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Abstract

In this paper, applying hybrid projection method, a new modified Ishikawa iteration scheme is
presented for finding a common element of the solution set of an equilibrium problem and the set
of fixed points of relatively nonexpansive mappings in Banach spaces. A numerical example is given
and the numerical behaviour of the sequences generated by this algorithm is compared with several
existence results in literature to illustrate the usability of obtained results.
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1. Introduction

Let C' be a nonempty closed convex subset of a real Banach space E with the dual space E*. The
equilibrium problem in the sense of Blum and Oettli [6] for a bifunction f : C' x C'— R is as follow:

“find z € F suchthat f(z,y) >0, (yeC)”. (1.1)

The solution set of is defined by EP(f) ={x € C: f(x,y) >0, Yy e C}.

Assume that S : C — E* is a mapping and let f(x,y) = (Sx,y — x) for all z,y € C. Then
z € EP(f) if and only if z is a solution of the variational inequality (Sx,y — z) > 0 for all y € C.
So, the formulation includes variational inequalities as special cases.
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The equilibrium problem is also known as Ky Fan inequality [I3]. Many well-known problems are
formulated as an equilibrium problem, such as the optimization problem, the variational inequality
problem and nonlinear complementarity problem, the saddle point problem, the generalized Nash
equilibrium problem in game theory, the fixed point problem and others; (see [22] 25]). In the other
words, numerous problems in applied sciences reduce to find a solution of an equilibrium problem.
For this reason, solving the equilibrium problem is very interesting and therefore some methods have
been proposed to solve the equilibrium problem; see for instance [6l, 12} 15 18] 21].

Recently, many iteration processes were introduced by mathematicians for finding a common
element of the set of fixed points of a nonlinear mapping and the solution set of an equilibrium
problem in the framework of Hilbert spaces and Banach spaces, respectively; see for instance, [3],
[4], [10L 11], [23]-]27], [31] and the references therein. The most useful processes are Mann [19] and
Ishikawa [16] iteration processes.

Ishikawa process is indeed more general than Mann process. In spite of this fact, research has
been done on the latter due probably to reasons that the formulation of Mann process is simpler than
that of Ishikawa process and that a convergence theorem for Mann process may lead to a convergence
theorem for Ishikawa process under appropriate conditions. On the other hand, the Mann process
may fail to converge while Ishikawa process can still converge for a Lipschitz pseudocontractive
mapping in a Hilbert space [9]. Actually, Mann and Ishikawa iteration processes have only weak
convergence, in general (see [14]).

In 2009, Takahashi and Zembayashi [28] for finding an element of EP(f) N F(S), introduced the
following iterative scheme for a relatively nonexpansive self mapping S of a nonempty, closed convex
subset C' in a Banach space E:

u; € H chosen arbitrarily,
u, € C such that f(x,,y) + %(y — Ty, Jx, — Ju,) >0, VyeC,
Upyp1 = J N apJz, + (1 — ay,)JST,),

for all n € N, where f : C x C — R, {a,} and {r,} satisfy appropriate conditions and F(.S)
is fixed points set of S. They proved that {u,} converges weakly to w € F(S) N EP(f), where
w = nh_>Holo HF(S)mEP(f)SCn-

In this paper, motivated by Takahashi-Zembayashi [28], we modify Ishikawa iteration process for
finding a common element of the solution set of an equilibrium problem and the set of fixed points
of a relatively nonexpansive mapping by applying the hybrid projection method in Banach spaces.
We give a numerical example to illustrate the usability of our results.

2. Preliminaries

Let E be a real Banach space with the dual space E* and C' be a nonempty closed convex subset of
E. We denote the weak convergence and the strong convergence of {z,} to z € E by z,, — x and
x, — x, respectively. A Banach space E is said to be strictly convex if HxTer” <lforall z,y € £
with ||z]| = ||ly|| = 1 and = # y. It is also said to be uniformly convex if for every e € (0, 2], there
exists a 6 > 0, such that ||[53¥|| < 1 —§ for all z,y € E with |[z|| = ||y = 1 and ||z — y|| > e
Furthermore, E is called smooth if the limit

tyll —
e tyl = el
t—0 t

, (2.1)
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exists for all z,y € Bp = {x € F: ||z| = 1}. It is also said to be uniformly smooth if the limit
is attained uniformly for all z,y € Bg. It is well known that E is uniformly convex if and only if E*
is uniformly smooth.

We denote by J the normalized duality mapping from E into 2¢” which is defined by

Jr={a" € E": (,2") = [l]|* = ||2"|*},

for all x € E, where (.,.) denotes the generalized duality pairing between E and E*. Some properties
of the normalized duality mapping are listed in the following:

1. For every x € E, Jx is nonempty closed convex and bounded subset of E*.
If F is smooth or E* is strictly convex, then J is single-valued.

If E is strictly convex, then J is one-one, i.e., if x # y then Jx N Jy = ().
If F is reflexive, then J is onto.

if F is smooth and reflexive, then J is norm-to-weak continuous.

SRR AN Sl

If E is smooth, strictly convex and reflexive and J* : E* — 2% is the normalized duality
mapping on E*, then J~! = J*, JJ* = I and J*J = I, where I and Ig- are the identity
mapping on F and E*, respectively.

7. If F is uniformly convex and uniformly smooth, then J is uniformly norm-to-norm continuous
on bounded sets of F and J~! = J* is also uniformly norm-to-norm continuous on bounded
sets of E*.

The duality mapping J is said to be weakly sequentially continuous if z,, — = implies that Jx,, — Jx
in weak® topology. For more details see [1].
Let E be a smooth Banach space. The function ¢ : E x E — R is defined as follows:

$(x,y) = |lz* = 2(z, Jy) + Iyl
for all z,y € E. It is clear from the definition of ¢ that for all x,y, 2z € FE,

L (lyll = llz)* < o(z,y) < (lyll + [|=]))?,
2. ¢(z,y) = d(x,2) + o(z,y) + 2(x — 2, Jz — Jy).

It is clear that if E is a Hilbert space, then ¢(z,y) = ||z — yl?.

In 1996, Alber [2], defined the concept of the generalized projection mapping as sequel. Assume
that C' is a nonempty, closed convex subset of a smooth, strictly convex and reflexive Banach space
E. The generalized projection Il : £ — C'is a mapping that assigns to an arbitrary point x € E the
minimum point of the functional ¢(y, x), i.e., llcx = xg, where xq is the solution to the minimization
problem

$lao,2) = inf G(y. ).

Existence and uniqueness of the operator 1o follow from the properties of the functional ¢(y, x)
and strict monotonicity of the mapping J.

Let S be a self-mapping of C'. A point p in C' is said to be an asymptotic fixed point of S [24], if
there exists a sequence {z,} in C such that z, — p and ||z, — Sz,| — 0. We denote by F/(S) the
set of all asymptotic fixed points of S. A self-mapping S of C' is said to be relatively nonexpansive

[7,&], if the following conditions are satisfied:

1. F(S) is nonempty;
2. ¢(u, Sz) < ¢(u,x), Vu € F(5), Vo € C,
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3. F(S) = F(9).

Lemma 2.1. [20] Let C' be a nonempty, closed convex subset of a smooth, strictly convex and
reflexive Banach space F and let S be a relatively nonexpansive self-mapping of C. Then F(S) is
closed and convex.

Some well-known properties of generalized metric projection are listed below. We will use them in
the proof of our main results in next section.

Lemma 2.2. [2] Let C' be a nonempty, closed convex subset of a smooth, strictly convex and reflexive
Banach space E. Then

(i) o(x,ey) + o(lley,y) < ¢(x,y), for all x € C' and all y € E.
(i) z=Hex <= (y—2z,Jr — Jz) <0, for all y € C.

Lemma 2.3. [30] Let E be a uniformly convex Banach space and r > 0. Then there exists a strictly
increasing, continuous and convex function g : [0, 2r] — R such that g(0) = 0 and

[tz + (1 = t)yl* < tlla]* + (1 = Ollyll* — (L = )g(llz — yl)),
for all z,y € B, and t € [0, 1], where B, = {z € E : ||z]| < r}.

Lemma 2.4. [I7] Let E be a uniformly convex Banach space and r > 0. Then there exists a strictly
increasing, continuous and convex function ¢ : [0, 2r] — R such that ¢(0) = 0 and

9(llz = yll) < é(x,y),

for all z,y € B,.

To study the equilibrium problem, for the bifunction f : C' x C' — R, we assume that f satisfies
the following conditions:
(A1) f(xz,x) =0 for all x € C,
(A2) f is monotone, i.e., f(z,y) + f(y,z) <0 for all z,y € C;
(A3) for each x,y,z € C,

lim f(tz + (1 —t)a,y) < f(z,y);
(A4) for each z € C, y — f(x,y) is convex and lower semicontinuous.

Lemma 2.5. [0] Let C' be a nonempty, closed convex subset of a smooth, strictly convex and reflexive
Banach space E, f be a bifunction from C' x C to R satisfying (A1) — (A4) and let r > 0 and = € E.
Then, there exists z € C such that

1
f(Z,y)+;<y_Z,JZ—JI'> 207
for all y € C.

Lemma 2.6. [28] Let C' be a nonempty, closed convex subset of a smooth, strictly convex and
reflexive Banach space E, f be a bifunction from C' x C to R satisfying (A1) — (A4) and let r > 0
and x € E. Define a mapping 7T, : £ — (' as follows:

1
T.(x)={z€C: f(z,y) + ;(y—z,Jz— Jz) >0, Yy € C},

for all z € E. Then, the following statements hold:
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(i) T, is single-valued,;
(ii) T, is firmly nonexpansive-type, i.e., for all z,y € F,

(Thx — Ty, JTx — JTy) < (Thx — Ty, Jor — Jy);

(iii) F(T.) = EP(f);

(iv) EP(f) is closed and convex and T, is relatively nonexpansive mapping.

Lemma 2.7. [28] Let C be a nonempty closed convex subset of a smooth, strictly convex and
reflexive Banach space E, let f be a bifunction from C' x C to R satisfying (A1) — (A4) and let » > 0.
Then for z € E and p € F(T,),

¢(p7 TT':E) + (ﬁ(T,ﬂf,l’) S (b(pv .CC)

3. Main Results

In this section, we prove some weak convergence theorems for finding an element of the solution set
of an equilibrium problem which is a fixed point of a relatively nonexpansive mapping.

Proposition 3.1. Let C' be a nonempty closed convex subset of a uniformly smooth and uniformly
conver Banach space E. Assume that f is a bifunction from C' x C to R satisfying (A1) — (A4) and S
is a relatively nonexpansive self-mapping of C with F(S)NEP(f) # 0. Suppose that 0 < a < o, < 1
and {r,} C (0,00) and {B,} is a sequence in [0,1] such that li}ggfﬂn(l —Bn) > 0. If {x,} is a

sequence generated by u; € E and

x, € C such that  f(z,,y) + %(y —xp, Jr, — Ju,) >0, VyeCl,
=J Y1 - B.)Jz, + BnJSx,),
Upp1 = J (1 — an)Jzn + anJSy,),

for alln € N, then {Ilp(s)npp(s)Tn} converges strongly to w € F(S)N EP(f), where Ilpg)nppc) is
the generalized projection of E onto F(S) N EP(f).

Proof . Suppose that v € F(S) N EP(f). Letting z,, = T}, u, for all n € N, since 7, and also S
are relatively nonexpansive, we have

o(u, yn) = ¢(u, Jfl(l — Bn)Jxn + B Sy)
= |Jull® = 2(u, (1 = B,)Jxy + Bud Szn) + |(1 — Bp)J 2 + Bnd S,
< ||u||2 —2(1 = Bu)(u, Jzn) — 2Bn(u, JSxp) + (1 — Bn)HanQ + ﬁnnsan?
< ¢(u, )

and therefore

¢(Ua xn-i-l) = ¢(u TTn+1un+l)

S Qb(u un+1>

= o(u, J (1 — o) J 2 + nJyn) (3.1)
< [lu ||2 —2(1 = ) {u, Jn) = 20 (u, Juy) + (1 = ) |[2a ]| + || Syal®

< ¢(u, ).
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Then, we can conclude that lim ¢(u,x,) exists. Therefore ¢(u,x,) is bounded and so {z,} and
%

{yn} are bounded. On the other hand, since S is relatively nonexpansive, so {Sz,} and {Sy,} are
bounded. Put z, = Hps)nepp2n for all n € N. Therefore from z, € F(S) N EP(f) and ( -, we
get

Qb(Zna anrl) < ¢(Zn, xn) (3'2)
Since I p(s)nep(y) is the generalized projection, from Lemma [2.2] (i), we obtain
¢(2n+17xn+1> = ¢(HF(S)mEP( )In-s-l,xn-s-l)
(Zn, 33'n+1) ¢<Zn, HF(S)mEP(f)l'nH)
P (2n; Try1) — O(2n, Zny1)
¢

Zn; xn—l—l)

So, using (3.2) we derive that
(ZS(ZnJrla anrl) S Qb(zn; xn)

Hence, {¢(zn, z,)} is a convergent sequence. Also, from (3.2) we can conclude that
¢<Zna Zn—l-m) < ¢<Zna xn);

for all n € N. Utilizing Lemma (i), we get

A (2ns Znim) + O (Zntms Tngm) < O(2n, Tngm) < G20, Tn),

because of 2,1 = lps)nEp(f)Tnem and therefore

¢<2n7 Zner) S (b(Zna xn) - ¢<Zn+m7 xn+m)-
Put r = sup||2,|| . By Lemma , there exists a continuous, strictly increasing and convex function
neN
g :10,2r] — R whit ¢(0) = 0 such that

g([lz —yl) < o(z,y),
for all x,y € B,. Then, we have

g(HZn - Zn+m||) < ¢(Zm Zn+m) < ¢(men) - ¢(Zn+m; 1’n+m)-

Using the convergence of {¢(z,,x,)} and the property of g, we can conclude that {z,} is a Cauchy
sequence. From closedness of F/(S) N EP(f), we derive that {z,} is convergent strongly to w €
F(S)NEP(f). O

Theorem 3.2. Let C' be a nonempty closed convex subset of a uniformly smooth and uniformly
convex Banach space E. Assume that f is a bifunction from C x C to R satisfying (A1) — (A4) and
S is a relatively nonexpansive self-mapping of C with F(S)NEP(f) # (. Assume that0 < a < a,, <1
and {r,} C (0,00) and {B,} is a sequence in [0,1] such that ligiogf Bn(l — Bn) > 0. Suppose that

{z,} is a sequence generated by uy € E and
x, € C such that  f(z,,y) + i(y —xp, Jr, — Ju,) >0, VyeCl,
Upp1 = J (1 — an)Jz, + anJSy,),

for all n € N, where J is the duality mapping on E. If J is weakly sequentially continuous, then
{zn} converges weakly to w € F'(S) N EP(f), where w = lim Ilpsynep(s)@n-
n— oo
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Proof . Similar to the proof of Proposition we can conclude that {z,} and {Sz,} are bounded.
Put r = sup{||x,||, ||Sz.||}. Since E is a uniformly smooth Banach space, we can conclude that E*
neN

is a uniformly convex Banach space. So, by Lemma [2.3], there exists a continuous, strictly increasing
and convex function g : [0, 2r] — R whit g(0) = 0 such that for u € F'(S) N EP(f) we have

o(u, yn) = ¢(u, J_l(l — Bn)Jxn + BnJSzy)
< ull® = 2(1 = Ba)(u, Jan) = 280 (u, JSz,) + (1 = Bo)llzall® + BallSza |
— (1= Ba)Bug(| Sz — JSmn]|)
= Bng(u, n) + (1 = Bo)(u, Swn) — Bu(l — Bu)g(||Jxy — JS2,]])
< (u, 2n) = Bu(1 = Bu)g(|[Jzn — JSzn|),

so, using last inequality and convexity of ||.||%, we get

O(u, Tnt1) = ¢(u, Tr,y Ungr)
S (b(u un+1)
= o(u, J (1 — o)z + 0y J Syn)
< ||2 —2(1 = ap)(u, Jon) = 205 (u, JSya) + (1 — an)[|2]* + ][ Synl|? (3.3)
= (1 — an)o(u, x,) + and(u, Syy,)
< (1= an)d(u, z,) + and(u, ) — anfu(l = Ba)g(|| Jrn — TSy ||)
< ¢(u7 xn) - O‘nﬁn(l - Bn>g(||‘]xn - JSCL’nH),

hence
(1 = Bn)g(|Jan — JSzn|]) < @(u, 2n) — ¢(u, Znia).
Since 0 < a < «,, < 1, it is easy to see that

afn(1 = Bo)g([|Jzn = JSall) < du, n) = G(u; Tnia)- (3.4)
Since {¢(u, z,)} is convergent and h,?i Lr.}f Bn(l — 5,) > 0, it follows from that
Tim g(|| 2, — JSzn]) =
Hence, from property of g, we get
nh_>Holo | JSx, — Jx,| = 0. (3.5)
Utilizing uniformly norm-to-norm continuity of J~* on bounded sets, we conclude that
nh_}n;g |zn, — Sz,|| = 0. (3.6)

Also, boundedness of {z,} implies that the existence of a subsequence {z,,} of {z,} such that

T, — 2 € C. Since S is relatively nonexpansive, we can conclude from (3.6)) that & € F(S) = F(S).

Now, We prove that & € EP(f). Put s = sup{||z,||, [|[u.||} . Utilizing Lemma , there exists a
neN

continuous, strictly increasing and convex function ¢; : [0,2r] — R whit ¢;(0) = 0 such that

gi(llz —yll) < o(z,y),
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for all z,y € By. Letting x,, = T}, u, it follows from Lemmal[2.7)and (3.3) that for u € F(S)NEP(f),

gl(Hx - y”) < qb(xnvun) < ¢(u’un) - ¢(u7 l‘n) < gb(“y xn—l) - ¢(u’xn)

The convergence of {¢(u,x,)} implies that
lim gl(Hxn - un”) =0.
n—oo
Using the property of g1, we derive that
lim ||z, — u,|| = 0.
— 00
Utilizing uniformly norm-to-norm continuity of J on bounded sets, we obtain
lim ||Jz, — Ju,|| = 0.
n—oo

Since liminfr, > 0, we get

n—o0
Jx, — Ju,
lim 170 = Juall (3.7)
n—00 T
From z, =T, u,, we have
1
f(@n,y) + —(y — zn, Jon — Jun) >0, (3.8)
Tn

for all y € C'. Substituting n by ny in (3.8)) and using condition (A2), we obtain
1
_<y — Ty, ank - Junk> 2 _f(xnkay) 2 f(yaxnk)a

Tny

for all y € C. Letting k& — oo in last inequality, it follows from (3.7) and condition (A4) that

0> f(y, 2),

for all y € C. Suppose that t € (0,1], y € C and y; = ty+(1—t)z. Therefore, y, € C and f(y, z) < 0.
Hence

0= flyeye) <tfyey) + (=) f(ye, 2) < tf(yr,y),
so, f(y,y) >0, for all y € E. Taking the limit as ¢ | 0 and using (A3), we get & € EP(f). Then,

z e F(S)NEP(f). (3.9)
Put z, = ps)nep()Tn- From Lemma (i) and , we have
(Zn, — T, Jxpn, — J2zpn,) > 0.
Taking the limit as k& — oo in last inequality, from Proposition [3.1] we conclude that
(w—12,Jt — Jw) >0,

since z, - w € F(S)N EP(f) and J is weakly sequentially continuous. On the other hand, since J
is monotone, we get
(w—2,Jt — Jw) <0.
Therefore
(w—x,Jz — Jw) = 0.
Using strictly convexity of E, we derive that w = &. Hence, z,, — & € F(S) N EP(f), where

T = nh_{gO HF(S)nEP(f)xn- O
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Corollary 3.3. Let C be a nonempty closed convex subset of a uniformly smooth and uniformly
convex Banach space E. Suppose that S is a relatively nonexpansive self-mapping of C with F(S) #
0. Assume that 0 < a < o, < 1 and {r,} C (0,00) and {B,} is a sequence in [0,1] such that
hgggc}f Bn(1 = B,) > 0. Suppose that {,} is a sequence generated by uy € E and

x, € C such that (y — x,, Jr, — Ju,) >0, VyeC,
Uns1 = J (1 — an)J Ty + anJSy,),

for alln € N, where J is the duality mapping on E. Suppose that J is weakly sequentially continuous,
then, {x,} converges weakly to w € F(S), where w = lim Ilpg)x,.
n—oo

Proof . Letting f(z,y) = 0 for all ,y € C and r, = 1 for all n € N in Theorem , we get the
desired result. [J

Corollary 3.4. Let C' be a nonempty closed convex subset of a uniformly smooth and uniformly
convex Banach space E. Suppose that f is a bifunction from C x C to R satisfying (Al) — (A4) and
S is a relatively nonexpansive self-mapping of C with F(S)NEP(f) # 0. Assume that {r,} C (0,00)
and {Bn} is a sequence in [0,1] such that liﬁicgf Bn(l — B,) > 0. Suppose that {x,} is a sequence

generated by uy € E and

x, € C such that f(:vn,y)—l—i(y—:cn,an—Jun)20, VyedC,

Un4+1 = Syna

for all n € N, where J is the duality mapping on E. If J is weakly sequentially continuous, then,
{zn} converges weakly to w € F'(S) N EP(f), where w = lim Ilpsynep(s)@n.
n—oo

Proof . Letting a,, = 1 for all n € N in Theorem [3.2] we get the desired result. [J

4. Numerical example

In this section, we present a numerical example to illustrate our algorithm which is given in Theorem
3.2. Also, we compare the numerical behaviour of the sequences generated by our algorithm with
several existence results in literature to demonstrate the usability of our results.

Example 4.1. Let £ = R and C = [-3,3]. Define f(z,y) := —42% + 3zy + y?, so the conditions
(A1) — (A4) are satisfied as follows:

(A1) f(z,2) = —42® + 322 + 22 = 0 for all 7 € [—3, 3],
(A2) f(z,y)+ f(y,x) = =3(x —y)? <0 for all z,y € [-3,3], i.e., f is monotone,
(A3) for each z,y,z € [-3,3],
1}&)1 fltz+ (1= t)z,y) = 1}%(—4(252 + (1 =t)x) +3(tz 4+ 1 —t)x)y + 1)
= —4r* + 3ry + y2
= f(z,y),
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(A4) Tt is easily seen that for each x € [—3,3], y — (—42? + 32y + y?) is convex and lower semicon-
tinuous.

Moreover,
1 1 1
~y—ww—u) = —(y—w)(r —u) = ~(yr —uy — 2" + ux).

It follows from condition (i) of Lemma [2.6 that T, is Single-valued. Let u = T,z, for any y € [—3, 3]
and r > 0, we have

f(x,y)—k%(y—u,x—u) > 0.

Thus
—4ra? + 3rxy + Ty2 +yxr —uy — 2 4 ux
=7y’ + (3ro + 2 — u)y — dru® — 2 + uzx
> 0.
Now, let a =7, b= 3rz +x —u and ¢ = —4ru?® — 2? + ux. Hence, we should have A = b? — 4ac < 0,
ie.,
A= (3r+ 1)z —u)?—4dre(dre — z + u)
= 25r222 + 10r2? + 2% + u* — 10rzu — 2zu
= ((57 + Dz — u)?
<0.
So, it follows that z = %5 and T,u = 5. This implies that in Theorem , Ty =T un = 5.

Since F(T,.,) = 0, from condition (ii7) of Lemma [2.6] we get EP(f) = {0}.
Now, define S: C'— C by Sz = 1z for all z € C, then F(S) = {0} and

2
50, 51) = 6(0. 1) = \o e < e = 0(0.),

for all z € C. Let x, — p such that lim |Sz, — x,| = 0, this yields that F(S) = {0}. Hence,
n—oo
F(S) = F(S), ie., S is a relatively nonexpansive mapping.

0.5

0.4+

03+

0.14

E S S
Figure 1: The convegence behavior of the sequence {u,} with starting point u; = 0.5.
Define a, = 5 — =, 8, = + + 3= and r,, = £, then {a,}, {8.} and {r,} satisfy in the conditions
of Theorem Since in a Hilbert space the mapping J is identity and x,, = %un, we get

1/3 1 (1, 13 1
=3\ 57— 5 n P | Un=\| 55— 5 | Un,
In=5\1 " 3n) T8 \1 " 3 32 8n
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Figure 2: The convegence behavior of the sequence {u,} with starting point uy = —2.
Tablel Numerical Results for u; = 0.5 and ug = —2

n Uy, n U,

1 0.5 1 —2

2 0.20169 2 —0.80677

3 0.07886 3 —0.31542

4 0.03035 4 —0.12141

5) 0.01157 5) —0.04629

18 3.20783 x 1078 18 —1.28313 x 1077
19 1.18963 x 1078 19 —4.75851 x 1078
20 4.40955 x 107 20 —1.76382 x 1078
48 3.40246 x 10~2 48 —1.36098 x 10=2°
49 1.25416 x 102! 49 —5.01663 x 1072
50 4.62252 x 10722 50 —1.84901 x 102!

Table 1: Numerical results for the sequence {u,} with two different starting points: u; = 0.5 and uy = —2.

also
Up+1 :<1 - an>xn + Zanyn

12 1 LL(L_ 1)1 1
“o\3 7 5 ) T 4\3 mn) \32 &)t (4.1)

(M, o3 1
— \ 384 " 19200 " 16002 "™
Therefore Ppsynep(s)(zn) = 0 for all n > 1, because of F(S) N EP(f) = {0}. Taking the limit
as n — oo in 1) we obtain klim u, = 0. Since z, = %un , so lim xz, = 0. See Figure 1 and
—00

k—o0
Figure 2 for investigation of the convergence behavior of the sequence {u,} and also, see Tablel for
the values of this sequence with starting points u; = 0.5 and us = —2. The computations associated

with example were performed using Maple software.
Now, we compare the numerical behavior of our algorithm with the methods introduced by

Alizadeh and Moradlou [[5], Theorem 3.1] and by Tada and Takahashi [[26], Theorem 4.1]. We
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Comparing Results for {u,}

n | A | A | A4

2 0.20169 0.41250 0.39792

3 0.07886 0.33000 0.30507

4 0.03035 0.25988 0.22944

5 0.01157 0.20270 0.17055

6 0.00438 0.15709 0.12578
STOP 10 33 28

Table 2: Comparing results for the sequence {u,} generated by the algorithms A;, A and Az with starting point
uyp = 0.5.

assume that «,, 8, and r, are defined as Example We denote our algorithm by A; and Alizadeh
and Moradlou’s algorithm by A,. Similarly, Tada and Takahashi’s algorithm is denoted by As.

In Table 2, the numerical results of this comparison are reported for the sequence {u,} with
starting point u; = 0.5 and stopping criterion |u,| < 107%. It is easy to see that, convergence of the
iterates which have been generated by our algorithm is faster than two other ones.
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