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Abstract

In this paper, we discuss about existence of solution for integro-differential system and then we solve
it by using the Petrov-Galerkin method. In the Petrov-Galerkin method choosing the trial and test
space is important, so we use Alpert multi-wavelet as basis functions for these spaces. Orthonormality
is one of the properties of Alpert multi-wavelet which helps us to reduce computations in the process
of discretizing and we drive a system of algebraic equations with small dimension which it leads
to approximate solution with high accuracy. We compare the results with similar works and it
guarantees the validity and applicability of this method.
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1. Introduction and preliminaries

Construction and applications of multi-wavelet have been explained in [2] such that these bases are or-
thonormal and also in [0, [9] the Petrov-Galerkin method has been used for solving integro-differential
equations and in [4, 8] some integro-differential equations have been solved by using semiorthogonal
spline wavelet. Some integro-differential system are solved in [I], 5] such that in [5] convergence of the
Petrov-Galerkin method has been discussed with some restrictions on degrees of polynomial basis,
but these restrictions removed in [9] and convergence is held for every degree of polynomial basis.
Existence of solution for integro-differential equations or system of integro-differential equations has
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not been discussed in the previous research articles, (see [11], 12} 13]). But we introduce a process for
proof of existence of solution. In [I2] the Tau method has introduced an approximate solution of
integro-differential equations. In [6], six order compact finite difference method is given for solving
second order integro-differential equation with different boundary condition, also it solved a system
of integro-differential equation. This paper by proper choosing of test and trial space, the purposed
method leads to diagonal matrices, so we obtain a final system with less dimension and computation.
For validity and applicability the above proposed method we compare our results with[12] [13].
Consider the integro-differential equations system as follows:

Zaq Jui(t) + By (t)ud(t Z/ i(t, s)u(s)ds = fi(t), (1.1)

m 2

> alth0)+ 8, Z/ sealts S)u(s)ds = ),

q=
w(0) =aq , ui(1) =mn,
uz(0) = @z, ug(l) =1,

where ¢ is differential order and f;(t) € L?[0,1],7 = 1,2 and
ki(t,s) € L*[0,1])%,i =1,2,3,4,

are known functions and the w;(t),7 = 1,2 are unknown functions which must be determined. For
discussing about existence of solution of equations system in conditions of the Petrov-Galerkin
method we need operator form of equations system , so we suppose that X = L%[0,1], and
ki X — X fori=1,2,3,4, then integral operators form are as follows

1
Ki(uj) = / ki(t,s)uj(s)ds , i=1,2,3,4, j=1,2 (1.2)
where x; for i =1,2,3,4, are linear compact operators. Also we assume that
D X—>X,i=1,23,4,

are linear compact operators such that

Di(w) =Y ag(t)ui(t), Dsluz) = By(t)ud(t),

Dy(w) =Y ()uf(t),  Da(uz) =Y d,(t)us(t),

without loos of generality, we can write equations system (1.1]) in the following operator system:

uy — (K1uy + Kous — Dyuy — Doug) = fi, (1.3)

Uo — (ngul + K4l — D3U1 — D4U2) = f2.
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2. Existence of solution

By considering the above mentioned operator system, we introduce operators x and D in the following
form
/{:(fﬁ @),D:(Dl Dz)

R3 K4 D3 D4
with suppose K; = k; — D;, we can write K = kK — D, such that & operator can be introduced by
k: L*[0,1]* — L?[0,1]?, so from and the above explanations we have,

-k = :
U2 U2 f2
By choosing U = ( Zl > and F = ( Lj;l > the operator form of Eq. 1} is given by Eq. 1}
2 2

(I-/)U=F (2.1)

In the case of one dimensional in Eq. (2.1)), if 4 is an compact operator and it does not have 1 as an
eigenvalue, so has a unique solution v € X = L?[0, 1], (see [3,5]). But for Eq. (2.1) in the case of
two-dimensional we must prove & is a compact operator and (I — &) is invertible. So we suppose

{Un},51 = { Zl’” } , is a bounded sequence in L?[0, 1]* with a suitable norm such as
- 2n ) p>1

|Un]l = maz ([[ugnll, luznll) 2@, = (/0 x(t)Zdt)Q, (2:2)

50, {Uin},~, for i = 1,2 are bounded sequences, on the other hand because ; and D; fori =1,2,3,4
are assumed linear compact operator in L?[0,1] then £;s for i=1,2,3,4 are linear compact operator.
So, every one of the following sequences has a convergence subsequence in L?[0, 1],

{/{lul,n}nzl ) {I{ZUQ,n}nzl ) {/{SULn}nzl ) {/{4u2,n}n217 {l{lul,n + ’€2u2,n} and {/€3u1,n + ’€4u2,n}a then

{&Un}z{ fthe T2t } ,
>1

K3U1n + Kalo sy,

has a convergence subsequence in L?[0,1]?, so & is a linear compact operator. Also I — & oper-
ator introduce as,
I—k:L*0,1)* — L?[0,1)?

. Lix1i— K1 — Ko . . . . .
where Ioyo — A= . . and I5y» is an identity two-dimensional operator and [y

—HK3 Iixy — Ky

is an identity one-dimensional operator, so similar to one dimensional in [5] and concept of eigenval-
ues for I — & we can rewrite (laxs — k) U=AU, so

1—)\1—)\ —)\2 Uy —0
—)\3 1—)\4—)\ (%) -

where A is an eigenvalue of I — k and \;s are eigenvalues of K;s for : = 1,2,3,4. So we have
AN —(2=X = X)) A+ (1= X)) (1 = Xs) — XAz = 0 thus for obtaining A # 0 for (I — &) and invert-
ibility of the I — & operator ,we assume there is a relation among eigenvalues of x;s operators for
1 =1,2,3,4 as follows:

(1= A1) (1= A1) — XAz # 0, (2.3)

thus (I — k) is invertible, so Eq. (2.1) and equations system (|1.1)) have a unique solution as u €
L?[0,1]2.
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3. Multi-wavelet Bases

We have introduced the multi-wavelet bases constructed by Alpert in [2] for L?[0,1]. The interval
[0, 1] is divided to 2™ subinterval where f(x) has degree less than k in all subintervals. The set S¥
is introduced as:

{f|f {Polynommlwlthdegree<k: —<t<”2fnl,0<n<2m—1}

, Otherwise
It is obvious that dim(S%) = 2™k and S} C S¥ C ---. Assume that R% is the complement of S¥ in
Sk .1, then
Sha=Sho RS, SR
If we assume that hy, ho, ..., h : R — R are the orthogonal basis functions for R%, then
RFc RF C
In [2] by orthonormalizing hy, ho, . .., hy, a basis for space RE is obtained as:
Rt = linear span{h;m| R (1) = 22 h; (2™t —n),

i=1,2,... .k n:0,1,...,2m—1}.

On the other hand,
S = Sp_1 @R}, = S; Oy Ry,

for example if {p1,po,...,pr} are the Legendre orthonormal polynomials on [0, 1], then
Sk = span By,

= Span{{p17"'7pk}
U p=0,1,...,m—1, n=0,1,...,(2" 1), j:1,2,...,k}}
= span{b;}3_}

By choosing S* = U%_,S* then S¥ = L2[0,1] and By, is known as the multi-wavelet basis of order k
for L20,1] (see [2, @]).
Now we choose trial and test spaces by the multi-wavelet bases and introduce B matrices:

! X, = 52 = span{1,/3(2t — 1)},
Yn:Sllzspan{l,{ _1’1’ giii% },
then
Bays = ( ! \(/)3 ) :
0 %5
If

= S = span{1,V/3(2t — 1),+/5(6t> — 6t + 1),/7(20t> — 30¢> + 12t — 1)},

V3(—4t+1), 0<t<? 6t—1, 0<t<i
= 2: — 2 ? 2
Yo =55 Spcm{l\/_t D {\/5415 3), L<t<l | 6t—5 j<t<l [’
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then
1 0
1
Byxa = V15
1
0 7
If X,, =55 and Y, = S? then
1 0
1
1
By = 3V7
v
2
55
0 G

L V3(—4t 1), 0<t<l [6t-1, 0<t<} }
X, =5 = span{l,\@(% 1)7{\/5(475_3), l<t<1 7| 6t—5, 3<t<1 P
Yn: 1 _ {1 R 2 ) 4 )2 4}
Sy span ,{ 1, l<t<l 7{ V2, Lat<d ’{ V2, << I

1 0 0 0

0 Y3 6 V6

Byxa = 0 (2) Ei/é \% ’

T4 4

0 _1 3/2 32

2 8 8

where BT.B = D, which D is diagonal matrix with the positive elements. Thus (BT)™' = B D!
exists. To know how to prove this part which the matrices are n x n diagonal see [9].
Also if X,, = S} and Y,, = S2, then the matrix Bgyg is the following form:

10 0 0 0 0 0 0
01 0 0 0 0 0 0
00 o ME o E o
00 o0 ¥ _WET Vi wWE o W3
1 32 32 32 32

Bgys = 00 ——2 0 Wa Wi Wa Wik
00 0 Vel 8V/i4 8 814 8
00 ¥Ys o & fu WVa ju
1 16 5 16 85

5 2% 23 % 1(2)5 23 % 1(2)5

00 0 4 32 32 32 32

4. Conditions of the Petrov-Galerkin Method

In the case of one dimensional integro-differential equations, conditions of the Petrov-Galerkin and
their theorems have been proved in [9], we try to expand them for a system of integro-differential
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equations. So for X = L?[0,1] we consider an operator form of integro-differential equations as

follows
(I —R)u=f. (4.1)

In this way, three conditions of the Petrov-Galerkin method are:

1. X is Banach space and & is a compact linear operator it doesn’t have 1 as an eigenvalue.

2. Forne N, X, C X,Y, C X* dimX, =dimY, < oo,ie. X,,Y, are finite dimensional subsets
of X, X* sequentially.

3. H-Condition: For each x € X and y € X*, there exists x, € X,, and y, € Y, such that
|zn, — || = 0 and ||y, — y|| — 0 as n — +oc.

The Petrov-Galerkin method for equation (4.1]) is a numerical method for finding u,, € X,, such that:

< Up — Ry Yn >=< foyn >, Yy, €Y,. (4.2)

Definition 4.1. For linear operator P, : X — X,,, given x € X, an element P,x € X,, is called a
generalized best approrimation from X, to x with respect to'Y,, if it satisfies the equation

<z-—Pxy,>=0, Yy, €Y,,

similarly, given y € X*, an element Ply €Y, is called a generalized best approximation from Y, to
y with respect to X, if it satisfies the equation

< Tp,y—Py>=0, Vr, € X,.

Above three conditions with Definition illustrate that in the Petrov-Galerkin method, we are
looking for the generalized best approximation x € X with respect to Y,, in [5]. Also Eq. (4.2) is

equivalent to
u, — P,ku,, = f. (4.3)

This equation indicates that the Petrov-Galerkin method is a projection method. By assuming
X = L?[0,1]? in the case of two-dimensional and Eq. , and by considering definition of operator
k, we show three conditions of the Petrov-Galerkin are held. Condition 1 is held because we proved
k is linear and compact operator. For invertibility we construct a condition on eigenvalues of & as

follows,
(1= M0) (1= A)) # A\, (4.4)

where )\;’s are eigenvalues of k; operators forz =1,2,3,4 and p,q,r and f are number of eigenvalue
of K1, Ko, K3 and K4 respectively.

k
For condition 2 we choose: X? = L%[0,1]* , X2 = ( gzn )’ and also X*? = L2[0,1]> (see

where S*  S¥, have been introduced in [9]. Of course X,, in [9] is

k/
[7]), and Y2 = ( Sy ) c X*2

Sk "
one dimensional but in this paper X2 is two dimensional, also according to S¥ in [9] dim X2 =
2(2mk) =dim Y,? < oo, so condition 2 is satisfied. By considering X? = L?[0,1]? and X** = L?[0, 1]
condition 3 holds.
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5. Solution of the Integro-Differential Equations System

Again we consider to the equations system ([1.1)):

we suppose u; (t), us(t) are linear combination of a basis in X = L?[0,1], so U,, = ( Ui > is a linear

u2,n
combination of a basis in X; C [ X 2 C L2 2. Regarding to Definition (1) we can write,
Sk
Pn:XQZLQ[()?l]Z - X n Sk )7
uee_, Sk,
Patu(t) = Uile) = ( & lc““f) vult) €
" " Z] 1 02.7 ( )

In other words {b;(t),b;(t)} is a base for subspace X2 from L?[0,1]%. P, is an operator which
explained completely in [9] By substituting u;(t), us(t) in system (1.1)) we have

S i (et (1) + By(Dea(6) = [, [0y bugbi(Dbs(5)] [ cusbie(s)] ds
— o [ Rt (8)05(5)] [y canbi(s)] ds = S, fut)bi(2),
S0 iy vt eab (8) 4+ 0, (0)eaib? (1) = fi [ S0 Rausbi ()b ()] [y canbu(s)] ds
— Jo [ R (8)b5(3)] (25 canbi(s)] ds = ST, Far(t)bi(2).

We assume that

1(8) =) agui(t),  ga(t) =D B0V (), (5.1)

q=0

)= M), glt) =) o0t

q=0

with substituting (5.1)) in last system we have

Z [c1:91i(t) + c2igai(t [Z k1ijbi(t)cr; + Z kaijbi(t ng] Z Jribi(

i=1 4,j=1 5,5=1
n n
Z [c1593i (t) + 2:94:(t)] — [Z ksiibi(t)ci, + Z Kibi( C2J] Z faibi(
i=1 ij—=1 ij=1
Now we project g;;(t) , i=1,2,3,4 on X, , so

Z [€1:91i50i(t) + €2iG2i50i(t)] — [Z (krijer; + kaijea;) b ] Z Jrabi(

i,j=1 4,j=1

Z [€1593i50i(t) + €2:94i50i(t)] — [Z (ksijc1j + kaijeaj) b ] Z faibi( (5.2)

i,j=1 bj=1
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According to the petrov-Galerkin method we multiply both sides of Eq. (5.2)) in bases elements of
Y, (Y, is a dual space of X, ) and from orthonormality of test and trial spaces X,,Y, we have

Z C1i9145 < bj( b* > + Z C2i92i5 < b; ( ) b;(t) > —

i,7=1 1,j=1
[Z (kuijers + kaijea;) < by(t), ] Z fri < bj(t),b3(t) >
ij=1
Z C1:93ij < bj( b* > + Z C2iG4ij < b; ( ) b;(t) > —
i,j=1 4,j=1
[Z (kgljclj + k4”02]) < b; ( Zf2z < b )
ij=1

where < b;(t),b5(t) >, are elements of the B matrix, so the inner product equal to 1 when j = p
and it’s 0 when j # p. So, we can write,

Z C1i91ip + Z C2i92ip — [Z (k1pjcrj + k‘zpjczj)] = fip,

1,j=1 1,j=1 i,j=1

Z C1ig3ip + Z C2iGaip — [Z (K3pjciy + k4pj02j)] = fop-

,j=1 ,j=1 ,j=1
By using boundary conditions we have following system and P = 1,2,...,n, instead of two other
equations we apply boundary conditions, so

Z C1; (glpi - klip) + Z Co; (gZpi - k%p) = f1p7 (5-3)
i=1 i=1

Zbl<0)0h = O, Z b Ch =
=1

Z c1i (Gapi — ksip) + Z 21 (Gapi — kaip) = fop,

=1 =1

Z b;(0)co; = g, Zbi(l)CQi = 1o.
i1 i=1

where in the system of (5.3) we have

by = [ [ oo, k= [ [ ko)
o= [ [ R 006, ks = [ [ttt
= [ ono, = [ oo

Matric form of system ([5.3)) is the following form

t t

g1 — k1 gy — ko

B, xn Cox1=F.
8 (gé—k:a gi—/@l) !
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6. Application of proposed method

Here before solving systems we are going to show that condition (6) is held. To this end we have
chosen some kernels. By solving them it’s clear that condition (6) is held. (Other kernels are the
same. )

Example 6.1. In this example we solve

1 1
" / 1
uy (t) — uy(t) — / e ouy(s)ds — / (t+ s)ug(s)ds = 2+ €' — 2! — 2(5 + ;
0 0

1 1 ¢ . 9

/ " e —1 2—3e 1 2t t
Uy — Uy — / euy(s)ds — / (t+ S)QUQ(S)dS =1+ v + P 2=+ =+ —
0 0

1732
w(0) =0, w(l)=1,
us(0) =0, us(1) =2,

with exact solution of u;(t) = t, us(t) = 2¢t. At first we show that condition (6) is held for these
kernels.

kl(u(s)):/o e u(s)ds, kg(u(s)):/o (t + s)u(s)ds,
kg(u(s)):/o eu(s)ds,  ky(u(s)) :/0 (t + 5)%u(s)ds,

eigenvalue for k; th kernel is ku = MNu, 1 <1¢ <4, so for k; kernel we have
kiu = \u , also

/0 eu(s)ds = Mul(t), (6.1)
et/o e‘u(s)ds = Aju(t),

by choosing a = fol e*u(s)ds, we have
u(t) = —e', (6.2)

and by substituting 1 in 1’ eigenvalue for k; is like this A} = GQT_I Also for kernel ky we can
write
kau = Aou, SO

1
/ (t+ s)u(s)ds = Aqu(t), (6.3)
0
we suppose fol u(s)ds = ay, fol su(s)ds = as, so we have
alt + a9 = )\QU(t), (64)

and by substituting (6.4)) in (6.3)), we obtain
% ((% + %)CLl -+ (t + %) CLQ) = ta1 + as,
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by reordering following relation and by knowing that {1,¢} are independent and a;s are not zero we
will reach the following system
0
(0)

(5 ) ) (3)

so eigenvalues for kernel k, are

/\1
)\2

Also for kernel k3 we can write kzu(s) = Azu(t). So,

I

l\)l»—lwlr—t
et

1
/ e u(s)ds = Azu(t) (6.5)
0
and according to following expansion

t2
St:1+(st)+%+...,

and by choosing a;= fo “lu(s)ds,i=1,2,3, in Eq. we obtain

t 12
u(t) = 4° a;: = (6.6)

by substituting in (6.5) we have
(a1 + G +% —ak) +H(G+E+ % —an) +82 (% + %+ 8 — Nag) =0.

Because {1,t,t*} are linearly independent so the last system will be

(1 —X3) 3 z a 0
Vi D) e ) [
1 1 1
& 3 (15— s) as 0

So eigenvalues for k3 will be produced as:

Ay = 0.1.33628 — 71.4803 x 1017,
A2 = 0.0952323 +i2.36848 x 10716,
A3 = 0.00181901 — i2.36848 x 1071°.

Also for kernel ky we can write kyu(s)=Aqu(t). So,

fol (t+ s)u(s)ds=Aqu(t),
fo s)ds +t fo Su1 s)ds +t* [, (s)ds = Mu(t), 2
by Choosmg a;= tl fo =Ly )ds ’i—l, 2,3, we can write u(t):—“?’*tafjt w90

t2 ( ay + (12 + CL3 /\4&1) + 1 ( a; + = CL2 + as — )\4&2) + (%al + iGQ + %ag - )\4&3) =0.

According to previous, eigenvalues for k; are

A\;=1.433664 + 19.86865 x 10718,
A3=1.106375 + i1.75898 x 1071°,
A3=0.00607153 — 71.57898 x 10716.



Existence of solution and solving the integro-differential ... 7 (2016) No. 1, 207-218 217

Tablel. Numerical results for Example (6.1

error of wuy(t) error of  uy(t)
X,=S8;Y,=25? X, =5Y, =25}
0 1.26276x 1017
0 1.66533x1071¢
0 0
4.44089x 10716 0
0 0
0 0
0 0
0 0
0 0
0 2.22045%x1071
0 0

condition (6) is held for kernels k;,1 < < 4. By using system (5.3) for solving Example [6.1] the

absolute errors in some different points are shown in Table 1.

Example 6.2. In this example we solve and compare our method with system of integro-differential
equations which was solved in [12, I3]. Results are shown in Table 2. (also this example is solved
by the Tau method in [I2] and Yousufouglu solved the same example with another method in [13].
Differences are in Table 3. Of course condition (6) is held as before.

3t

1 1
uy () + uy(t) — / —2tsuy(s)ds — / 6tsug(s)ds = 312 + o +8,
0 0

wy () + uy (t) — 3/01(—275 — sH)uy(s)ds — 6/01(215 + sH)ug(s)ds = 21t + %,
uw(0) =1, w (1) =4, ug(0) = =1, ug(1) =2,

exact solutions are u;(t) = 3t> + 1, up(t) = ¢> + 2¢t — 1. The absolute errors in some different points
are shown in Table 3.

Table 2. Numerical results for Example by proposed method

error of wuy(t) error of  uy(t)
X,=S', Y, =8 | X,=8' , Y, =8
N =14 N =14

1.11022x 10716
4.44089x 1016
4.44089x 1016
2.22045x 1016
4.44089x 1016
2.22045x 1016
4.44089x 1016

0
4.44089x 1016

0

0

1.11022x10716
2.22045x 10716
2.22045x 10716
0
0
0
0
1.11022x 1016
0
2.22045x 10716
0
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Table 3. Numerical results for Example [6.2| by [12, [13]

Euy (t) Eusy(t) Euy (t) Euy(t)

in [12] in [12] in [13] in [13]

N =10 N =10
1.38237x 10712 | 8.41984x 10~ 0 1.0000014305
1.12493x 10712 | 6.90537x 1071 | 0.0768043995 | 0.9970476627

9.05143x10~
7.75923x 101
6.75932x 10~
4.65236x 107

5.68951x10~ 1
4.71163x10~ 1
3.91115x10~*
3.22747x 10~

0.2955164909
0.6031990051
0.8844869137
0.9999994636

0.9553389549
0.7975912094
0.4665645361
0.0000001788

Rabbani

0.884486439
0.6031984091

0.4665646553
0.7975909710
0.2955157161 | 0.9553378820
0.768044963 | 0.9970461726

0 1.0000000000

7. Conclusion

In this paper, we proved existence of solution for integro-differential system and also we used

Alpert multi-wavelet bases to solve system of integro-differential equations. Suitable choices of test
and trial space is very important. These orthogonal bases reduce the computations. So final systems
have small dimension and enough accuracy. Of course there is not restriction on degrees of chosen
polynomial basis.
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