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Abstract

Using a Bessel generalized translation, we obtain an analog of Titchmarsh’s theorem for the Bessel
transform for functions satisfying the Lipschitz condition in the space L, (R ), where a > —% and
1l<p<2
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1. Introduction and preliminaries

Integral transforms and their inverses (e.g., the Bessel transform) are widely used to solve various
problems in calculus, mechanics, mathematical physics, and computational mathematics (see [3] 4]
5, 16, [7]).

E. C. Titchmarsh ([4], Theorem 85) proved that if f(z) in the space L*(R) such that || f(z +h) —
f(:p)||L2A(R) = O(h*) as h — 0 and « € (0, 1) if, and only if fl/\\zr |f(N)]2dX = O(r=2*) as r — 400,
where f stands for the Fourier transform of f.

In this paper we try, among other things, to explore the validity of this theorem in case of the
Bessel transform in the space L, o (R.).
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Let Lyo = Lyo(Ry); (> —3, 1 < p<2),is the Banach space of measurable functions f(t) on

R, with the norm
o0 1/p
1 Fllpe = ( / |f(t)|pt2"‘“dt) |

&  (2a+1)d
B= — 4+ Y 7
w1 @
be the Bessel differential operator. For oo > —%, we introduce the Bessel normalized function of the

first kind j, defined by

Let

» 00 —1)» 2\ 2n
jo(2) =T(a+1) ) n!F(7(1 +)a +1) (5) ’

n=0
where I' is the gamma-function (see[2]).
The function y = j,(z) satisfies the differential equation

By+y=0

with the initial conditions y(0) = 1 and ¢'(0) = 0. j,(2) is a function infinitely differentiable, even,
and, moreover entire analytic.

Lemma 1.1. The following inequality is true
11— Jja(2)] = ¢,
with x > 1, where ¢ > 0 s a certain constant.

Proof . The asymptotic formulas for the Bessel function imply that j,(z) — 0 as z — oc.
Consequently, a number zy > 0 exists such that with « > z¢ the inequality |j,(z)| < 3 is true. Let
m = Milge g0 |1 — Ja()]. With 2 > 1, we get the inequality

1= Ja(x)] = ¢,

where ¢ = min(3,m). O

In L, ,, consider the Bessel generalized translation T}, (see [2]) defined by

Thf(t) = ca/ (V2 + h2 — 2th cos @) sin®® pdy,
0

Co = </07r sin?® gpdgp) B = %

Tof(t) = f(1).

The Bessel transform is defined by the following integral transform [T, 2, ]

where

It is easy to see that

Falf)(N) = / iR dr, A e R,

The inverse Bessel transform is given by the formula
£ = @Ta+ 1) [ Fa(HN(0Xr 1
0

We now formulate some properties of the Bessel generalized translation (see [11 2]):
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1.
Thja()‘t) - ja()‘h)ja()‘t)

2. T}, is selfadjoint: if f(¢) is a continuous function in Ly, and g(¢) is a continuous, even, and
bounded function on R then

| sanawe=ian = [ s mameena

Trf(t) =Tif(h).
The following relation connects the Bessel generalized translation and Bessel transform
Fe(Trf)(A) = ja(AR) Fa(f)(A).

We have the Hausdorff-Young inequality

IFB(Nlga < Clflpa (1.1)

where C' is a positive constant and 110 + % =1

2. Main Result

In this section we give the main result of this paper. We need first to define (3, v, p)-Bessel Lipschitz
class.

Definition 2.1. Let § > 0 and v > 0. A function f € L,, is said to be in the (f3,~, p)-Bessel
Lipschitz class, denoted by Lip(f,~,p), if

hb
0= SOl = 0 (o )+ o —0
Theorem 2.2. Let f(x) belong to Lip(B,~,p). Then
r—48

[ im0 (W

) as r — +00,
1,1 _
wher65+a—1.

Proof . Suppose that f € Lip(53,v,p). Then we have

B
T () = FOlla =0 (oo ) a5 h—0
h

IfXe [%, %] then Ah > 1 and Lemma implies that

1
— — 9 q
1< 2= Ja(AR)]".
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According to Lemma we obtain that

2/h L
/ Fa(HIAZTAN < = [ 1= ja(AD)|| Fa(f)(A)[2A%FdA
1/h ct Jin

< S [ - dnriE Py
0
K| Twf(z) = f(2)]}q
O( hdb )
(log 7)o

for all r > 0. Thus there exists C; > 0 such that

IN

! )22 g\ e
& < [—
JGI] <O
Furthermore, we have

/OO|fB(f)()\)’q)\2a+1d)\ _ Z/ | Fa(f ‘Q)\Qoz-i-ld)\

T

IN
Q
&M8

—
o/’\
0 | N2
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IN

This proves that

(logr)a

[ imnmmea o

which proves the theorem. []

) as r — 00,

Definition 2.3. A function f € L, , is said to be in the ¢)-Dini Lipschitz class, denoted by Lip(p, ),

if
w(h)

(log )

| Thf(z) — f(2)]pa :O< ) v>0, as h — 0,

where

1. 4(t) is a continuous increasing function on [0, c0),

2. P(ts) < P(t)y(s) for all s,t € [0,00).

Theorem 2.4. Let f € L, and let ¢ be a fized function satisfying the conditions of Deﬁnition
if f(x) belong to Lip(p,1). Then

/OO | Fa(£)N)|INTdN = O(p(r~9)(logr) ™) as r — +o0.
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Proof . Assume that f € Lip(p, ). Then we have

| Trhf(z) — f(2)]lpa =0 ((ﬁg(@)V) as h — 0.

It X\ e [%, %] then hA > 1, then the following inequalities can be derived from 1) and from
similar reasoning as in the proof of Theorem [2.2] so that we obtain

2/h L
/ |]:B(f)(/\)|‘I)\2a+1d)\ < — |1 _ja(h/\)|‘J|]:'B(f)(>\)|q)\2a+1d)\
1/h cl 1/h

1 [*>
< = 11— Ja (RN Fa(£) (V)] 2N**dN
0
1
= ST~ f@)lL
ha
-0 (M) ‘
(log 7)®
Thus there exists then a positive constant € such that
2r 7(1)
Mgy < o L0
JLG] <Gl

So that

/TOO | Fa(f)(N)|TN*FdN = {/jr—k/:—i—/:T_i_...} | Fa(F)(V)]IA22H )
P(r™?) w(2r)71) | o () )

= Cl(logr)q’Y "(log 21y " (log 4r)ar
b(r™?) (2r)71) | ((4r)7)
= Cl(logi)‘” lognm TN logrym
< Ok (4 0+ P+ )+
P(r™?)
< CJQW,

where K7 = (1 —(27%))~! since Definition [2.3| it follows that 1/(279) < 1. Then
+o00
/ | Fa(f)N)|IN*FdN = O (¢(r~ ) (logr)™ ™) as r — +o0
which proves the theorem. [
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