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Abstract

In this paper, we are concerned with positive solutions for higher order m—point nonlinear fractional
boundary value problems with integral boundary conditions. We establish the criteria for the exis-
tence of at least one, two and three positive solutions for higher order m—point nonlinear fractional
boundary value problems with integral boundary conditions by using some results from the theory
of fixed point index, Avery—Henderson fixed point theorem and the Legget—Williams fixed point
theorem, respectively.
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1. Introduction

In [I1} 12], I’in and Moiseev studied the existence of solutions of multi-point boundary value prob-
lems for linear second-order ordinary differential equations. Since then, more general nonlinear
multi-point boundary value problems have been studied by several authors. We refer the reader to
[2, 6, [10} [14], 17, (18, 19} 28], 29] 33] for some references along this line.

Fractional calculus is a generalization of ordinary differentiation and integration to arbitrary
noninteger order. The topic of fractional differential equations and inclusions has recently emerged as
a popular field of research due to its extensive development and applications in several disciplines such
as physics, mechanics, chemistry, engineering, aerodynamics, electrodynamics of complex medium,
polymer rheology, see [20] 24, 25| 26].
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Among all the researches on the theory of the fractional differential equations, the study of the
boundary value problems for fractional differential equations recently has attracted a great deal
of attention from many researchers. There are some papers considering the existence of positive
solutions of higher order fractional boundary value problems, for instance, [1, [7, 8, [16], 35] and the
existence of positive solutions of the boundary value problems for some specific fractional differential
equations with integral boundary conditions (see [4, Bl 13 15, 23] 27, B30, B1, B2]).

Zhang, Wang and Sun [34] were interested in the following boundary value problem (BVP)

D& u(t) + h(t)f(t,u(t) =0,0<t<1,3<a<4
u(0) = v/(0) = - u’(0) =0,
u(l):)\bfu(s)ds

They have studied the existence of at least one positive solution to BVP using the fixed point index
theory. Wang and Zhang [30] are concerned with the existence of at least one solution of the following
higher order multi-—point BVP

Dgu(t) + h(t)f(t,u(t) =0,0<t<l,n—1<a<n
u(0) = /(0) = -+ = u-3(0) = 0,

n
u(1) = X [u(s)ds,
0
where 7 is given constant.

In this paper, we study the existence of positive solutions to multi-point BVP for higher order
fractional differential equations:

Dg.u(t) + f(t,u(t)) = f € [0,1],

w(0) = u/(0) = - - = ul *2():()

() <>m2 7 (0) =0, .
:Eapofu

where Df, is the Riemann-Liouville fractional derivative of order «. Throughout the paper we
suppose that n > 3, n —1 < o < n where n € N and a, > 0 are given constants and 0 < &§ < ... <
Em—2 < 1. We assume that f : [0,1] x [0,00) — [0, 00) is continuous.

We note that if n = 4 and m = 3, then the BVP (1.1 reduces to the BVP in [34]. Besides, we
establish the criteria for the existence of at least three positive solutions.

In this article, existence results of at least one positive solution of are first established as a
result of the theory of fixed point index. Second, we apply the Avery—Henderson fixed—point theorem
to prove the existence of at least two positive solutions of . Finally, we use the Legget—Williams
fixed—point theorem to show that the existence of at least three positive solutions of .

2. Preliminaries

In this section, we preliminarily provide some definitions and lemmas which are useful in the following
discussion.

Definition 2.1. The Riemann-Liouville fractional derivative of order ¢ > 0 for a function u :
(0,00) — R is defined by

1 ar

Dgiu(t) = m%/o (t — )" tu(s)ds,
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where I'(+) is the Euler gamma function and n = [a] + 1. [a] denotes the integer part of the number
a, provided that the right-hand side is point wise defined on (0, c0).

Definition 2.2. The Riemann-Liouville fractional integral of order o > 0 of a function u : (0, 00) —
R is given by

ou(t) = ﬁ /0 (t — 5)°u(s)ds.

Lemma 2.3. (Kilbas et al. [20]) The equality Dj, I, f(t) = f(t), v > 0 holds for f € L(0,1).
Lemma 2.4. (Kilbas et al. [20]) If a > 0, then the differential equation

DSu=0 (2.1)
has a unique solution u(t) = c1t* 1+ cot®* 2+ -+, t* ", ¢ €R,i=1,...,n, wheren—1 < a < n.

Lemma 2.5. (Kilbas et al. [20]) If @ > 0, then the following equality holds for v € L(0,1),
Deu € L(0, 1);

I8 Dyeu(t) = u(t) + et '+ cot® 2 4o et (2.2)
geER,i=1,....,n, wheren —1 < a <n.
Lemma 2.6. If y € C[0,1], K := 1 — Z ap= % > 0 and J, = 0,&], Jo = [&1,&),- -, Jm—2 =

[Em—3,&m—2], Jm-1 = [Em—2,1], then BVP
(2.3)

has a unique solution

u(t) = /G(t,s)y(s)ds, (2.4)

where )
( m—
(I—s)r ot = 3 22, —s)t* 1 t < s,5€J;
p=k
1 = — 1.
G(tas):Kr k=1,2,...,m—1; . (2.5)
@) | (1 = gyerpom1 — K1 — 5= o (g, — g)etet
p=k
(t>s,se i, k=1,2,... . m—1.

1
= —— / s)ds + 1t 4 ept® 4o bt (2.6)
0
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By boundary conditions of (2.3 we get ¢co = ¢3 =--+ = ¢, = 0. Then we have
t
1
0
and
1
1
u(l) = —m /(1 s) (s)ds + ¢ (2.7)
0
Also, for p=1,2,...,m — 2 we obtain
&p | & =z &p
/u(s) = Tl // s)dsdx + ¢ /so‘_lds
0 0 0

& €
:——//x—so‘l da:ds+cl/o‘1ds

Thus, we get

3
N
S
=
&
QU
)
I
3
|
A~
!
Ois
ggf‘r
Q
2
Q
=
®
+
2
|</\f"r
Q
~—

3
Il
—_

p=1
we have 1 (1 — syt s &p " o
_ — S _ p — S
“a= 0/ KT(a) V)4 2 0/ KaT(a) V()%
Hence, we have
t 1 &p
S)oz 1 (1 S)a—lta—l m—2 (§ )ata 1
0/ (o) ds—i-o/ KT(a) y(s)ds — p:10/ pKaF(a) y(s)ds

G(t, s)y(s)ds.

Il
o _

The proof is complete. [

For the convenience, define the following:

m—2 a—1 _ ¢«
|:1 + ap(fp - £p):|

=1

m—2
n
o A —
aKF ;a”gp’ KT (a

hS]
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Throughout the paper we assume that M > m.

Lemma 2.7. The Green’s function G(t,s) defined by satisfies
G(t,s) < Ms(1—s)>t

for (t,s) € [0,1] x [0, 1].

Proof . Fort <s,se€ Jy, k=1,2,...,m — 1, we have

m—2

KT(2)G(t,s) = (1—s) 1= %(gp — s)egel
p=k
m—2 16% m—2 a é—a
_ PSp a—10—1 PS5p a—10—1
= <1_Z - )(1 s 4 > (-8
p=k p=k
_m—2 apé—g (1 B 8>Oéta_1
« &p

IN
7 N\
—
|
M

.
Q
o bS]
L’%
N——
—
»
~—
ol
L
~
Q
L

p=k
m—2 fa a
+ ) et [(1 _ gyl <1 - S) (1- ) 1}
p=k &
m—2 a ga
< <1 _ Z P>p > (1 )a—lta—l
p=Fk «
= P& a1 oz—1|: < 3)]
+ e l1—g) 11— (1- =
p=k &
e(eg) o (g) e S)"T
gp gp fp
m—2 « m— a— 1
< n<1_ ap(f >( . alta 2—|—TLSZ pE - altal
p=k

IN
3
V)

—~
—

[
V)
~—
i
—_

r m—2 o m—2 a—1
ap&y ap&y
- Z o T ,,Zk T

e m—2 a—1
ns(l— s)afl 1-— Z o Z apﬁa }
L —1

= ns(l—s)t 1+Zap P 510)]

IN

Also, fort > s, s € Jp, k=1,2,...,m — 1, we obtain

-2

KT(a)G(t,s) = (1— )"t = K(t—s)*"" =)

=k

3

ata 1

Q |§

3
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m—2

< (1 _ S)afltafl - Z %(gp - S)atafl
p=~k
m—2 a m—2 a—1
a a
<ns(l— [ Z f + p£ ]
p=1 p=1

ns(1—s)* 1[1+22a” 5 ga)]
p=1
Hence, we get G(t,s) < Ms(1—s)*1. O
Lemma 2.8. The Green’s function G(t,s) defined by satisfies
G(t,s) > ms(1 —s)* 1!
and G(t,s) > 0 for (t,s) € [0,1] x [0, 1].

Proof . Fort <s,se€ Jy, k=1,2,...,m — 1, we have

m—2

KI’(a)G(t, S) - (1 _ S)Oéflta*l _ Z %(fp . S)O{tafl

p=1 @
m—2 m—2
&Y a,&S
= (1 a—1l;a—1 . PSp PSp
(1—s)*"t [1 o + Z S
p=1 p=1
_92 a
a
Z ng 8(1 S)a—lta—l
a
p=1
Besides, fort > s, s € Ji, k=1,2,...,m — 1, we find
m—2 a
KT(a)G(t,s) = (1—s)*"t* '~ K(t—s5)*"— L& — s) !
p=Fk @
m—2 m—2
a,&S &Y
> 1— a—lta—l — (1 P>p t— a—1 _ P>p 1 aga 1
> (14 ( > )= 51
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m—2 m—2
apy apy
— 1 — P>p _ a—lpa—1 oy Na—1 P>p _ Ja—1lpa—1
( > a){u $)* 1t (t=9)" [+ (1 —s) 7t
p=1 p=1
> (1 S b (1—8)2"2272[(1 — )t — (¢t S Wt 1 —s)o 1!
> (1= ) @ - s - )+ Y (1)
p=1 p=1
> 1 — apgg (1 a72ta72 1—+¢ — apfl? 1 afltozfl
> — N —s) s( _)+ZTS( —3)
p=1 p=1
m—2 a
Qa
> pgp 8(1 _ S)afltafl'
«
p=1

Thus, we obtain G(t,s) > ms(1 — s)*~'t*"! for (¢,5) € [0,1] x [0,1]. Clearly G(t,s) > 0 for
(t,s) € [0,1] x [0,1]. The proof is complete. [J
Let B denote the Banach space C[0, 1] with the norm ||u|| = m[ax} |u(t)|. Define the cone P C B
tefo,1
by
m
P={ueB:u(t) >0 for Vt € [0,1],u(t) > Mta_lﬂuﬂ}, (2.9)

where m and M are given in (2.8). By Lemma [2.6|the solutions of the BVP (|1.1)) are the fixed points
of the operator A : P — B defined by

1

Au(t) = /G(t, s)f(s,u(s))ds. (2.10)

0

Lemma 2.9. A: P — P is completely continuous.

Proof . If u € P, then we have Au(t) > 0 on [0, 1] by using Lemma On the other hand, we
obtain

1

|Aul| = %{?}]/G(t’ s)f(s,u(s))ds < /Ms(l —8)* (s, u(s))ds,

by Lemma [2.7] Therefore, we get

Aut) = / G(t, 5) f(5,u(s))ds > / ms(1 = )" f (s, u(s))ds > 7010 Au],

0

by Lemma 2.8, Thus Au € P and therefore we have AP C P. And by a standard argument, we
know that A : P — P is completely continuous. [

Definition 2.10. Remember that a subset K # () of X is called a retract of X if there is a
continuous map R : X — K, a retraction, such that Rz = = on K. Let X be a Banach space,
K C X retract, Q C K open and F : Q — K compact and such that Fiz(f)N9dQ = ). Then we can
define an integer i (f,{2) which has the following properties.

(a) ix(f,Q) =1for f(Q) € Q.
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(b) Let f: Q — K be a continuous function and assume that Fiz(f) is a compact subset of (.
Let ©; and Q9 be disjoint open subsets of Q such that Fixz(f) C Q; Uy Then we obtain
i (f, Q) =ik (f, ) + i (f, Qo).

(c) Let G be an open subset of K x [0,1] and F' : G — K be a continuous map. Assume that
Fiz(F) is a compact subset of G. If G, = {z : (z,t) € G} and F; = F(-,t), then we have
ix(Fo, Go) = ix(F1,Gh). B

(d) If Ky C K is a retract of K and F(Q2) C Ky, then ix(F,Q) = ix,(F, Q2N Kj).

In order to follow the main results of this paper easily, now we state the fixed point theorems which
we applied to prove main theorems.

Lemma 2.11. (Guo and Lakshmikantham [9], Lan [21]) Suppose P is a cone in a real Banach space
B and let D be an open, bounded subset of B with D, := DN P # () and D, # P. Assume that
A: D, — P is a compact map such that y # Ay for y € 9D,. The following results hold.
(i) It |Ay[| < [ly|| for y € OD,, then ip(A, D) = 1.
(ii) If there exists b € P\{0} such that y # Ay+Abforally € 9D, and all A > 0, then i,(A, D,) = 0.
(iii) Let U be open in P such that U, C D,. If i,(A, D,) = 1 and i,(A,U,) = 0, then A has a fixed
point in D,\U,. The same result holds if i,(A4, D,) = 0 and i,(4,U,) = 1.

Theorem 2.12. (Avery and Henderson [3]) (Avery-Henderson Fixed Point Theorem) Let P be a
cone in a real Banach space E. Set

P\ r)={ue P:\u) <r}.

Assume there exist positive numbers r and M, nonnegative increasing continuous functionals ®, A
on P, and a nonnegative continuous functional v on P with v(0) = 0 such that

AMu) < v(u) < O(u) and ||ul| < MA(u)

for all u € P(\,r). Suppose that there exist positive numbers p < ¢ < r such that

v(Cu) < (v(u), for all 0 < ¢ <1andu € IdP(v,q).

If A: P(\,r) — P is a completely continuous operator satisfying

(i) A(Au) > r for all u € IP(\, ),
(i) v(Au) < g for all u € OP(v,q),
(iii) P(®,p) # 0 and ®(Au) > p for all u € IP(P, p),

then A has at least two fixed points u; and uy such that
p < ®(uy) with v(u;) < g and ¢ < v(ug) with Mug) < r.

Theorem 2.13. (Legget and Williams [22]) (Leggett—Williams Fixed Point Theorem) Let P be a
cone in the real Banach space E. Set

P.={zxeP:|z| <r}
P, a,b) = {r € P a < (@), o] <b}

Suppose A : P, — P, be a completely continuous operator and 1 be a nonnegative continuous
concave functional on P with ¢ (u) < |Ju]| for all u € P,. If there exists 0 < p < ¢ <[ < r such that
the following condition hold,
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() {ue P(q.1) : v(u) > g} # 0 and (Au) > g for all u € Py q.1):
(ii) [|Aul| <p for [Jul] < p;
(iii) ¥(Au) > q for u € P(¢,q,r) with ||Au|| > I,

then A has at least three fixed points u, us and us in P, satisfying

ur|l < p, Y(uz) > q, p < |Jus|| with ¢(us) < q.

3. Main Results

For convenience, we define
1
/5 (1—5)*ds (3.1)
0

and we take arbitrary constant 7 such that 0 < n < 1. Now, we will give the sufficient conditions to
have at least one positive solution for the BVP (1.1)) by using Lemma [2.11} For the cone P given in
(2.9) and any positive real number r, define the convex set

P ={ueP:|ul|<r} (3.2)

and the set m
= P: t — 3.3
={ue€ tg%;q}U( )<t (3.3)

where m and M are as in (12.8)).

Theorem 3.1. Let there exist number r > 0 such that the function f satisfies the following condi-
tions:

(i) f(t,u) < 575 and u # Au for (t,u) € [0,1] x [0,7];

(ii) f(t,u) > etz and u # Au for (t,u) € [, 1] x [2r,r].

Then the BVP has at least one positive solution u in PT\Q_T.
Proof . If u € OP,, then we obtain 0 < u(t) < r for t € [0,1]. Thus, we have

1 1

1
Au(t) = /G(t s)f(s,u(s))ds < M/ —5)* 7 f(s,u(s))ds < Z/s(l —5)* tu(s)ds < ||ul],
0 0
by using hypothesis (i), Lemma[2.7 and (3.1). It follows that || Au| < ||u| for u € OP,. By Lemma
2.11| (), we get ip(A, P) = 1. Let u € 98, Since (2. C P, and u € 99, we have T3 < u(t) <r for
t€n,1]. Ifb(t) =1 for t € [0,1], then b € OP;. Assume that there exist uy € 92, and Ag > 0 such
that ug = Aug + A\ob. Then for t € [n, 1] we have

1
o(£) = Auo(t) + Aob(t) /G F(5,u0(s))ds + Ao
0
1 1
> [ min G(t,5)f(s,uo(s))ds + g > [ min mt* ' s(1 —s)* L f(s,up(s))ds + Ao
ten,1] ten,1]

0

1
/ )0 f (s, uo(5))ds + Ao > o4 Mo,
M
0



256 Yaslan, Gilinendi

with the assumption (i7), Lemma and (| . Since this implies that 77 > 77 + Ao, we obtaln a
contradiction. Hence, we have 7é Aug —i— )\Ob for ug € 02, and A\g > 0, so by Lemma 1| (i1), we
get ip(A,€,.) = 0. From Lemma (7ii), A has a fixed point in PT\Q_T. So, the BVP has at
least one positive solution v in P\Q,. O

To prove the existence of at least two positive solutions of the BVP ([1.1]), we apply the Avery—
Henderson fixed point theorem.

Theorem 3.2. Suppose that there exist numbers 0 < p < q < r such that the function f satisfies
the following conditions:

(i) F(tw) > =y for (tu) € [, 1] x [r, =2r);
(i) f(t,u) < 375 for (t,u) € [0,1] x [0,q];
(i) f(t,u) > L for (t,u) € [0,1] x [0, p],
where m, M and L are as in (2.8)) and (3.1), respectively. Then the BVP (1.1)) has at least two

positive solutions uy and us satisfying

p < ||ua]| with ||ui|| < q and q < |jus|| with Hﬁirh ug(t) <.
teln,

Proof . Define the cone P as in (2.9). From Lemma 2.9, AP C P and A is completely continuous

operator. Let nonnegative increasing continuous functionals ¢, 6 and v defined on the cone P by

P(u) = tgﬁg}U(t), 0(u) = Y(u) = max u(t) = ull-

For each u € P, we have ¢(u) < 6(u) < 1p(u) and

m
— : t _tOt 1 — a—1 .
o(u) i u(t) > tléﬂ[”h 7 |ul| = 27" [ ul|

Also, #(0) = 0 and for all u € P, A € [0,1] we have #(Au) = M(u). We now verify that other
conditions of Avery—Henderson fixed point theorem are satisfied. If u € OP(¢,r), we have r <
u(t) < #r for t € [,1]. Then from assumption (i) and Lemma , we have

1

¢(Au) = min /G(t, s)f(s,u(s))ds

> min mt“l/s(l —8)*  f(s,u(s))ds > 7.
0

Thus, condition (i) of Avery—Henderson fixed point theorem holds. If u € dP(6,q), we have 0 <
u(t) < g fort € [0,1]. Then, we get

1

0(Au) = max /G(t s)f(s,u(s))ds

t€0,1]

1

< st s s ule)ds < g

0
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by hypothesis (i) and Lemma 2.7 Hence, condition (i) of Avery—Henderson fixed point theorem
holds. Since 0 € P and p > 0, P(¢,p) # 0. If u € OP(¢,p), we have 0 < u(t) < p for t € [0, 1].

Then from assumption (7i7), we obtain

1

(Au) = max / G(t, 5)f (s, u(s))ds

1

> max mtalfs(l —5)* 1 f(s,u(s))ds
t€(0,1]
0

= m/s(l —5)* 1 f(s,u(s))ds > p.

Since all conditions of Avery—Henderson fixed point theorem are satisfied, the BVP ([1.1]) has at least
two positive solutions u; and uy such that

p < |lua]| with [|u1]] < g and g < ||uz|| with Hfiq} ug(t) < r.
ten,

O
Now we will use the Legget—Williams fixed point theorem to prove the next theorem.

Theorem 3.3. Suppose that there exist numbers 0 < p < ¢ < — e —M__q <r such that the function f
satisfies the following conditions:

(i) f(t,u) < 577 for (t,u) € [0,1] x [0,7];
(”) f(t U) m fO’f’ (tuu) S [77; ]-] X [q7 %d;
(iii) f(t,u) < 355 for (t,u) € [0,1] x [0, p],
where m, M and L are as in (2.8)) and (3.1)), respectively. Then the BVP (1.1)) has at least three

positive solutions uy, us and ug satisfying

|ui]| < p, ltmin us(t) > q, p < ||us|| with min us(t) < gq.
6[7771] te[nvl}

Proof . Define the nonnegative, continuous, concave functional ¢ : P — [0,00) to be ¢(u) =
min u(t) and the cone P as in (2.9). For all u € P, we have ¢(u) < ||ul|. If u € P,, then we obtain

te[n,1]

0 <u(t) <rforalltel01]. We get

HAuH—max/Gts 5, u(s))ds

te[0,1]

<M / Fls,u(s))ds <1,

by hypothesis (i) and Lemma . Thus, we have A : P, — P,. From Lemma . 29, A: P, —» P, is
completely continuous. In the same way, we can show that if (i7i) holds, then A(P ) C P,. Hence,
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we get |Aul| < p, Vu € P, and so condition (#7) of Theorem [2.13| holds. Since # > 1, we have
mma=1q € P(¥, ¢, i=rq) and ¥ (;i=rq) > ¢. Then, we obtain

{ue P(y,q, ;\Z -q) s (u) > g} # 0.

On the other hand, for all u € P(v,q, T —M__4), we have ¢ < u(t) < #q for t € [n,1]. Using
assumption (ii) and Lemma [2.8] we find

1

Y(Au) = min Au(t) = min /G(t s)f(s,u(s))ds

ten,1] ten,1]

te(n,1]

>m1nmto‘1/ —8)* 7 f(s,u(s))ds > q.
0

Thus, condition (i) of Theorem [2.13] holds. Finally, We will check that condition (i7i) of Theorem
- We suppose that u € P(1), q,r) with [|Au| > e —M__g. Then we obtain

(Au) = min Au(t) > min Mta Y Au| = M n* | Aul|

te(n,1] ten,1]
> E a—1 M _
MT] m?’]ail q - q

Since all conditions of the Legget—Williams fixed point theorem are satisfied. The BVP (1.1]) has at
least three positive solutions wuq, us and ug such that

lur]] < p, min us(t) > q, p < |[usl| with min us(t) < gq.
6[77»1] te[ﬂ’l]

O

N~

Example 3.4. Takingn =4, m =4, a =3, a; = i =&, ay = % = &, we consider the following

boundary value problem:

£
—~
o SN—
N~—
Il
Q\
S
)
S~—
Il
Q\
=
)
S~—
I

(3.4)

where

1 , u < 0.003,

109 1\ u®
54 +12>

Then by simple calculations, we can obtain that K ~ 0.9868, L = 4, m & 0.004, M ~ 1.237. If we
take p = 0.0001, ¢ = 0.003, r = 2000, then all conditions in Theorem [3.2] are verified. Thus the BVP
(3.4) has at least two positive solutions u; and uy satisfying

0.001 < |Juq|| with [Jui|| < 0.003 and 0.003 < ||ug|| with I[Iéigll] ug(t) < 2000.
t€[0.9,
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Example 3.5. Taking n = 3, a = g, m
boundary value problem:

3,a1=1,& = % and n = 0.9 we consider the following

u(t) + 200 — o ¢ e [0, 1]

u(0) =4/(0) =0 (3.5)

Then we get K ~ 0.92928932, m ~ 0.05723976, M ~ 2.60019693 and L = +. If we take p = 0.00001,
q =10 and r = 2000, then 0 < p < ¢ < —4_¢ < r and the conditions (i) — (iii) of Theorem [3.3| are

mnafl

satisfied. Thus, the BVP ({3.5)) has at least three positive solutions u;, us and ugz satisfying

llui|| < p, min uy(t) > q, p < ||uz]| with min wus(t) < gq.
t€[0.9,1] t€[0.9,1]
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