This implies that
JLHC}OP(SS%nHa f5332n+2) = 0.

From Lemma [I.7] we obtain

lim p(SSzonta, TTon41) = p(Sz, 2).

n—oo

Now, since, Sxop12 = gTon+1 = Toni1, so from (2.1), we obtain

V(p(fSTomt2, gTont1)) < Y(M(STonya, Tony1)) — (M (STonia, T2nt1)), (2.16)

where

p(T$2n+17 9$2n+1) [1 + P(SS$2n+27 f5172n+2)]
1+ p(SSzant2, TTont1)

M(S$2n+2, $2n+1) = max{ 7]9(55332n+2, T$2n+1)} .

From ([2.16)), taking the upper limit as n — oo, we have ¥(p(Sz, 2z)) < ¥(p(Sz, 2)) — ¢(p(Sz, 2)), and
so p(p(Sz,z)) = 0. Hence Sz = z.
On other hand, since x9,11 = Tx9,.1 and lim Tzs,,, = z, it follows that z < 25,,1. Thus from
n—oo

(2.1]), we obtain
U(p(f2, gran1)) <YM (2, 22n41)) — (M (2, 22n11)), (2.17)

where

P(Txon i1, gTon+1)[1 + p(Sz, f2)]
M = T
(2, Zont1) = max { 11 p(Sz, TTon1) ,p(Sz, Tani1)

_ p(an, y2n+1) [1 + p(Z, fZ)]
_m%{ 1+ p(2,Y2n) m&w%%.
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On taking the upper limit in as n — 00, we get Y(p(fz,2)) < Y(p(z,2)) — ¢(p(z,2))), so
Y(p(fz,2)) <0,and fz=2z= S5z

Since f(X) C T'(X), there exists a point w € X such that fz = Tw. Suppose that gw # Tw. Since
w=Tw = fz < z implies w < z. From , we obtain

Y(p(Tw, gw)) = Y(p(fz, gw)) < Y(M(z,w)) — p(M(z,w)), (2.18)
where

Tw, gw)[1 + p(Sz, f2)]
1+ p(Sz, Tw) P57, Tw)}

= max {p(Tw, gw), 0} = p(T'w, gw).

M(z,w) = max{p(

Hence from (2.18]), we get ¢ (p(Tw, gw)) < ¢ (p(Tw, gw)) —@(p(Tw, gw)), a contradiction. Therefore,
Tw = gw. Since g is dominated map and 7" is dominating map,

w=xTw=2z and z=gw3Iw = w=2z.

Hence Sz = fz =Tz = gz = 2. Thus f, g, S and T have a common fixed point. The proof is similar
when f is continuous. Similarly, the result follows when (ii) holds. [J

Corollary 2.2. Let (X, =<,p) be an ordered complete partial metric space. Let f,g,S,T : X — X be
four mappings such that f(X) C T'(X), g(X) C S(X), f, g are dominated mappings and S, T are
dominating mappings. Suppose that for all comparable elements x,y € X, we have

p(fz,g9y) < M(x,y) — p(M(z,y)),

where
Ty, gy)[1 + p(Sz, fz)]

1+ p(Sz, Ty)
and ¢ € ®. If for a nonincreasing sequence {x,} in X with y, < x, for all n and lim p*(y,,z) =0,
n—oo

it follows z =< x,, for alln € N, and either

T )

(i) (f,S) is partial-compatible, f or S is continuous on (X, p®) or
(ii) (g,T) is partial-compatible, g or T is continuous on (X, p°),
then f, g, S and T have a common fized point.

Proof . In Theorem [2.1] taking ¢ (¢) =t for all t € [0, 00). O

Corollary 2.3. Let (X, =,p) be an ordered complete partial metric space. Let f,g,S,T : X — X be
four mappings such that f(X) C T'(X), g(X) C S(X), f, g are dominated mappings and S, T are
dominating mappings. Suppose that for all comparable elements x,y € X, we have

p(Ty, gy)[1 + p(Sz, fr)]
1+ p(Sz, Ty)

p(fz,gy) < kmaX{ ,p(Sx,Ty)},

where k € (0,1). If for a nonincreasing sequence {x,} in X with y, < z, for alln and lim p*(y,, z) =

n—oo
0, it follows z = x,, for alln € N, and either
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(i) (f,S) is partial-compatible, f or S is continuous on (X, p°) or
(ii) (g,T) is partial-compatible, g or T is continuous on (X, p°),
then f, g, S and T have a common fixed point.

Proof . In Theorem 2.1} taking ¢(t) =t and ¢(t) = (1 — k)¢, for all t € [0,00). O

Corollary 2.4. Let (X, =<,p) be an ordered complete partial metric space. Let f,g,S,T : X — X be
four mappings such that f(X) C T'(X), ¢g(X) C S(X), f, g are dominated mappings and S, T are
dominating mappings. Suppose that for all comparable elements x,y € X, we have

p(Ty, gy)[1 + p(Sz, fr)]
1+ p(Sx, Ty)

p(fr,gy) < + Bp(Sz, Ty),

where o, B > 0 with a + 5 < 1. If for a nonincreasing sequence {x,} in X with y, =< x, for all n
and lim p*(y,, z) = 0, it follows z <X x, for alln € N, and either
n—oo

(i) (f,S) is partial-compatible, f or S is continuous on (X, p°) or
(ii) (g,T) is partial-compatible, g or T is continuous on (X, p°),
then f, g, S and T have a common fized point.
Proof . In Corollary [2.3] taking k = « + 3, we get

ap(Ty, gy)[1 + p(Sz, fz)]
1+ p(Sz, Ty)

Hence we apply Corollary 2.3 O

p(Ty, gy)[1 + p(Sz, fr)]
1+ p(Sz, Ty)

+ Bp(Sz, Ty) < kmax{ ,p(Sx,Ty)} :

If we put f = ¢ in Theorem we have the following corollary.

Corollary 2.5. Let (X, =,p) be an ordered complete partial metric space. Let f, ST : X — X
be three mappings such that f(X) C T(X), f(X) C S(X), f is dominated mapping and S, T" are
dominating mappings. Suppose that for all comparable elements x,y € X, we have

b(p(fz, fy)) < (M(z,y)) — (M (z,y)),

where
p(Ty, fy)[L + p(Sz, fz)]

1+ p(Sz, Ty)

and v is an altering distance function and ¢ € ®. If for a nonincreasing sequence {x,} in X with
Yn =2z, for all n and lim p*(y,, z) = 0, it follows z < z,, for all n € N, and either
n—oo

M(z,y) ZmaX{ ,p(S%Ty)},

(i) (f,9S) is partial-compatible, f or S is continuous on (X, p®) or
(ii) (f,T) is partial-compatible, g or T" is continuous on (X, p®),
then f, S and T have a common fixed point.

If we put S = T in Theorem [2.1] we have the following corollary.
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Corollary 2.6. Let (X, =,p) be an ordered complete partial metric space. Let f, ¢, 7 : X — X
be mappings such that f(X)U g(X) C T(X), f, g are dominated mappings and T is dominating
mapping. Suppose that for all comparable elements x,y € X, we have

b(p(fe,9y)) < (M(z,y)) = o(M(z,y)),

where
p(Ty, gy)[1 + p(T'z, fz)]

1+ p(Tx, Ty)

and v is an altering distance function and ¢ € ®. If for a nonincreasing sequence {z,} in X with
Yn = x, for all n and lim p*(y,, z) = 0, it follows z < z,, for all n € N, and either
n—oo

M(z,y) = maX{ ,p(Tw,Ty)} ,

(i) (f,T) is partial-compatible, f or T is continuous on (X, p®) or
(ii) (g,T) is partial-compatible, g or T"is continuous on (X, p®),
then f, g and T have a common fixed point.

Further, if we put f = g and S =T in Theorem we have the following corollary.

Corollary 2.7. Let (X, <,p) be an ordered complete partial metric space. Let f, T : X — X be
mappings such that f(X) C T(X), f is dominated mapping and 7" is dominating mapping. Suppose
that for all comparable elements z,y € X, we have

b(p(fz, fy)) < p(M(z,y)) — o(M(z,y)),

where (Ty. fy)[L + p(Tw, f2)]
pLy, Jy pLx, JT
" (T2, TY) ,p(va,Ty)},

and 1 is an altering distance function and ¢ € ®. If one of the following two conditions is satisfied

M(z,y) = max{

(i) (f,T) is partial-compatible, f or T is continuous on (X, p®), or

(ii) if for a nonincreasing sequence {z,} in X with y, < z, for all n and lim p*(y,,z) = 0, it

n—oo
follows z < z,, for all n € N.

Then f and T have a common fixed point.
Putting T'= S = I in Theorem [2.1] we have the following corollary.

Corollary 2.8. Let (X, =,p) be an ordered complete partial metric space. Let f,g : X — X be
mappings such that f, g are dominated mappings. Suppose that for all comparable elements x,y € X,
we have

b(p(f, gy)) < V(M (x,y)) = p(M(z,y)),

where

B P, 9y)[1 + p(, fz)]
M(m,y)—max{ 1+ p(o.9) , (x,y)},

and 1 is an altering distance function and ¢ € ®. If one of the following two conditions is satisfied:

(i) f or g is continuous on (X, p®), or
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(ii) If for a nonincreasing sequence {x,} in X and lim p*(z,,z) = 0, implies that z < x,, for all
n—oo
n € N.

Then f and g have a common fixed point.

If we take f = g and S = T = I in Theorem [2.1], we obtain the following corollary which improved
Theorem 2 in [7].

Corollary 2.9. Let (X, =<,p) be an ordered complete partial metric space. Let f : X — X be
mappings such that f is dominated mapping. Suppose that for all comparable elements x,y € X,
we have

b(p(fz, fy)) < p(M(z,y)) — o(M(z,y)),

where

B py, fy)[L + p(x, fz)]
M(:E,y)—max{ T+ p(ey) 720(9573/)},

and v is an altering distance function and ¢ € ®. If one of the following two conditions is satisfied:
(i) f is continuous on (X, p®), or

(ii) if for a nonincreasing sequence {x,} in X such that lim p*(z,, z) = 0, implies that z < xz,, for
n—oo
all n € N.

Then f has a fixed point.

By removing the continuity and compatibility assumptions in Theorem 2.1} we prove the following
theorem.

Theorem 2.10. Let (X, <,p) be an ordered complete partial metric space. Let f, 9,5, T : X — X
be four mappings such that f(X) C T(X), ¢g(X) C S(X), f, g are dominated mappings and S, T are
dominating mappings. Suppose that the condition holds for all comparable elements x,y € X,
and ¢ and ¢ are the same as in Theorem 2.1 Let one of f(X), g(X), S(X) or T(X) be a closed

subset of X If for a nonincreasing sequence {x,,} in X with y, < x, for alln and lim p*(y,,z) =0,
n—oo

it follows z = x, for alln € N, then f, g, S and T have a common fized point.

Proof . Proceeding exactly as in Theorem [2.1 we have that {y,} is a Cauchy sequence in (X,p).
Also,

lim p(yoni1,2) = lim p(greni1, z) = lim p(Swonie, 2) = p(z,2) = 0.
n—00 n—00 n—oo

Suppose that S(X) is a closed subset of X. Hence there exists u € X such that Su = z. We show that
p(fu,z) = 0. since x9p11 <X Tx9,11 and lim Txg, 1 = z it follows that z < x9,11, and u < Su = z.

n—oo
Hence u < 29,11, so from (2.1) we obtain
Y(p(fu, grani1)) < Y(M(u, T2041)) — (M (U, T2n41)), (2.19)
where

M(u, 29p41) = max {p(T%"“’ 9Tan41)[1 + p(Su, fu)]

Su, Txo,
1+p(Su,Txgn+1) 719( U, L o +1)}

p(y2na y2n+1)[1 + p(Z, fU)]
max{ 1+ (2 20 ,0(2, y2n)} :
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Letting n — oo in (2.19) and by (2.15)) we get ¥ (p(fu, z)) = 0. Thus we conclude that fu = z = Su.
As f is dominated and S is dominating maps. then

u=Su=z2 and z= fu=<u.

Hence z = w. Thus fz = Sz = z. From f(X) C T(X), there exists v € X such that z = Tv. We
show that p(gv, z) = 0. From (2.1]) we get

U(p(z,9v)) = V(p(fz,9v)) < Y(M(z,0)) — @(M(z,v)), (2.20)

where
T, gv)[1 + p(Sz, fz)]

1+ p(Sz,Tv)

M(z,v) = max {p< p(Sz, Tv)} = p(z, gv).

Therefore from ([2.20) we deduce that
(p(z,9v)) < (p(z,9v)) — (p(z, gv)).
Hence ¢(p(z,gv)) =0, so gv = z. Since ¢ is dominated and 7" is dominating maps. then
v3Tv=2z and z=gv=<v.

Hence z = v. Thus fz = Sz = g2z =Tz = 2. That is z is a common fixed point of f, g, S and T.
The proof is similar when f(X), g(X) or T(X) is a closed subset of X. [J

Now, we shall prove the uniqueness of the common fixed point as in the following theorem.

Theorem 2.11. In addition to the hypotheses of Theorem (or Theorem assume that for
all (x,y) € X x X, there exists z € X such that z X x and z < y. Then, f, g, S and T have a unique
common fized point.

Proof . The set of common fixed points of f, g, S and T is not empty due to Theorem [2.1] (or
Theorem . Suppose that u and v are two common fixed points of f, g, S and T, that is,
fu=gu=Su=Tu=wvand fv=gv=5Sv="Tv=no. Theorem (or Theorem gives us that
p(u,u) = p(v,v) = 0. By assumption, there exists zop € X such that

zo=u and 2z <. (2.21)

Now, proceeding similarly to the proof of Theorem (or Theorem , we can define the sequences
{z,} and {w,} in X as follows

Won = f2on = T2ong1,  Wong1 = GZont1 = Szanya, for alln > 0.
Since f, g are dominated mappings and S, T" are dominating mappings we have
Zonga = S2onys = gZont1 =X 2ol R Toong1 = fron =X 29, for allm > 0.

Thus, for all n > 0 we have z,,1 =X 2, < 29 = u. Further, in similar way for the proof of Theorem

2.1] we can get
lim p(wp, wp41) = 0. (2.22)

n—oo
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As 25, < u, putting = 23, and y = w in (2.1)), we obtain

(p(wan, w)) = P(p(f 220, gu)) < (M (220, 1)) = p(M (220, w)),

where
Tu, gu)[1 + p(Szan, f20,)]

1+ p(Sza,, Tu)

M (29, 1) = max {p ( ,p(Szam, Tu)} = p(wan_1, ).

Thus
Y (p(wan, u)) < Y(p(wan-1,u)) — (P(wan—1,u)) < P(p(wan—1,u)).

Since 1) is increasing, we have

p(w2n7 U) S p(w2n—17 u) (223)
Also, since z9,11 =< u, putting = u and y = 29,41 in (2.1)), we have
V(p(u, want1)) = Y(p(fu, 922n+1)) < (M (u, 22041)) — (M (u, 22041)), (2.24)

where

T n ) n 1 y
M (u, zop+1) = max{p( Zont1, 92ans1)[1 + p(Su, fu)
1 +p(Su, T22n+1)

p(wzm w2n+1)
=max{ —————, plu, Way) ¢ .
{1+p(u,w2n) P 2)}

7p(Su7 T22n+1)}

() If M(u,zon41) = %, then from (2.22) we obtain lim M (u, z9,11) = 0. Therefore from
; n n—oo

2.24)) we have lim ¢(p(u, wa,11)) = 0. Hence
n—oo

lim p(u, wep,y1) = 0. (2.25)

n—o0
(IT) If M(u, z9n41) = p(u, way,), so from (2.24) we have
(U, wan 1)) < P(p(u, wan)) — @(p(u, wan)) < P(p(u, wan)), (2.26)
Since 1) is increasing, we obtain
(U, wont1) < plu, way,). (2.27)

Combining (2.23) and (2.27)) we conclude that

p(u, wpi1) < p(u, wy,) Vn > 0. (2.28)
So, the sequence {p(u,w,)} is non-increasing and bounded below, so there exists 7 > 0 such
that
lim p(u,w,) = 7. (2.29)
n—oo

Suppose that v > 0. Then from (2.26)) taking the upper limit as n — oo, and by the lower
semi-continuity of ¢ we get
lim sup ¢ (p(1t, wsn 1)) < ensup §(p(an, wsn)) — lim inf (p(u, ws)).
n—o00 n—o00 n—o00

Using the properties of the functions ¥ and ¢, we have ¥ (v) < ¥(v) — ¢(7), so v = 0, which

is a contradiction. We conclude that lim p(u,w,) = 0.
n—o0
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From (I) and (II) we conclude that
lim p(u,ws,) = 0. (2.30)

n—oo

Similarly, using the same argument we can get

lim p(v, ws,) = 0. (2.31)

n—o0

Since p(u, v) < p(u, way) + p(wap, v) — p(wap, way), and from ([2.22)), (2.30)), (2.31]), we conclude that
p(u,v) < 0. Therefore v = v. O

To support our results, we give the following examples.
Example 2.12. Let X = [0, 1] endowed with usual order < and (X, p) be a complete partial metric

space, where p : X x X — R™ is defined by p(z,y) = max{z,y} and let ¥, p : [0,00) — [0,00) be
defined by ¥ (t) = bt and ¢(t) = (b — 1)t, where 1 < b < 2. Let f,9,5,7 : X — X be defined by

T 0 ifzel0,3]
=5 g:c—{%l ifee(d,1’

2¢ ifz €0, 3] T Sz itz el0, ]

, T = .

if v € (3,1] 1 ifze (3,1
S(X)

Then f(X) CT(X ). The table shows that f, g are dominated and S, T" are dominating
mappings.
for each x € [0, 1] fr<uz gr < x r < Sz x<Tx
xE[O,%] Jr=5<z|gr=0<2z|2z<Sr=2r J:_Tx:%x
xe(%,l] fr=%5<xz gxzigx r<Sr=x | x<Tzr=1

(f,S) is partial-compatible maps and f is a continuous map. To show that f, g, S and T satisfy
condition (2.1)) for all z,y € X, we consider the following cases

(i) If 2,y € [0, 3], then

p(3y, 0)[1 + p(2z, £)] 3 2y[1 + 2a] 3
2 =, p(2z, y) p = max < 2 ————— p(2z,-y) ¢ .
1+ p(2z, 3y) 1+ p(2z, 5y) 2

M) = max {

We have two cases:

(a) If p(2z, 3y) = 22 then M(z,y) = max {3y,2z} = 2z. Hence

x bx

bp(fz, 9y)) = L 5) =5 < 20=M(zy) =¢(M(z,y)) - ¢(M(z,y)).

(b) If p(2z, 3y) = 3y then M(z,y) = max { QZﬁJng] %y} . Hence
b
Vol fr.09)) = (5) = o <20 < Sy < Mz,y) = 6(M(z,y)) ~ o(M(x,9)).
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(i) If 2 € [0, 3], y € (3,1], then

Aﬂmy):HMX{MLflzzﬁﬁ?%HJX%gD}::me{lexJ}::L

Hence

Vp(fz.v)) = Glo(5. 1)) = 0

(iii) if z € (3,1], y € [0, 5], then

P30 +p(r.5)] 3 }_max { syl +a]
1+ p(z, 3y) 2 N 1

Aﬂmy):nmx{

We have two cases:

(a) if p(z, 3y) = = then M (z,y) = max {2y, z} = z. Hence

(b) If p(z, 3y) = 2y then M(z,y) = max { %y[lﬂ], %y} . Hence
<

V(pfr.9y) = ¥(5) =

(iv) if 2,y € (3,1], then

]W@Jﬂ:HMX{MLEEZEiS%”m@gD}:nmx{lng}:1.

Hence

z 1

Vp(fr,g9) = wp(s, 1) = vl = =

) =5 St < Mry) =y(M(x,y)) - o(M(z,y)).

x
2
Thus, the mappings f,g,S and T satisfy the condition (2.1)). Therefore all conditions given in
Theorem are satisfied. Moreover, 0 is the unique common fixed point of f, g, S and T.

Example 2.13. Let X = [0, 3] endowed with usual order < and (X, p) be a complete partial metric
space, where p : X x X — R* is defined by p(x,y) = maz{z,y} and let ¥, p : [0,00) — [0,00) be
defined by (t) = 3t and @(t) = Lt. Let f,¢,5,T : X — X be defined by

3

iz < ifx € [0,1) L Jo ifzefo.)
Loifpe(1,3)’ PN ires)”
Sy — 3Vr ifxel0,1) T — 2y/x ifzel0,1)
e ifze[l,3]] 3 if z €[1,3]

Then f(X) CT(X), g(X) C S(X) and S(X) is a closed subset of X. The table shows that f, g are
dominated and S, T are dominating mappings.
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for each x € [0, 3] fr<ux gr < x x < Sz x<Tx
z €[0,1) fxz%ﬁx gr=0<z |z<Sr=3r | x<Tr=2/x
x € [1,3] fxz%ﬁa: ga:z%ﬁx r<Sr==x r<Txr=3

Now, we show that f, g, S and T satisfy condition (2.1 for all x,y € X, we consider the following
cases

(i) If z,y € [0,1), then
B p(2y/5.0)[1 + p(3v/7, %)]
M(z,y) = max{ L+ p(3v7,2./7)

e 2VILEBVEL
= (S YD)

,p(3vV/x,2\/) }

We have two cases:

(a) If p(3y/x,2/y) = 3y/x then M(x,y) = 3/z. Hence

Do, 9) = 0(5) = 22 < 3YF < 9VE - V& = 9(M(2,1) - H(M (2, 9).

(b) if p(3v/x,2,/y) = 2\/y then M(z,y) = max {W, 2\/§} . Hence

x? 3x?

¢@G%mm=ﬂM§J=7;§3¢5§%@§Aﬂ%w§¢Uﬂ%w%—MM@wD

(i) If X €[0,1), y € [1,3], then

p(3, 3)[L + (v, %)) _
M(x,y)—max{ L p(3vz.3) ,p(3\/5,3)}3.
Hence
Vo gn) = 65 2) = 0(3) = 2 < M(e.y) < 6 (z.1) — (M (2.1).

(iii) If X € [1,3], y € [0,1), then

(2y7,0)[1 + p(z, 7)]
1+ p(z, 2,/7)

S V1 e e
o 2y5) = max { T e 205) |

M(z,y) = max {p

We have two cases:

(a) If p(z,2,/y) = « then M(z,y) = max {2,/y,z} = z. Hence

1 1 3

vp(fz,9y) = ¥(p(1,0)) = ¥(7) = 7 = M(z,y) < $(M(z,y)) — o(M(z,y))-
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(b) if p(z,2\/y) = 2\/y then M(z,y) = max{ 1+[21;f ,2\/_} . Hence

3

V(p(fz, 9y)) = 1SSV s M(z,y) < P(M(x,y)) — ¢(M(x,y)).

(iv) if z,y € [1, 3], then

M(z,y) = max {p(3’ )l +p(”§’ i)],p(:vﬁ)} — max {Ms} _3

1+ p(x,3 4

Hence

—_
l\DIOJ

U(p(fx,gy)) = %U(p(%, 5)) = ( < M(z,y) <(M(z,y)) — o(M(z,y)).

Thus, the mappings f,g,S and T satisfy the condition (2.1)). Therefore all conditions given in
Theorem [2.10] are satisfied. Moreover, 0 is the unique common fixed point of f, g, S and T.
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