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Abstract

In this paper, we establish some Hermite-Hadamard type inequalities for function whose n-th deriva-
tives are logarithmically convex by using Riemann-Liouville integral operator.
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1. Introduction

One of the most well-known inequalities in mathematics for convex functions is the so called Hermite—
Hadamard integral inequality

f(a;b)gbijf(x)dxgw’ )

a

where f is a real convex function on the finite interval [a, b]. If the function f is concave, then (|1.1)
holds in the reverse direction (see [16]).

The Hermite-Hadamard inequality play an important role in nonlinear analysis and optimization.
The above inequality has attracted many researchers, various generalizations, refinements, extensions

*Corresponding author
Email addresses: ouanasnawel@yahoo.fr (Nawel Ouanas), badrimeftah@yahoo.fr (Badreddine Meftah),
mrad.meriem@gmail.com (Meriem Merad)

Received: July 2017  Revised: September 2017


http://dx.doi.org/10.22075/ijnaa.2018.12016.1601

212 Ouanas, Meftah, Merad

and variants have appeared in the literature, one can mention [I], 2 3, 4], [5, © [7, 8, 10, 1T, 12, 13|
14, [T5], [16], 17, 19, 20), 21] and references cited therein.
We first recall some definitions and lemmas.

Definition 1.1. (Pecarié¢ et al. [1 ]) A positive function f : I — R is said to be logarithmically
convex, if f(tz + (1 —t)y) < [f(@)]"[f(y)]' " holds for all 2,y € I and t € [0,1].

Definition 1.2. (Kilbas et al. [9]) Let f € Li[a,b]. The Riemann-Liouville integrals J& f and
Jit f of order av > 0 with a > 0 are defined by

T

/ (e — 0 fB)dt (2> a),

a

Jor f(x) = ﬁ

b

Je () = ﬁ / (t— o) f(B)dt (b> o),

T

respectively, where I'(« f e~'t*~1dt is the Gamma function and J2, f(z) = J f(z) = f(2).

Lemma 1.3. (Wang et al. [2I]) For « > 0 and k& > 0, z > 0,

1

J(a, k) :/(1 —)* ' Kdt = i(lnk)il < 00,

g 1 (a);

z

o _ 1 k 1—1
H(ak,z) = /talktdt - z%zz('z;) < 00,
g i1 (a);
i—1

where (a), = ; O(a + 7).

Lemma 1.4. (Wang and Qi [20]) Let n € N and a > 0, and let f : [a,b] C Ry — R be an n—times
differentiable function on (a,b). If f™ € L ([a,b]), then we have

I'laa+n — 1F a+n a)k B P
—2((6_:)3( ar F(b) = Jit ZO r+a+k;+1)) (f<>(a)+(—1) 1 )(b)>
L ;a)n/«—l)“ (1 — )@=t —gotn=1) ¢ (gt 4 (1 — ¢) b) dt. (1.2)

0

The main purpose of this paper is to establishing a new Hermite-Hadamard type inequalities
for functions whose n'* derivatives are logarithmically convex and via Riemann-Liouville integral
operators.
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2. Main results

Theorem 2.1. let f : [a,b] C Ry — R be an n—times differentiable function on [a,b] where n is a
positive integer such that f™ € L ([a,b]) with f™(b) # 0. If ‘f(”)‘ is log—convez, then the following
fractional inequality holds

n—1

IN

Lt (2 £(8) — o) ~ %M(f<k><a>+<_1>kf<k><b>)|

k=0
( (b=a)" | 5™ ()]

an , n is even, A = 1

(b—a)” (20t~ 1—1)| (V) ()]

(afn)2eFn—T1 ) n s Odd, A=1
(") 7,
’f ®) (Z(h;i)n : + )\E( ;Tn 1) n is even, A # 1

(b—a)™| £ (b)] (In )t X (3w (-mvx)"
2 Z:l (atn);, ~ 2oFn Z (o+n), \/_Z (a+n),
o () = (4ma)"
PASen SR AR wkeda AL

(2.1)
where @)
Proof . Using Lemma [I.4] and modulus, we have
n—1
(a+n a+n k
SR (T F(6) = Ji (@) = D0 S (109 (a) + (—1)F S (b))‘
k=0
1
< @/ |(=1)" (@ =) T — e ) (ot + (1 —¢) b)| dt. (2.3)
Clearly
(1)@ =) T e = (1= )T gt (2.4)
if n is an even number and if n is an odd number, we have
_ n—1 o a+n—1 o at+n—1| __ (1 - t)a+n71 - ta+n71 fo S t < %
L R A X (e S S 25)

Assume that n is an even number, from 1' (2.4), and log—convexity of ‘ f (”)‘ we get

<

Sk (T2 (b) me (F9 (@) + (-1)" 1 (v))

1

O [ (@ =ty ) [0 @l |1 @) at

0
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1

_ (b—2a)” |f(n) (b)} / ((1 N t)a-i-n—l +ta+n—1) \dt
0

3
,_.

D) (e () — T fla)) - %(f““’(a)ﬂ—l)’“f(k)(b))‘

k=0
1 1 (2.6)
< (b—;)n ‘f(n) (b)‘ / (1 _ t)a+ﬂ*1 \dt + /ta+n_1)\tdt :
0 0
where A is defined by ([2.2)). There are two cases. If A = 1, then ([2.6)) becomes
n—1
2<b“*;" (T2 S ) - et (49 (q) 4 (~1)" fO <b>)‘
k=0
Sl el (2.7)

1 1
In the case where A # 1, an application of Lemma [1.3{ for [ (1 —#)**""" Xdt and [to+"~I\dt gives
0 0

1

a+n—1 G (In )1
/ (1-1t) Ndt = G (2.8)
=1

0

and
1

/ta+" I\t = /\Z( ln“ 1. (2.9)
Substituting (2.8)) and ( . in . we get

n—1
g(batzn( +f() F?“J(r;JrkH) <f(k (a) + (= 1)kf(k) (b)>‘
k=0
—a)"” n - n\)i? nA) !t
< (b2) |f()(b)‘< Eaj‘rn) —i—)\z (lx+/\r2 ) (2.10)
i=1

Now, we treat the case where n is an odd number. It follows from ({2.3)), (2.5, and log—convexity of
1]

o) (1 (8) — Jif(a)) — YOt (1) (a) 4 (D’“f"“)(b))‘

1
< G| (p)] / (1= )™t = potn=t) Ny
0

1

+/(ta+"1 — (L=t Mt |, (2.11)

1

2
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where A is defined by (2.2)). For A =1, (2.11)) gives

n—1

st (25 F(8) = T (@) = D Fe (19 (a) + ()" 5% <b>)‘
k=0

-0 -a)"

- (o + n) 20tn—1 |f (b)| '
For X\ # 1, we have

et (2 1(0) — e (6 (a) 4 (<1t fO (b))‘
k=0

(b—a) |f<n) ()] / _ a+n—1 o ta+n_1) At

0

1

+/(ta+”1 — (L =)™ ) Mt

e 0| [yt VA e (3ma) 1nf
=1

=1

n\)" \/X - Tma)'"
+)\Z (Cly+/\rz : Z a+n 2a+nz(2((lx+>\n>)i )7

=1

where we have used the fact that

1

2

/ (1= " X\dt =

0

1

(1— )" \dt — / (1 =) " X\t

o —

NI

1

/ £ — 21 /ta+”—1 ()\—§>tdt
0 0 -
i (In A)"~ \/Xi(%lnk)l '

latn); 27 (atn)
1 1—1
2 1 1 1\/_ \/_ <_ In \/X>
ettt = ety dt = E
/ 204 / (a+n),
0 0

1 1

/taJrnl)\tdt — /taJrnl)\tdt o

0

ta+n71 )\tdt

o\m\»—t

N

i 11 _ln\/_i—l
g )

215

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)
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and
1 1 3
/(1—t)‘””1 Ndt = /(1—t)‘””1 Atdt—/(l—t)‘”“ Adt
0 0

N

_ VA i(%lm)z_ . (2.17)

20tm e~ (a4 n),

The desired result follows from ({2.7)), (2.10)), (2.12)), and (2.13). O

Theorem 2.2. let f : [a,b] C Ry — R be an n—times differentiable function on [a,b] where n is a
positive integer such that f™ € L ([a,b]) with f®) (b) # 0. If |f(”)‘q is log—convex for some q > 1,
then the following fractional inequality holds

R U0~ @) - £ S (70 @)+ (1)t 10 )

( (I:)z—fn }f(n ‘ n 1s even, \ = 1
<2a(;::);2ibj1a)n |f ) (b)| ) n is odd, A =1

1
% <;% + )\qzl%:gi_l) ' : n is even, A # 1

IN

(b=a)" | ¢(n) (py| (2ot 0 (&t 33 & (hma)T
— ’f ( )| (atn)20+n=2 z:Z:l (atn), 2a+ni:1 (a+n),

i—1 g\ t—1
¢ ( In\2 ) 0 (— In A7)i—1 q (fln)\i)
_M; @), T qul (atn), AQ; (o),

g X (1 )\ @
A3 (2 In A\ ) X
— 5ain or: , n is odd, X # 1
\ i=1 *

(2.18)

where X is defined as in ([2.2)).

Proof . Like in Theorem , assume that n is an even number, using modulus, (2.4), power
mean inequality, and log—convexity of ’ ) !q, we get

S5 (T (0) Q%ZLM (/% (@) + (=1) s® <b>)|
k=0
1 -1
BT
0

q

x (7 ((1 _ gyl ta+”_1) ‘f(”) (at + (1 —1) b))th)
0
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1
1 q
| (2.19)
(b— |f (IZ | (/ ((1 - t)a-l-n—l +ta+n—1) )\qtdt) ’
2q(oz+n) 0

where A is defined as in (2.2)). We distinguish two cases:
if A =1, then (2.19) gives

3
,_.

=
Il

0

) (12, (0) — I F(@) — DS (09 (a) 4 (-1 f(k)(b)>‘

(b—a)™ | f™ ()|

< = (2.20)
In the case where \ # 1, (2.19) becomes
n—1
a+n I'(a+n k
z(bz (Jae f(b) = I~ f(a)) — %TJFU(J?(’C() (1) f(k)(b)>‘
k=0
1 1 2
_a)n |
< Coarjrme) /(1—t)a+"_1 )\qtdt+/t“+”1)\qtdt . (2.21)
24 (a+n) ¢
0 0
Using (2.8) and ([2.9)) by replacing A by A? substituting the result in (2.21]), we obtain
n—1
I'(a+n T'(a+n k
2(bJ; (Ja f(b) = I~ f(a)) — %—kmow() +(=1) f(k)(b)>‘
k=0
1
(b-a)"[F®)] [ o= (1nAzy q o (Cloayict )
= et (2 G, A X;W : (222)

Now, suppose that n is an odd number, using . modulus, , power mean inequality, and
log—convexity of ‘ fi ‘ we get

,_.

n—

SN (T £(0) = Ji- (@) = Y EGeet (19 (@) + (1) 19 )

0

e
I

1—

Qe

1

1
(b—2a)" /((1 _ t)ClH"rL*l . ta-i—n—l) dt + / (ta+n—1 N (1 . t)oHrnfl) dt
0

IN

N

/ (L =t)*™ =t — gty | #0) (at + (1 — t) b)|" at

[ ) | - )
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n atn— 17; % at+n—

_ (b—2a) ‘f(n) (b)‘ (@%) q ({; ((1 —t) +n—1 _ta+n—1) )\qtdt
1
q

+ [ (et — (1= )T Nt | (2.23)

Wl — =

where A is defined as in (2.2)).
The case where A\ = 1, from ([2.23]) it yields

n—1

SR (T f(0) = T f (@) = Y Hal (109 (a) + (D’“f"“)(b))‘

k=0

(2047=1—-1)(b—a)"

< (atn)20tn—1 ‘f(n) (b)| : (224)

Now, assume that A # 1, from (2.23)) we have

3
,_.

2(b—a)

Hen) () — Ji- f(a) = 3 S (0 (a) (1)’“f<’“)(b))‘

B
Il
o

1
2

at+n— 1-7
< (b a) |f(n)< )} 20t —1 /(1_t)a+n1>\qtdt
- (Ck +n) Qot+n—2
0

2 1 1
- /ta+n1)\qtdt 4 /taJrnl)\qtdt . / (1 . t)a—i-n—l )\qtdt
0

1
2

N|=

Qe

" 2a+n—l -1 1-
— (b—a) n
= o0 ) ((a+n>2a+n_2)

oo q oo 1
(many—t A2 (L1nx9) ~ma$)
X <Z (atn), 2WZ <a+n> — A2 Z a+n

=1 =1

1
o0 i—1

S At ags (Find) A () ! 2.25
+ Z (otn), Z a+n - 2a+nz (atn),; ) ( : )

i=1 i=1

where we have used (2.14)—(2.17) by replacing A by A?. Thus, the desired result follows from ([2.20)),

£29). @20). and 225 O

Theorem 2.3. Assume that all the assumptions of Theorem are satisfied, then the following
fractional inequality holds

n—1

SR (T f6) = Jie (@) = D Hem (109 (a) + (—1)F S (b))|

k=0
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1
( 27 (b—a)” | F™ (b)| .
e n is even, A = 1

(p(a-tn—1)+1)7

<2P(a+n 1) P(b )" ‘f(n s n s 0dd7 A=1
(platn— 1)+Dp2a+"
<
2% (b—a)" F ) i
POR) ez
(plotn—1)+1)?

1

1
(et 0 1)P poa) (xz—1> T ns odd, A # 1

L (platn—1)41)p2T "5 \ 40X
(2.26)
~ : 1,1 _
where X\ is defined as in (2.2)) and st =1L
Proof . From , modulus, Holder inequality, and log—convexity of | f |q, we get
n—1
rotn) (2, £(b) - B (19 (@) + (=" £ )
k=0
1 1
1 /1 i
s g ) ( [yt oo eepa) (o
0 0
(2.27)
Assume that n is an even number, then - becomes
bt (o) - St (70 o)+ (1) <b>)‘
1 1
1 /1 3
< Ol ) ()] / (1 =)™t ot gy / At
0 0
1
1 /1 7
< G| 2 / ((1 —pypletnl) #’(O‘*"*U) di / At
0 0
2 (b—a)" [/ O (10
_ ‘ | / xtdt | (2.28)
(pla+n—1)+1)r

where we have used the following algebraic inequalities (v + w)” < 2871 (v° +w?) for B > 1 and
v,w > 0.
If A=1, (2.28)) gives
n—1
(a+n) a+n k
Nt (o (5) - asnloea® (10 (q) 4 (~1)* §O (b))‘

2(b—a)
k=0

2%(b—a”‘f("
(pa+n—1)+1)

(2.29)

l .
p
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If A # 1, (2.28) gives
n—1
Oé n aTn —ak
S (T (0) = T f (@) = D Sl (1) (@) + (<1)* 1O (1)) '

k=0
2 (b—a)" |f™ (1) (xz— 1>;
(p(a+n—1)+1)r \ ¢lnA
In the case where n is an odd number, then (| m becomes

(2.30)

n—1

a6y (Ja f(0) = B (19 (@) + (-1)* 5% <b>)‘

k=0

1
1 q
< O )] / A dt

0

LA

1

3
% /((1 N t)cx-‘rn—l o tonrnfl)p dt + / (taJrnfl o (1 o t)oz-‘rn—l)p dt
0

1

2
1 1
1 q 2

(b—a)™ |f(n) (b)} /)\qtdt /(1 . t)p(a-i-n—l) dt

0 0

S =

1
2 1 1

2
- / tpletn=U gt 4 / gpletn=Nqp / I e/

0

[N
N

1 1 3

op(atn=1) _ 1\ (} —

_ Y b-ay | £ ()] /Aqtdt : (2.31)
(p(a—l—n—l)—l—l)? 90 tn—y g

where we have used the following algebraic inequalities (v — w)ﬁ < (U’B — wﬁ) for fixed 8 > 1 and
0<w<w.

If A =1, (2.31)) gives

Kt (72, 0) — I F(a) — DS (00 a) 4 (1) f(k)(b)>‘
k=0
G DO o). (232

(pa+n—1)+ 1)% gertn—y
If A #1, (2.28)) gives

(2 0) = I () — Y S (1 (0) + (1>kf(’“)(b))‘

0

,_.

i

<

(274D 1) 7 (b a)" < A — 1)3 (2.33)

(p(a+n—1)+1)r 25 \ ¢lnA
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The desired result follows from (2.29)), (2.30)), (2.32)), and (2.33)). O
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