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Abstract

In this paper, we prove some coupled coincidence point theorems for mappings with the mixed
monotone property and obtain the uniqueness of this coincidence point. Then we providing useful
examples in Nash equilibrium.
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1. Introduction

The concept of cone metric space was introduced by Haung and Zhang [8], replacing the set of
real numbers by an ordered Banach space. Recently, many authors have considered fixed point
theory in cone metric spaces. Several fixed point theorems are proved for mapping satisfying in some
contractions in cone metric spaces [I}, [7]. Du [5], showed that the fixed point results in the setting of
cone metric spaces in which linear contractive conditions appear, can be reduced to the respective
results in the metric setting, but recently, Du [6] and Jankovic, Kadelburg, Radenovic [9], proved
when, the cone metric spaces is non-normal, this is impossible. Altun, Damjanovic, Djoric [2] and
Shatanawi [12], proved severel fixed point and coupled coincidece fixed point theorems on partially
ordered cone metric spaces that are not necessarily normal.

First, we recall some definitions and theorems from [8, 4, 2, 10]. Then prove new theorems of
coupled coincidence point on ordered cone metric spaces and obtain several interesting corollaries.
In our theorems the cone metric space is not necessarily normal.
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Let E be a real Banach space and P be a subset of E. By 6 we denote the zero element of E and
by IntP the interior of P. A subset P is called a cone if and only if:
(1) P is closed, nonempty and P # {6},
(77) a,b € R,a,b > 0,2,y € P = ax + by € P,
(t4i) v € Pand —vr € P =2 = 0.

A cone P is called solid if it contains its interior points, that is, if IntP # ¢.
Given a cone P C F, we define a partial ordering < with respect to P by x < y if and only if
y —x € P. We shall write x < y if z <y and x # y, while x < y will stand for y — x € IntP.
The cone P in a real Banach space E is called normal if there is a number K > 0 such that for
all z,y € F,
0 =z =2 yimplies ||z |2 K [|y].

The least positive number K satisfying the above relation is called the normal constant of P. It is
clear that K > 1.

In the following we always suppose that E is a Banach space, P is a cone in E with IntP # ¢
and =< is a partial ordering with respect to P.

Definition 1.1. ([8]) Let X be a nonempty set. Suppose the mapping d : X x X — E. satisfies:
(1) 0 < d(z,y) for all x,y € X with = # y and d(z,y) = 6 if and only if x = y,

(71) d(x,y) = d(y,x) for all z,y € X,

(131) d(z,y) 2 d(z,z) + d(z,y) for all x,y,z € X.

Then d is called a cone metric on X and (X, d) is called a cone metric space.

Definition 1.2. ([§]) Let (X, d) be a cone metric space. Let {x,} be a sequence in X and z € X.
If for every ¢ € E with 0§ < ¢ there is an N such that for all n > N, d(z,,z) < ¢, then {x,} is said
to be convergent to x and z is the limit of {z,}. We denote this by lim,, .o 2, = = or z, — = as
n — oo. If for every ¢ € F with § < ¢ there is an N such that for all n,m > N, d(z,,z,) < c,
then {z,} is called a Cauchy sequence in X. (X, d) is a complete cone metric space if every Cauchy
sequence is convergent.

Lemma 1.3. ([8]) Let (X,d) be a cone metric space, P be a normal cone and {z,} be a sequence
in X. Then:

(7) {x,} is convergent to x if and only if d(z,,z) — 6 (n — 0),

(17) {z,,} is a Cauchy sequence if and only if d(z,, z,,) — 0 (n,m — o).

Theorem 1.4. ([2]) Let (X, C) be a partially ordered set and suppose that there exists a cone metric
d in X such that the cone metric space (X,d) is complete. Let f : X — X be a continuous and
nondecreasing mapping w.r.t C . Suppose that the following two assertions hold:

(7) There exist «, 5,7 > 0 with o + 25 4+ 2y < 1 such that

d(fz, fy) 2 ad(x,y) + Bld(z, fz) + d(y, fy)| + ~[d(z, fy) + d(y, fz)],

for all z,y € X with y C z,
(73) There exists o € X such that zo = fxo.
Then, f has a fixed point x* € X.
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Theorem 1.5. ([2]) Let (X,C) be a partially ordered set and suppose that there exists a metric
d in X such that the cone metric space (X,d) is complete. Let f : X — X be a nondecreasing
mapping w.r.t C . Suppose that the following three assertions hold:

(1) There exist «, 5,7 > 0 with o + 25 4+ 2 < 1 such that

d(fz, fy) 2 ad(x,y) + Bld(z, fz) + d(y, fy)] + ~[d(z, fy) + d(y, fz)],

for all z,y € X with y C z,

(77) There exists zo € X such that zo = fxo,

(73i) If an increasing sequence {x,} converges to z in X, then z,, C z for all n.
Then, f has a fixed point z* € X.

Definition 1.6. ([4]) Let (X,C) be a partially ordered set and F' : X x X — X. We say that
F has the mixed monotone property if F(z,y) is monotone nondecreasing in x and is monotone
nonincreasing in y, that is, for any z,y € X,

X1, T2 € Xawl ExQ — F(‘Tlay) E F(x27y)

and

Y1,92 € X,y Eyo = Fz,y1) I F(z,u1).
Definition 1.7. ([4]) We call an element (z,y) € X x X a coupled fixed point of the mapping F" if

F(z,y) =z, F(y,x) = v.
Definition 1.8. ([I0]) Let (X, C) be a partially ordered set and F' : X x X — X andg: X — X.

We say F' has the mixed g-monotone property if F' is monotone-g-non-decreasing in its first argument
and is monotone-g-non-increasing in its second argument, that is, for any x,y € X,

x1, 22 € X, g(x1) E g(2) timplies F(z1,y) T F(x2,y)
and
yy2 € X, 9(y1) E g(y2) implies F(x,y1) 3 F(z,y2).
Definition 1.9. ([10]) An element (x,y) € X x X is called a coupled coincidence point of the
mappings F': X x X — X and g: X — X, if
Fa,y) = g(x), Fy, x) = 9(y)-

Definition 1.10. ([I0]) Let X, be a non-empty set and F': X x X — X and g : X — X. We
say F' and g are commutative if

g(F(z,y)) = F(g(x),9(y)),
for all z,y € X.

Now, we can mention the cases of game theory that is needed.

Definition 1.11. ([I3]) A strategy profile (o7, ...,07) is a Nash equilibrium of G if for every 4, and
every s; € S;,
wi(oi, 04) > wi(s;, o).

Proposition 1.12. ([13])Nash equilibria exist in finite games.

Now, we prove our main theorems.
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2. The main results

Let (X,C) be a partially ordered set and d be a cone metric on X. We endow the product space
X x X with the following partial order:
for (z,y), (u,v) € X x X; (u,v) C (z,y) <=y C v,z Ju.

Theorem 2.1. Let (X,C) be a partially ordered set and suppose there exists a cone metric d in X
such that the cone metric space (X,d) is complete. Suppose F': X x X — X and g: X — X are
such that F(X x X) C g(X) and F has the mized g-monotone property on X w.r.t C . Assume there
is a function ¢ : [0,4+00) —> [0, +00) with ¢(t) < t and lim, .+ p(r) < t for each t > 0. Suppose
the following four assertions hold:

(1) g is continuous and commutes with F,

(i1) There exists o« > 0 with o < § such that

d(F(z,y), F(u,v)) 2 plald(g(z), g(u)) + d(g(x), F(z,y))
+d(g(u), F(u,v)) +d(g(2), F(u,v)) + d(g(u), F(z,y))]

for all z,y,u,v € X with g(x) C g(u),g(y) I g(v),

(1ii) There exist xo,yo € X such that g(x¢) E F(x0,y0) and g(yo) 2 F(yo, xo),
() F is continuous.

Then, there ezist x*,y* € X such that g(x*) = F(z*,y*) and g(y*) = F(y*, ).

Proof . Since F(X x X) C g(X) and xg,yo € X, there exist z1,y; € X such that F(zg,y0) = g(z1)
and F'(yo, xo) = g(y1). Again there exist xq, yo € X such that F(z1,y1) = g(x2) and F(y1, z1) = g(y2).
Continuing this process we can construct sequences {z,} and {y,} in X such that

F(xm yn) = g(xn+1) and F(ymxn) = g(yn+1),Vn > 0. (21)
We show that
9(rn) E g(Tny1),¥n >0 (2.2)
and
9(Yn) 2 9(WYnt1),Vn > 0. (2.3)

We shall use mathematical induction. Let n = 0. Since g(zo) C F(zo,yo) and g(yo) 2 F(yo, xo), and
as I'(zo, y0) = g(1) and F(yo, z9) = g(y1), we have g(zo) C g(z1) and g(yo) 3 g(y1). Thus (2.2) and
(2.3) hold for n = 0.

Suppose now that (2.2) and (2.3), hold for some n > 0. Since g(x,,) C g(zn41) and g(yn+1) 2 9(Yn)
and as F' has the mixed g-monotone property, from (2.1)) we obtain

g($n+1) = F(:Ena yn) E F(:Bn-i-la yn) and g(yn-i-l) = F(ynyxn) ; F(yn+1>$n)' (24)

Also

9(Tny2) = F(Tni1, Ynt1) 2 F(@ni1,yn) and g(Yni2) = F(Yni1; Tns1) E F(Yns1, Tn)- (2.5)
Now, from ({2.4]) and ([2.5)) we get

9(zp41) C g(xny2) and g(Ynt1) 2 9(Yns2)-
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Thus by mathematical induction we conclude that (2.2)) and (2.3]) hold for all n > 0. Therefore,

g(wo) E g(z1) E -+ E g(wn) E g(Tnya) E -+ (2.6)
and
9wo) 2 g(tn) 2 -+ 2 9(Wn) Z 9(Yny1) I -+ . (2.7)
We let
on = d(9(2n), 9(Tn11)) + d(9(Yn), 9(Ynt1))- (2.8)

Since g(x,—1) C g(z,) and ¢(yn—1) 2 9(yn), from (i7) and (2.1) and the triangle inequality we have

d(g(zn), g(d]n+1)) = d(F(Tn-1,Yn-1), F(Tn, Yn))
plald(g(wn-1), 9(xn)) + d(g(zn-1), F(@n-1,yn-1)) + d(g(@n), F (2, yn))
+ d(9(2n-1), F(@n, yn)) + d(g(zn), F(Tn-1,Yn-1))])
= ¢(20d(9(Tn-1), 9(xn)) + ad(g(xs), g(Tn11)) + @d(g(Tn-1), §(Tnt1)))
< 2ad(9(xn-1), 9(zn)) + ad(g(xn), 9(Tn11)) + ad(g(zn-1), g(n+1))

= 20d(g(wn-1), 9(7n)) + ad(g(zn), 9(Tni1)) + ad(g(zn-1), 9(zn)) + ad(g(wn), g(Tni1))-

So,
(1 —=2a)d(g(zn), 9(xni1)) = 3ad(g(wn-1), g(x,))

i.e, -

1 -2«

d(g(wn), g(Tni1)) = ( )d(g(zn-1), 9(xn)), Yn >1.

Using this relation repeatedly, we get

d(g(wn), g(xnt1)) = k"d(g(w0), g(21)),

_ 3«
where k = 25—
ie,

d(g(zn), 9(zni1)) =2 k"d(g(x0), F (20, Y0))- (2.9)
Similarly,

d(9(Yn), 9(Un+1)) = d(F (Y, Tn), F(Yn—1,Tn-1))
< sO(Oé[d(g(yn 1), 9(Yn

) 4+ d(g(Yn-1), F(Yn-1,n-1)) + d(g(yn), F (Yn, T))
+ d(9(Yn-1), F'(Yn, Tn)) + d(g(Yn), F(Yn-1, Tn-1))])
= p(2ad(g(Yn-1), 9(Yn)) + @d(g(Yn), 9(Ynt1)) + ad(g(yYn-1), 9(Yn+1)))

g (Yn+t g
< 2ad(g(Yn-1), 9(yn)) + @d(g(yn); 9(Ynt1)) + ad(g(Yn-1), 9(Ynt1))
= 20d(9(Yn-1), 9(Yn)) + ad(g(Yn); 9(Ynt1)) + @d(g(Yn-1), 9(yn)) + ad(g(yn), 9(Yn+1))-

So,
(1 —2a)d(g(yn), 9(Yn+1)) = 3ad(g(yn-1), 9(Yn))

ie, »

1 -2«

d(g(Yn), 9(Yns1)) = ( )d(9(Yn-1),9(yn)), Yn > 1.
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Using this relation repeatedly,we obtain

d(g(Yn), 9(Yn+1)) 2 K"d(9(y0), 9(11)),

3o

where k = 25—

' < % < 1.
B d(g(yn), 9(yns1)) = K d(g(v0), F(yo, 0))- (2.10)

Let m > n; from (2.9) we have

d(g(zm), 9(2n)) 2 d(g(xm), g(Tm-1)) + d(g(Tm-1), g(Tm—-2)) + -+ + d(g(Tns1), 9(0))

(R R kg (o), Pl ) = (1 )d(g(wn), F(ao, o))
< (). Pl ).
Therefore, 1
g(em), 9(e2)) = T d(glan), Flao, o), (.11)

Now, we show that {g(x,)},>1 is a Cauchy sequence in (X.d). Let § < ¢ be arbitrary. Since ¢ € IntP,
there is a neighborhood of 6 :

N5(0) ={y € E: |lyll <}, >0,
such that ¢ + Ns(0) C IntP. Choose a natural number Ny such that

kN

==

d(g(wo), F(xo,y0))|| <.

Then —+=-d(g(z0), F (0, y0)) € Ns(6) for all n > Ny. Hence ¢ — £=-d(g(xo), F (0, y0)) € ¢+ N5(6) C

IntP. Thus we have -

1—k
Therefore, from (2.11]) we get

d(g(wo), F(z0,10)) < ¢, Vn > Nj.

kn
11—k

d(g(zm), g(2n)) = d(g(z0), F(z0,70)) < ¢, Vm >n> N

So,

d(g(zm), 9(z,)) < ¢, Vm>mn> Nj.
Hence we conclude that {g(x,)},>1 is a Cauchy sequence in (X, d). Similarly, we can verify that
{9(Yn) }n=1 is also a Cauchy sequence in (X, d). Since (X, d) is a complete cone metric space, there
exist z*,y* € X such that g(z,) — z* as n — oo and ¢g(y,,) — y* as m — 0o. Now, from the
continuity of g,

lim g(g(zn)) = g(lim g(zn)) = g(«%), lim g(g(yn)) = g( lim_g(yn)) = g(y"). (2.12)

n—oo n—0o0

From ([2.1)) and the commutativity of F' and g,

9(9(2n41)) = 9(F (20, yn)) = F(g(zn), 9(yn)), (2.13)
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9(9(Yn11)) = 9(F (Yn, 2n)) = F(g(yn); 9(n))- (2.14)
From ([2.12)), (2.13), (2.14), the continuity of F' and g and the commutativity of F' and g we have

g(x*) = limy, 00 9(9(Tnr1)) = im0 (F(9(70), 9(Yn)))
= F(lim g(z,), lim g(y,)) = F(z",y"),

n—00

and

9(y*) = im0 9(9(Ynt1)) = limyo0 (F(9(Yn), 9(20)))
= F(lim g(y,), lim g(z,)) = F(y", z").

Thus we proved that g(z*) = F(z*,y*) and g(y*) = F(y*,2*). O
If we use the conditions (iv), (v) 1nstead of the condition (7v) in Theorem [2.1{we have the following
result:

Theorem 2.2. Let (X,C) be a partially ordered set and suppose there exists a cone metric d in X
such that the cone metric space (X, d) is complete. Suppose F': X x X — X and g: X — X are
such that F(X x X) C g(X) and F has the mized g-monotone property on X w.r.t C . Assume there
is a function ¢ : [0,4+00) — [0,4+00) with p(t) < t and lim, 4+ p(r) < t for each t > 0. Suppose
that the following five assertions hold:

(1) g is continuous and commutes with F,

(i1) There exists o« > 0 with a < & such that

d(F(z,y), F(u,v)) 2 p(ald(g(x), g(u)) + (g(x),F( y))
+d(g(w), F(u,0)) + d(g(x), F(u,v)) + d(g(u), F(z,y))]
) 3

for all x,y,u,v € X for which g(x) C g(u), g(y) 3 g(v),

(1) there exist xo,yo € X such that g(x¢) C F(zo,v0) and g(yo) 2 F(yo, o),
(1v) if a non-decreasing sequence {x,} — x, then x, C z for all n,

(v) if a non-increasing sequence {y,} — vy, then y, Jy for all n.

Then, there exist x*,y* € X such that g(x*) = F(z*,y*) and g(y*) = F(y*, z*).

Proof . Following the proof of the Theorem [2.1| we only have to show g(z*) = F(2*,y*) and ¢g(y*) =
F(y*,z*). Let 6 < c. Since {g(z,)}n>1 — 2 and {g(yn)}n>1 — y*, there exist ny € Nyny € N
such that for all n > n; and m > no, we have:

Cc

dg(ra),0") < 5. d(g(ym).y") < §

Taking n € N,n > Max{ny,ny} and using g(x,) C z*, we get:

d(F(z*,y"),9(z")) 2 d(F (2", y"), 9(9(xn11))) + d(g(9(xn11)), g(x7))

= d(F (2", y"), F(9(zn), g(yn)) + d(9(9(Tnt1)), g(2"))

= p(ald(g(g(zn)), g(z*)) + d(F ( ) 9(x")) + d(g(9(xn)), F(g(xn), 9(yn))
+d(g(z"), F(g(xn), 9(yn)) + ((( ) F(@,y")]) + d(g9(g9(wn11)), 9("))
< ald(g(g(zn)), g(x7)) + d(F (" )g(flf*)) d(9(g(zn)), F(g(xn), 9(yn))

+d(g(z"), F(9(2n), 9(yn)) + d(g (( ) (@, y")]) + d(g(g(vni1)), 9(2"))
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Taking n — oo, we have

d(F(z*,y"), g(x*)) X 2ad(g(z"), F(z*,y")).
By the condition (i7), we have

Hence,

JEE ), g(a) 20,

Therefore —d(F(z*,y*), g(z*)) € P and so, as d(F(z*,y*), g(z*)) € P, we have
d(F(z*,y"),g(z")) = 6.

Hence F(z*,y*) = g(z*). Similarly, we can show that F'(y*,z*) = g(y*).

(1 Now we shall prove the existence and uniqueness theorem for a coupled common fixed point. Note
that if (X, C) is a partially ordered sets, then we endow the product S x S with the following partial
order:

V(z,y), (u,v) € X x X, (z,y) C (u,v) <= x Cu,y Jv.

Theorem 2.3. In addition to the hypotheses of Theorems suppose that for every (z,y), (u,v) €
X x X there exists a (21, z2) € X x X such that (F(z1, z2), F(22,21)) is comparable to (F(x,y), F(y, x))

and (F(u,v), F(v,u)). Then F and g have a unique coupled common fized point, that is, there exists

a unique (x*,y*) € X x X, such that

vt =g(z") = F(x"y"),y" = g(y") = Fy",z").
Proof . From Theorems 2.1 and [2.2]the set of coupled coincidences is non-empty. We shall show that
if (z*,y*) and (z,y) are coupled coincidence points, then g(x) = g(z*) and ¢g(y) = g(y*). By assump-
tion there is (21, z9) € X x X such that (F(z1, 22), F'(22, 21)) is comparable with (F'(z*, y*), F(y*, z*))
and (F(z,y), F(y,z)). Put ug = 21,09 = 2», then as in the proof of the Theorem [2.1 we can induc-
tively define sequences {g(u,)} and {g(v,)} such that

G(Uns1) = F(tn, vn), 9(Vns1) = F (U, un).

Further, set xy = =*, yo = y*, o = 2, Yo = y and, on the same way define the sequences {g(z*)}, {g(v})}
and {g(z,)},{9(yn)}. Then it is easy to show that

g(zr) = F(z*,y"), 9(y2) = F(y*, %), g(x,) = F(z,9), g(yn) = F(y,r)¥n € N,

Since (F(z*,y"), F(y", 27)) = (9(=1), 9(v7)) = (9(z7), 9(y")) and (F (21, 22), F(22,21)) = (9(wr), g(v1))
are comparable, it follows that g(z*) C g(u;) and g(y*) 3 g(vy). It is easy to show that (g(x*), g(y*))
and (g(un), g(v,)) are comparable, that is, g(=*) C g(u,) and g(y*) 3 g(v,) for all n > 1. Thus, for
each n > 1, we have

d(g(x*), 9(uns1)) = d(F(z",y"), F(un, vn)
= plald(g(z"), g(un)) + d(F(z",y"), g(«")) + d(g(un), F(un, vn))
+d(g(x), F(un, vn)) + d(g(un), F(2",y%))])
< ald(g(z"), g(un)) + d(F (2%, y"), ( ")+ d(g(un), F(un, vn))
+d(g(27), F(un, vn)) + d(g(un), F(z",y"))]).
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Hence,
lim d(g(z"), g(up+1)) < lim 3ad(g(z"), g(u,)) < lim ad(g(z"), g(un)).

n—0o0 n—oo n—0o0

Continuing this process, we get

lim d(g(z"), g(un41)) < lim a"d(g(2"), g(un)) = 0.

n—oo n—o0

Thus
Tim d(g(2"), g(tn11)) = 0. (2.15)
Similarly,
Tim d(g(y"), g(vn11)) = 0. (2.16)
Also, we can prove that
lim d(g(x), g(uns1)) =0, hm d(9(y),g(vns1)) = 0. (2.17)

n—oo

By the triangle inequality, (2.15] and
d(g(z*), g(x)) = d(g(x*),g(unﬂ)) + d( (z), (un+1)) — Oasn — oo,

%(g(y*),g(y)) < d(g(y*), 9(vns1)) +d(9(y), 9(vnt1)) — 0 as n — .

9(@) = g(z%), 9(y) = 9(y")- (2.18)
Since g(z*) = F(z*,y*) and g(y*) = F(y*,2*), by the commutativity of F and g we have
9(g(z")) = g(F (2", y")) = F(g(x"), 9(y")) and g(g(y")) = g(F(y",2")) = Fg(y"), 9(z")). (2.19)
Denote g(z*) = X*, g(y*) = Y*. Then, from
g(X*)=F(X*",Y"),9(Y")=F(Y", X"). (2.20)

Thus, (X*,Y™) is a coupled coincidence point. Thus from (2.18)) with z = X* and y = Y™* it follows
that g(X*) = g(z*) and g(Y™) = g(y*), that is,

X* = g(X"),Y* = g(Y"). (2.21)

From (2.20) and (2.21)),
X*=g(X*) = F(X*,Y*),Y* = g(Y*) = F(Y*, X*).

Therefore (X*,Y™*) is a coupled common fixed point of F' and g.
To prove the uniqueness, assume that (X7, Y[") is another coupled fixed point. Then by (2.18)), we
have

X7 =9(X]) =g(X7) = X" ¥ = g(¥]") =g(Y") =Y.

O
Corollary 2.4. Let (X,C) be a partially ordered set and suppose there exists a cone metric d in

X such that the cone metric space (X,d) is complete. Suppose F : X x X — X is a contin-
uwous mapping having the mized monotone property on X w.r.t E . Assume there is a function
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@ : [0, +00) — [0, +00) with p(t) <t and lim, .+ p(r) <t for each t > 0. Suppose that the follow-
ing two assertions hold:
(i) There exists a > 0 with a < § such that

d(F(z,y), F(u,v)) 2 plald(z,u) +d(z, F(z,y)) + d(u, F(u,0)) + d(z, F(u,v)) + d(u, F(z,y))]

for all x,y,u,v € X for which x C u,y J v, (i.e for all (u,v) C (z,y).)

(i1) There exist xg,y0 € X such that xg T F(xo,y0) and yo 3 F(yo, xo). Then, there exist x*,y* € X
such that x* = F(z*,y*) and y* = F(y*,z*). Furthermore, if xo,yo are comparable, then z* = y*,
that is x* = F(x*, x*).

Proof . Following the proof of the Theorem with ¢ = I, (the identity mapping), we only have
to show that x = F(z*, z*). Let us suppose that zy C yo. We shall show that

Tp E yp,Vn >0, (2.22)

where z,, = F(Zp-1,Yn-1),Yn = F(Yn—1,Zn_1);n € N. Suppose that (2.22) holds for some fixed n > 0.
Then, by the mixed monotone property of F,

Tpt1 = F(mmyn) C F(ynvxn) = Yn+1-
Thus, (2.22)) holds. From (2.22)) and (i) we have

ACE (@0, Yn)s F(Yns 7)) 2 p(ald(@n, yn) + d(@n, F (20, yn)) + dYns F(Yn, T0))
+ d($n> F<yna xn)) + d(?Jm F<In= yn))]
= o(a]d(Tn, Yn) + d(Tn; Tnt1) + A(Yns Ynt1) + AT, Yny1) + A(Yn, Tngr)]
= ald(zn, yn) + d(@n, Tpi1) + dWYn, Yns1) + (T, Yns1) + A(Yn, Trg1)]-

Now, by the triangle inequality,

d(z*,y*) 2 d(*, Tps1) + d(@nt1, Ynr1) + d(Yns1, ¥7)
= d(F(zn, Yn), F (Yn, T0)) + (2", Tpt1) + d(Yns1,¥7)
= ald(@n, yn) + d(Tn, Tngr) + A(Yns Yns1) + A(@n, Yny1) + d(Yns Tnsr)]
+d(2%, Tns1) + d(Yns1, ¥").

Since lim,, ,o x, = * and lim,,_,, ¥, = y*, we get by taking the limit as n — oo,
* * * * 3 * *

i.e,
gd(az*, y*) = 6.

Therefore —d(z*,y*) € P and so, as d(z*,y*) € P, we have d(z*,y*) = 6. Hence z* = y*, that is
r* = F(z*,y*). O

Remark 2.5. If we use the conditions (iv), (v) from the Theorem [2.2| instead of the continuity of F'
in Corollary [2.4] then we obtain the results of Corollary
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Corollary 2.6. Let (X,C) be a partially ordered set and suppose there ezists a cone metric d in X
such that the cone metric space (X,d) is complete. Suppose F : X x X — X and g: X — X are
such that F(X x X) C g(X) and F has the mized g-monotone property on X w.r.t = . Suppose that
the following four assertions hold:

(1) g is continuous and commutes with F),

(i1) There exists o > 0 with o < § such that

d(F(x,y), F(u,v)) 2 ald(g(x), g(u)) + d(g(x), F(z,y)) + d(g(u), F(u, v))
+d(g(x), F(u,v)) + d(g(u), F(z,y))]

for all x,y,u,v € X with g(x) C g(u), g(y) 2 g(v),

(i7i) There exist xo,yo € X such that g(xo) C F(z0,y0) and g(yo) I F(yo, o),

() F is continuous.

Then, there exist x*,y* € X such that g(z*) = F(2*,y*) and g(y*) = F(y*,x*). Furthermore, if the
conditions of the Theorem [2.3] is satisfied, then F and g have a unique coupled common fized point,
that is, there exists a unique (z*,y*) € X x X, such that

vt =g(@") = F(z",y"),y" = g(y") = F(y",27).
Proof . Taking ¢(t) = ¢ in Theorems [2.1] and 2.3 we obtain Corollary 2.6} O

Remark 2.7. If we use the conditions (iv), (v) from Theorem instead of the condition (iv) in
Corollary [2.6] then we have the conclusious of Corollary

Corollary 2.8. Let (X,C) be a partially ordered set and suppose there exists a cone metric d in
X such that the cone metric space (X,d) is complete. Suppose F': X x X — X be a continuous
mapping having the mized monotone property on X w.r.t C . Suppose that the following two assertions
hold:

(i) There exists v > 0 with v < ¢ such that

d(F(z,y), F(u,v)) = ald(z,u) + d(z, F(z,y)) + d(u, F(u,v)) + d(x, F(u,v)) + d(u, F(x,y))]

for all x,y,u,v € X for which x C u,y J v,

(17) There exist xg,yo € X such that xo T F(xo,y0) and yo 23 F(yo, o).

Then, there exist x*,y* € X such that x* = F(x*,y*) and y* = F(y*, x*). Furthermore, if xo,yo are
comparable, then x* = y*, that is x* = F(x*, z*).

Proof . Taking ¢(t) =t in Corollary the result follows. [J

Remark 2.9. If we use the conditions (iv), (v) from Theorem instead of the continuity of F' in
Corollary [2.8 then we obtain the results of Corollary [2.8

Now, we give two examples in game theory.

1 1 1 1
Example 2.10. This game has three Nash equilibria (U, L), (D, R) and (§U + §D, §L + §R) with

95
payOHS (57 1)7 (175) and (57 5)
L R
U51]00
D[24]15

In fact, these Nash equilibrias are three fixed points of function and the number of fixed point are
not unique.
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Example 2.11. Bernheim in [3] shows that this game is a unique Nash equilibrium (F, B).
A B C D

0,71 25 (701 0,1
52,2133 52| 01
70125 0,7| 0,1
0,0]0,-2 0,0 |10,-1

— Q=™

In fact this Nash equilibrium is the unique fixed point of function.
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