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Abstract

By the method of weight coefficients and techniques of real analysis, a Hardy-Hilbert-type inequality
with a general homogeneous kernel and a best possible constant factor is given. The equivalent
forms, the operator expressions with the norm, the reverses and some particular examples are also
considered.
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1. Introduction and preliminaries

Suppose that p > 1,1 +1 = 1, f(z), g(y) > 0, f € L”(R,), g € LI(R,),

It = ([ fp(af)dx); -0,

llgl; > 0. We have the following Hardy-Hilbert integral inequality with the best possible constant

factor 7 (cf. [1]):
* [ f(@)g(y) m
| [ ey < Tl (1.1
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Assuming that a,,,b, > 0,a = {an oo, € P, b= {b,}3>, €19,

o0

1
lall, = (O ab,)# > 0,]]bll, >0,

m=1

we have the following Hardy-Hilbert inequality with the same best possible constant factor (cf.

1)

7

DI < s Nl liol (1.2)

n=1 m=1
The inequalities ([1.1]) and ([1.2)) have proven to be of importance in Analysis and its applications (cf.

[, 121, 3], [, [, [6]).

If k(z,y) is a finite positive homogeneous function of degree —1 in R? where

k= / k(u, 1)u=YPdu = / ka(1,w)u™"%du € Ry,
0 0

k(z,y)sYP(k(z,y)y~1/9) is strictly decreasing with respect to = > 0 (y > 0), u;,v; > 0 (i,j €

N={1,2,---}), and
Un =Y i, Vo= vj(m,n € N), (1.3)
i=1 j=1

then for .
we have the following Hardy-Hilbert-type inequality (Cf. [1], Theorem 320, replacing i) Yaq,, and

UTIL/pbn by a,, and b,,) :

ZZk Un: Vi) @b <k<;1um )

n=1 m=1

hSA

(Z fj%) B (1.4)

n=1 Un

In particular, for k(z,y) = + , we obtain (cf. [I], Theorem 321, replacing /W{qam and vy/"b,, by a,,
and by, ):
s “ap N\ (S b\
— — “ . (1.5)
ZZ < (L) (S)

For p; = v; = 1(i,j € N), (1.5) reduces to . We still consider as a Hardy-Hilbert-type
inequality.

Note. The authors of [I] did not prove that the inequalities and are valid with the
best possible constant factors.

In 1998, by introducing an independent parameter A € (0,1], Yang [7] gave an extension of
for p = ¢ = 2 with the kernel Following [7], Yang [5] gave some extensions of and
as follows:
If A, A € R = (—00,00), A\ + A2 = A, kx(z,y) is a non-negative homogeneous function of degree —

y) i
with k(Ay) = [i° E(t, )P 1dt € Ry = (0, 00), ¢(x) = 220201 p(y) = g7 £(x), gy )20,

+)A

J € Lyy(Ry) = {f; 1l = ( / " $(@)|f () Pdx) b < oo} ,
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9 € Low(Ry), [[fllp.s: [19llg0 > 0, then

| [ e as@atdady < bl ol (16)

where the constant factor k(A;) is the best possible.
Moreover, if ky(z,y) is finite and ky(z, y)a™ 1 (kx(x, y)y*2 1) is strictly decreasing with respect
tox >0 (y > 0), then for a,, b, > 0,

aelp«b:{ lallpp == Z¢ )|anl”)? <OO}

b={bn}3Zs € lgw, [lallps: |[bllgu > 0, we have

oo o0

> kalmyn)anb, < kA)|lallpollbllg. (1.7)

m=1 n=1

where the constant factor k() is still the best possible. We shall call (1.6) as Yang-Hilbert-type
integral inequalities, and (|1.7)) as discrete Yang-Hilbert-type inequality.

Clearly, for

1 1 1
)\Zl,k x, :—,)\ :_7)\ =
1( y) Tty 1 q 2 D

the inequality (1.6 reduces to (1.1)), while ([1.7)) reduces to (1.2]). Some other results including
multiple and multidimensional Hilbert-type inequalities are provided by [9]- [28].

In 2015, by adding a few conditions, Yang [29] gave an extension of ([1.5)) as follows:

> Ambn A A ] g
3 e < mov (3 U ) ()

RS

o0

m=1 n=1 m=1 Hm Un

where, the constant factor B(A1, A2) is the best possible. For A = 1, A\; = %, Ay = %, reduces to
[5).

In this paper, by the method of weight coefficients and techniques of real analysis a Hardy-
Hilbert-type inequality with a general homogeneous kernel and a best possible constant factor is
given, which is an extension of , and . The equivalent forms, the operator expression
with the norm, the reverses and some particular examples are also considered.

2. Some lemmas

In the following, we shall consider that p;,v; > 0 (i,j € N),U,, and V,, are defined as in (1.3,
A A €ER M+ X =Ap#0,1, S+ 2 =1, ap, b, > 0(m,n € N),

1 > 1
lallp.e, = Z% Yab) 7, [[Bllgwe, = () Ualn)b)7,
n=1

where (1-A1)—1 (1=A2)—1
Ui i)~
fim, Paln) = vi!

Oy (m) = (m,n € N).
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Lemma 2.1. Let h(t) be a non-negative measurable function in Ry, a € R, and suppose that there

exists a constant 6y > 0, such that for any 6 € [0, dp),
k(a+0) := / h(t)t =) -1qt € R.
0

Then we have
k(a£6) = k(a) +o(1)(6 — 07).

Proof . For any § € [0, %), it follows that

(a—%0)-1
h(t)tet2)=1 ¢ € (1, 00).

Since we find
= (a—20)-1 = (a+20)-1
0 < g(t h(t)t 270t + h(t)t\ =)= dt
1
< / h(t)te— % >1dt+/ h(t)ter =gt
0 0

do
2)€R7

o

(a—5)+k‘(

then for any § € (0,%), by Lebesgue control convergence theorem (cf. [31]), it follows that

k(aié):/ooh(t) (a£0) =Lt — /Ooh(t)t“‘ldt+o(1)(5—>0+),

and then ({2.1)) follows. [J

Lemma 2.2. [f g(t) (> 0) is decreasing in Ry and strictly decreasing in [no,

satisfying fo t)dt € Ry, then we have

/100 g(tydt <Y " g(n) < /OOO g(t)dt.

Proof . By the assumption we have

[ o< g < [ gatn =1+ n0)

no+2 no+1
[ e <gm+n < [ gt

o+1 0
and thus it follows that

no+2 no+1 no+l  .p no+1
0< / gt <> gy < Y / o(t)dt = / g(D)dt.
1 n=1 n=1 n—1 0

Similarly, we have

0</°O g(tydt < g<n)g/ g(t)dt < co.

0+2 n:n0+2 no+1
Hence, adding by parts the above two inequalities, we obtain (2.2]). [J

o) C Ry(ng € N),

(2.2)

(2.3)
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Lemma 2.3. Let ky(x,y) be a finite positive homogeneous function of degree —X in R3., satisfying
]{}A(UZ’, Uy) = U_Akj)\(ﬁ, y)7

for any u,x,y > 0. Let also
1 1
Fa(e,y) 5=, (/fx(ﬂf,y)ﬁ)

be strictly decreasing with respect to x > 0 (y > 0),

k(A1) :—/ k,\(u,l)u’\lldu—/ Ex(1,u)u™tdu € Ry, (2.4)
0 0

and define the weight coefficients as follows:

w(ha,m ka Um,v eN, (2.5)

VAQ n
= (A, n) Zk;A Uy, V) tm ) e N (2.6)

1)\1’

Then, we have the following inequalities:

wa,m) < k(\)(m e N), (2.7)
w(M\,n) < k(\)(neN). (2.8)

Proof . We set pu(t) := i, t € (m —1,m](m € N);v(t) := v,,t € (n— 1,n](n € N),

Ulr) = /Ox,u(t)dt(a: > 0),V(y) = /Oyv(t)dt (y > 0). (2.9)
Then by , it follows that
U(m) =U,,V(n) =V, (m,n€N).

For x € (m — 1,m), it follows that

for y € (n — 1,n), it follows that
V'(y) = v(y) = vn(n € N).

Since V(y) is strictly increasing in (n — 1,7, in view of (2.3)) and (2.2), we derive that

— [" Uy UnVv'(y
w(Ag,m) = Z/ lkA(Um,V)V V'(y dy<2/ kex (U, V (y )Wz)gyidy.
1Yn

Setting t = ( ) we obtain V'(y)dy = U,,dt and

o0 V(n) V(o)

QJ()\Q,TI’L) < Z//<Zm1) kA(lat)t)\Qldt:/ o kA(Lt)t)\Qildt

n=1 Um 0

< / Ea(1, )t dt = k(\).
0
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Since U(x) is strictly increasing in (m — 1, m], we similarly obtain that

VMU'
w(A,n) = Z/ AU, Vi) T A(l)d:c
VU (x)
g
< z / V) P e
=@/ k:A(t, 1)ttt

U(m—1)
Vn

U (o0)
Vn

— / Ex(t, Dt dt < k().

0

Hence, we get inequalities (2.7]) and ( .

Lemma 2.4. Adopting the assumptions of Lemma[2.3] if there exist constants 71,79 € R, and L > 0,
such that 7 < Ay < 79,

L
k 1) < —
)\(u>)—u

© (we (0,1), k(1) < ui

— (u€[l,00)),

there exist mg,ng € N, such that

fm = pms1 (M€ {mo,mo+1,---}), vy > vpp1(n € {ng,no+1,---}), and U(co) = V(o0) = 00,

then, we have

(i)
EOD( = 00, m)) < w(he,m)(m € N, (2.10)
O —9(0,n) < @(A,n)(n e N), (2.11)
where,
000, m) : = k(il) /Om (1, )12t
_ 0(%) € (0,1)(a=1— X\ >0),
d(A,n) = k(i\ ) / e Fa(t, DMt
- 0(‘/16) (0,1)(8 = Ay — 71 > 0);
(i) }
U‘flﬁb - % (Uib b0, (1 )) , (2.12)
3y Vqﬁb - % (Vib +00,(1 )) : (2.13)

for any b > 0.
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Proof . Since v, > v,41(n > ng) and V(c0) = oo, by Lemma 2.2, we get

Uhiv, UMy
w<>‘27m> Z Z k)x Um)Vn 1 )\—:1 Z/ Umav'rl 1—)\<y>dy
n=ngo n=no
UMV (y o Ao—1
> Z/ AU VO iy Z/ (Lt dt
n=ngo n=no

_ / (L 0PN = k() (1 - (0, m)),

Um
where, we derive that

Vng

O(N\o,m) = L/U’” kx(1, )t dt = L /oo (v, 1)oMdo € (0,1).
7 k(A1) Jo 7 k(A1) Jym ’
nQ

Fora=mn—-X\ >0, U, >V,,, we obtain

L o L
0<0(Ag,m) < / v dy = (?)a,

namely, 0(Ag, m) = O(

7). Hence we have (2.10)). Similarly, we obtain (2.11)).
For b > 0, we find

oo Mm
Uitb U1+b * Z 1+b
m=1 M m=mo+1
mo o0 m !
_ fim U'(z)
- Ui+b + Z / Ui+b d
m=1 ™M m=mg4+17 M1 “m
mo oo m /
fhm U'(x)
< g Y [ gt
m=1 ™ m=mo-+1 -
T © AU(z) X i 1
- Z {1+ +/ U (z) = Z [+ + biTY
m=1 ™ mo m=1 ™ mo
1( 1 X flm
=3 <U—b+bZ U1+b> )
mo m=1 ~m
00 00 00 m+1 77
Hm Hm+1 o U (ZL‘)
Z [J1+b > Ui+b Z / [J1+b dx
m=1 ™M m=mg M m=mg 7™ m

> i /mmH g’l(%)(cg :/n: A -

m=mg

Hence we obtain (2.12)). Similarlyy, we get (2.13]). O
Note. For example,

1 1
pm = —, Uy = — (0< o < 1;m,n €N)
me ne

satisfy the conditions of Lemma (for mg = ng = 1).
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3. Main results
Theorem 3.1. Let ky(z,y) be a finite positive homogeneous function of degree —X in R?,

e <kx<x,y>y1—§2>

be strictly decreasing with respect to x >0 (y > 0), and k(A1) (€ Ry) as defined by (2.4). Then for
p>1, and ||a||pe,,||bl|lgw, € Ri, we have the following equivalent inequalities:

oo o0

L:=% " kaUns Va)ambn < k(A)|lallp.o, 6], (3.1)
n=1 m=1
5 0 PY ¥
U'n
J = {Zvl—m [Z kx(Unn, Vi) tm } < k(D) allp.s, - (3.2)
n=1 "7 m=1
Proof . By Hélder’s weighted inequality (cf. [30]) and (2.6, we have
1-)2q 1=y 1 p
- Un® ap Va7 i
S kU, Vi Zm Uy, Vi) | o —
m=1 V P ,Urqn Umq

IN

m

(1-M\1)p/a p-A2)a-1) um] p-l

Z k>\ Um’ V <V1 )\QMP/Q m) [Z k)\ Um’ V U1—>\1

Vl DPA2 (1 A1) (p— l)U

— Fa(Unn, Vi) . 3.3
(AlnlpUZAUV v“mplam (33)

In view of (2.8)) and ([2.5]), we find

Sl

[ o0 = (1 A)(p—1)
1 v
T < (k)T DD kU, Vi) T
Ln=1m=1
_ 1
e o U(l -1,
= (k)7 ZZ (U Vo) =
) [ oo Up (1-X1)—1 %
= (k(M))e w(/\%m)Taﬁ@ (3.4)
Lm=1 m
Then by (2.7), we derive (3.2)).
By Holder’s inequality (cf. [30]), we get
o] D V%_)\Q
— Z ZkA Upi, Vi)am | | ———bn | < J||bllg0,- (3.5)
n—1 = Un

Then by (3.2), we derive (3.1)).
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On the other hand, assuming that (3.1)) is valid, we set

p—1
,n € N.

Un, >
bn = m [Z k’)\(Um, Vn)am

m=1

Then we obtain JP = |[b]|3 .. If J = 0, then (3.2)) is trivially valid; if J = oo, then by (3.4) and

V"

(2.7)), it is impossible. Suppose that 0 < J < co. By (3.1)), it follows that

1bllgw, = J" =1 <k)lallpelbllgw,,
1Bllge, = 7 <kO)llallpa,.

and then ([3.2)) follows, which is equivalent to (3.1]). O

Theorem 3.2. Adopting the assumptions of Theorem 3.1, if there exist constants 1,7 € R and
0o, L > 0, such that N _
<A< 7'2,]{()\1) ceR, ()\1 S ()\1 — g, \1 + (50),

ba(u,1) < %(u € (0, 1)), ky(u,1) < %(u € [1,00)),
and if there exist mg,ng € N, such that

tm = s (m € {mg,mo + 1,...}), vp > Upy1 (n € {ng,no +1,...}),
and U(oco0) = V(00) = 00, then the constant factor k(A;) in and is the best possible.

Proof . For € € (0,pdy), we set

Xl =\ — ;,XQ =X+ ]%7 and a = {5m}$n0:1’g: {g”}:;o:l’

T = U i = Ut B = Vel = 1 (3.6)
Then ] ] ]
kA(x’y)xl—Xl (= k(@ y) = )

remains strictly decreasing with respect to x > 0 and by ([2.11)), we have

G (1= 90, n)) < (i, n), 90, n) = 0(%) € (0,1), (3.7)

where, lim,_,q+ 5 = lim,_,o+ (Xl —71)=MN—11>0.

By (212 and (213), we find
B _ o] . ) [ee) Uy q
il s, = (3 ) (32 7
m=1 ™

n=1 "
1/ 1 VA
- - 1
8<U5 +501( )) (‘/6
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I o =3 kaUn, Va)ambn
n=1 m=1
) o0 V,; . U,
- Z (Z Fa(Um, V) 1-X ) Vet
n=1 \m=1 m
00 " v, " 00 . vy
- Zw()\l,n)m > k(M) Y (1- I m) o
n=1 n n=1 n
~ b Un > Un
= k) <Z1 Vel Z ( (§+E)+1>>

If there exists a positive constant K < k(A;), such that (3.1) is satisfied when replacing k(A1) by
K, then in particular we have eI < eK]|[al|p.e,||b]|4,v,, namely

e [1 ~ 1 vl
k(A — - Oy(1) — O(1 K| — +¢e0(1 Os(1
0= 2) [+ 0:0) = 00)] < & (= +200)” (= + <00
In view of Lemma [2.1] it follows that k(A;) < K(s — 0%). Hence, K = k();) is the best possible

constant factor of (3.1]).
The constant factor k(A1) in (3.2)) is still the best possible. Otherwise, by (3.5)) we would reach

the contradiction that the constant factor in (3.1)) is not the best possible. [

Remark 3.3. For A =1, )\ = %,)\2 = }—17, 1} reduces to 1) for ky(x,y) = #y)“ 1} reduces
to (1.8)); for p; = v; = 1(i,5 € N), (3.1) reduces to (1.7)). Hence, the inequality (3.1)) is an extension

of (1.4, (1.8) and ([1.7]) with the best possible constant factor k().

4. Operator expressions and examples

For p > 1, we find ¥} "(n) = 1% and define the following normed spaces:

1—
oy + ={a={an}y s llallpe, < oo},
lgw, = = {b=1{bn}3ls; |bllgw, < o0},

Lwtr o ={e={eatnly llell, gi-r <00}

Assuming that a = {a,,}>_; € [, 4,, and setting

c={en )0l cn = Z kx(Un, Vi)am,n € N,

m=1

we can rewrite (3.2) as follows:
lell, wir < k(M) lalpe, < oo

Namely, ¢ € lp,\Ifi‘p'
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Definition 4.1. Define a Hardy-Hilbert-type operator T' : s, — [, yl-r as follows: For any
a={an}y_, € l,,, there exists a unique representation T'a = ¢ € L, plor- Additionally, we define
the formal inner product of T'a and b = {b,}3> (€ l,v,) as follows:

(Ta, b) Z (Z kix (U, Vi) )b (4.1)

Then, we can rewrite (3.1)) and (3.2)) in the following manner:

(Ta,b) < k(M)llallp.e,[bllg.0,, (4.2)
| Tall, g1 < F)llallpa,- (4.3)
A

We define the norm of the operator 71" as follows:

1 Tall, g1
IT]| = sup —— (4.4)

a(#0)Elp.a, lallp.a,

Then by (4.3), we obtain that ||T'|| < k()1). Since by Theorem [3.2] the constant factor in (4.3)) is
the best possible, we have
1T} = E(A). (4.5)

Example 4.2. For s e N, 0 < ¢ < -+ < ¢y <00, A, Ay > —a, A\; + Ay = A, we set

> (min{z, cpy}) s
kx(z,y) = ( to.c })Ma ((z,y) € Ri =R, xR;).
k=1 (max{x, Ck’y}) N

(a) We find
ha(Aa) :/ ka1, U)tAQ‘ldu=/ ka(t, )Mt
0
_ / (min{t, ¢ }) s i1 gy
Ata
1 (max{t,c,}) ">

_ / mln{t cpy) st 1dt+/°° > (min{t, ck})gtkl_ldt

Ata Ata
) o hor (max{t, ep})

Ci+1 S t t/\l—l
+Z/ mln{ ck}))Ha 0

(max{t, c,}

_ 1 L oata-t afs —do—a-1

— HW/O A dt+H 2-a—1gy
o ts t)\l ldt

+ H L =

(max{t, c,}

A ta s

Cl ]. 1 o3
= + CS
/\1 + « Hs /\-‘:a (/\ + a) Aztor H k

k=1 Ck k=1

S Hk:lcl£+a /Ci“tm?ﬂli")aldt

. s S .
i=1 Hk:iJrl C ‘
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If A — 2+ (1—2)a #0, then

: M=24+(1=-2a -4 (1-2)a
/CPrl M= 2(1-2ya—1 g Cidl 4 '
¢ M =24 (1—2H) ’

if there exists a ig € {1, - — 1}, such that A\; — 22 4 (1 — 20)q = 0, then we find

/ fott t/\1*10>\+(17%)a71dt — ln(ci0+1> — hm o t)\lf%+(1*%)afldt,

io Cio 1—10 i
and we still indicate ln(%“) by the following formal expression:
20
)\1 10>\+(1 on)a /\1 10)\_"_(1_@)&

_ s
i0+1 10

)\1—%4'(1—2&)0(

S

Hence, we may reset
e 1

+ c
>\1 +OKHZ_1 Ck);-:a (AQ +Oé )\2+C¥ H k

ks(>\1> =

s=1 | M—2+(1-F)a )\17%+(17%)a i n
Cit1 -G kal C
+ , , €eR,. (4.6)
[N 21 >\+a
— M—24+(1-2)a IR c
v= s s k=i+1 C

In particular,
(i) for s =1 (or ¢s = --- = ¢1), we have

~ (min{z, c1y})”
k‘)\<l', y) - (max{x, C1y}))‘+°‘
and At 2 1
«
— 4.7
(/\1 + Oé)()\Q + Oé) 6?2 ( )

kl()\l) -

(ii) for s = 2, we have

(2, 1) (min{x, c;y} min{z, CQy})o‘/2
€T =
MY (max{x, c;y} max{x, coy})Pte)/2

and
) ? c/\l_% 1 c/\l_% - c/\l_%
ka(\1) = (—) L + + 2 L ; (4.8)
Ca M+ @) Ceta)sg® (A -2

(iii) for @ = 0, we have

1

A Ao >0, ky(z,y) = [ —, (max{z, cxy})s

and
A s—1 A—%A A1t
_ c 1 1 ¢ —c; 1
E() = k()= o W +) “A — — (4.9)
B | Py 267 iz L5 k=i+1 Ck
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(iv) for « = —\, we have
1
[[imi (min{z, ey )

>\<)\1,)\2<0 :I{Z)\(ZE y)

and
—\ s
™ (R 1 —\/s
ks(A) = k() = s + — 11
( )\2> ( A )Cs k=1
s—1 C/\rS;’A i
+Z ZH — ZzA ) (4.10)
k=1

(v) for A = 0, we have Ay = =\, |\ | < a(a > 0),

ko(z,y) = ﬁ (%) afs

k=1
and
/\1+Oé 1 C)\lfa S
kjs A = k(o) A = Cl ~+ S COC/S
s—1 )‘1+(1_&) _C%\l‘l'(l_%)a i Ca/s
+y | o el I (4.11)
=1 At (1= e k=it1 o

We set 09 = min{\; + a, Ay + a}. For Xl € (A1 — 8o, A1 + do), )\1~|—)\2 A, we obtain that
X1+Oé>)\1—(50+0120, X2+QZA—X1+Q>/\—<)\1+(50)+Oé:/\2+01—50ZO,

and k,(\;) € Ry .
(b) Since we find

. 1 1 (min{g'z,y))8
)‘<I’y)y1—>\2 ~ oyl H X . ria
w1 o (max{e; e, y})
( 1 —1
1A2&Hkli 1 >\+a0<y§68 Z,
e (cp zz s
1 Hk z+1(ck )s —1 1
. cix<y<c
A +a—LE(A42a Ata ? it —
= 9 yH I )Hk 1% Hk 1(% 93) s
(Z - 1 - 1)7
1 s (cg fc)a
mESvEe § V] e C1 'z <y < oo,

\ cp (y) s
then for Ay <1 —a (A; > —a), we get that k:)\(x,y)ﬁ is strict decreasing with respect to y > 0.
Similarly, since

1 1 ﬁ (min{z, czy})*

k,\(x,y) — = — At
pi=a A (max{r, o))
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1>\10¢Hk1 /\+a70<x<cly7
ckY)

1 llk Lexy) S
; GY < < Cip1y
A —at b Ata s &1 1+1
gt g (A2 Hk=i+1(cky) s

(i=1,--,s—1),
WHZ:J@JJ)?,CSQ < T < o0,

then for Ay < 1—a (Ay > —a), we have that ky(z,y)—rIs; is strict decreasing with respect to z > 0.
(¢) There exist 71 € (—a, A1) and 75 € (A1, A + «), such that

a

U
lim u™ ks (. 1 lim 4" —— =0,
ugg+ k(1) = ug(r)l+ u szl C](CAJra)/S

and )

lim uky(u,1) = lim p=1 G =0.
U—00 )\< ) u—oo UIMTA—T2

It follows that there exists L > 0, such that

L L
k)x(“? 1) < H(u € (07 1)),]{3)\(%, 1) < ﬁ(u € []—700))
In view of (a), (b) and (c), by ., we have
IT]] = ks(Ar). (4.12)

Example 4.3. For —1 <a < 1,0 < A, A2 <1, A\ + Xy = A, we set

1
l‘)‘ + y)\ + Of|$>‘ _ y/\|

ka(z,y) == ((z.y) € RY).
(a) We find

0 < KalM) ;:/ k‘x(l,t)t*z‘ldt:/ ka(t, 1)t~ dt
0 0

00 t)\lfldt 1 t)\lfl t)\gfl
_ / i :/ - it (4.13)
o P H+1+afth—1| 0o 1+a+(1—a)t
1 t)\l—l +tA2—1 1 1 1
< —dt = —) < oo,
0 14+« 14+« )\1 )\2

namely, k,(A1) € Ry
(i) For @ = 1, we obtain

00 t}q—l 00 t)q 1
k(A1) = dt = | —————dt
1) /0 P14 — 1] /0 2 max{t*, 1}
1 A

1
= — [ (T4 hde = : 4.14
2A ( + ) 2)\1>\2? ( )

(ii) for

l—«
I<a<l 0<— <1,
1+«



On a Hardy-Hilbert-type inequality ... 7 (2016) No. 1, 249-269 263

in view of the Lebesgue term by term integration theorem (cf. [31]), we find

1 1 t)\lfl t)\gfl
k(M) = / LA
0

l+a 1+ 52
1 1 - 1—a\*

 1+a ), — 1+ o 1+ o
1 & /1—a\* ! 1—a
1—1—04%(1—1—&) /0< * ) I+«
1 0 1— k 1
— (_1)k( Oé) /(tA1_1+tA2_1)tAkdt
14+« p 1+« 0

1 & 1—a\® 1 1
= —1)* : 4.15
1—|~0sz< ) <1+a) (/\k+)\1+/\k:+)\2)’ (4.15)

(iii) for « =0, we obtain
ko(\) = = — —_—dv = ————; 4.16
o(M) /0 ] A/O v+l 7 Nsin(Zw) (4.16)

1
—1<a<QO<1+&

(iv) for

<1,

by the Lebesgue term by term integration theorem (cf. [31]), we find

1 1 t)\l—l t)\g—l
k(M) = / R
0

1+ 1+ {2
p=Lta 2 1 © 1 1+a.ra -0 14+a .2 —x
= o ol d
)\(l—l—oz)/ﬁav—i—l[(l—a) ! +(1—oz) v } !
_ L (HO‘)?/Oo L ojo-3-igy 1 (HO‘)?/M L 0-%)-1g,
AMl4+a)'l—a« o v+1 Ml4+a)'l—a« o v+1
/ 1+Oé)/\1 —M (1+Oé>>\2 —A2 dv
1—|—a U—|—1 1—a 1l—«a
B 1 (1+a Moo (1+a Y T
o Ml+4a) ['1-a sin(1)  l—a’ sin(%2)
1 1+ta oo
l—«
_ 1)k
MI+a) /o ;( )0
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1+a
B
CL

X{(lJrahAl 1+a sziz}dv

Ro 4 ()

B 1 1+a% 1+ozAT2 s
)\(l—i—oz) {( )> ] Sln(%)

1+a
l4+a.x = 14+ 2 —x
Z k, k A2 A2
B 1+a / (=1)% [<E>A0A +(l—oz)”}A}dU
1 1+ole 1+a x T
( )> +( O ey
1+a Asin(7L)

1—a l1—a

l1—« l—«o

11—« 11—«

1 1+« 1 1
. _1k_k+1 . 4.17
1+akZ:0( Sy (/\lc+)\2+)\k:+)\1)’ (4.17)
(V)fOI')\l:)\QZ%,O<)\<2, -1 <a<1, wefind
1 (A/2)
k() 2/ ! dt
2 o 1+a+(1—a)

(152) 1
) / LIS
0 14 u?

1—
l—a) arctan(1+3)%. (4.18)

ol

u:(ﬁi“;‘f‘)% 4 (1 +
B AMl4+a)'l—a«
4 1+«

A(l—l—a)(

=

=

We set 6 :~min{1 — )‘1’1,_ Ao }. For N\ € (A — b0, M1 +50),X1 +X2 = A\, we ﬁng Xl —-1<
)\1—1—50—1SO,)\Q—l:/\—/\l—l</\—()\1—50)—1:)\2—1+50§0andthenka()\1)€R+.
(b) For fixed > 0, in view of —1 < a < 1,0 < Ay < 1, we obtain that

1 O<y<cz
kk([[’, y> T — (1—|—a)m>\+(1 a)y yl- >\21 i 7
Yy (1— a):v)‘+(1+a) A yl=A2 y=x
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is strictly decreasing with respect to y > 0. Similarly, for fixed y > 0, kj(z, y)xl_;’\l is strict decreasing
with respect to x > 0.
(c) There exist 71 € (0, A1) and 7 € (A1, A), such that

u™

li "k 1 li =0
uirg{r Y A(U ) uir(r)1+ ur + 1+ Oé|’U,)‘ — 1| ’
and .
. u'
R e e S T
It follows that there exists L > 0, such that
L L

In view of (a), (b) and (c), by (4.5)), we have

Tl = k,(N\) = Pt d 4
= = . 1
17l o(A1) /0 I+a+(1—a)t? t (4.19)

5. Some reverses

In the following, we also set

N -1
dy(m) : =(1- H(Ag,m))T,
N pra(i=a) -
Uy(n) : =(1- 19(>\1,n))nvq—(m n € N).
For 0 < p <1 or p <0, we still use the formal symbols of ||a||p.e,, ||b||qv, HaHp’;I;A and Hqu@A.

Theorem 5.1. Adopting the assumptions of Theorem 3.2, for 0 < p < 1, ||al|p.e,.||b]lqv, € Ry, we
have the following equivalent inequalities with the best possible constant factor k(Ay):

oo 0

L= 3% kaUn Vadawbn > kO)llall, g, bllg.0, (5.1)
n=1m=1
% py 5
S = {Z 1pA2 [Zb Unn, Vo) } > k(A)llall, 5, - (5.2)
n=1

Proof . By the reverse Holder inequality (cf. [30]) and ([2.6]), we obtain the reverses of (3.3]). By

and , we derive the reverse of . Then by , we have ([5.2). By the reverse Holder
inequality, we get the reverse of . Then by , we obtain .
On the other hand, assuming that is valid, we set b, as in Theorem ??. Then we find
JP = |b][3 ¢, - If J = oo, then is trivially valid; if J = 0, then by the reverse of and ,
it is impossible. Suppose that 0 < J < oo. By (5.1), it follows that
IIbIIq\pA = JP=1>EkM)lall,5,[10llqw,,

bllgw, = J > k)|l

q, ‘I’A [N
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and then ( . ) follows, which is equivalent to (15.1)).
For e € (0,pdy), we set )\1, N, G, and by, as 1.) Then it follows that
w(A,n) < k(M) (n € N).

By [£.12), (Z13) and (37), we find

lall, 5, bl = [Zu — (0 m)

m=1

- ( U/flﬁs - Z O(U;;N;Jrs >> (2:1 VSZE)

m=1 ™ m=1

_ é[ ! “(01(1)_03(1))];<v%+502(1)>;’

3
UmO no

n=1 m=1
> ~ Up, ~ = Up, 1. ~ 1

= > @(M\,n) et < k(W) Z oo = gk(kl) (v_s + 502(1)) .
n=1 n n=1 " no

If there exists a constant K > k(\;), such that (5.1)) is valid when replacing k(A;) by K, then in
particular we have eI > eKl||al|, 5, [|b|[q,w,, namely

o+ e(0u(1) - 03(1>>] : <Vi 4 602(1)>}1 |

mo no

k(O — E) (Vl + 502(1)> > K

In view of Lemma [2.1] it follows that k(A;) > K(s — 0%). Hence, K = k(\;) is the best possible
constant factor of (5.1]).

The constant factor k(A;) in is still the best possible. Otherwise, we would reach a contra-
diction by the reverse of that the constant factor in ([5.1)) is not the best possible. [

Theorem 5.2. Adopting the assumptions of Theorem 3.2, if p < 0, then we have the following
equivalent inequalities with the best possible constant factor k(A\;):

ZZ (Unns Vi) ambn > k(A1) [allpe,[[bl],5, (5.3)

n:
1
p}p

Vpx\g 1
{ ionm [Z ka (U, Va)a

> ||a||p By (5.4)
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Proof . By the reverse weighted Hélder inequality (cf. [30]) and (2.6)), since p < 0, in view of (2.11)),
we get

i ]@\(Um, Vn)a
m=1

) o o =M/ pa-x)/e 1\ 77
- _mz:l /\( m ")am Vn(l—/\2)/p1u%qam Un(%—m)/q

> U(l A)p/q
< Ex(Un, Vi) ————al,
el Vl /\2/ubp/q
> (1—/\2)(61—1)” p—1
X | kU, Vo) am————
m=1 m
Vl—px\z o0 ﬁ_Al)(p—l)
S R kx (U Vi) gy —————aP
(w()\la n))l_p mzzl )\( )a nl_AQ,UJ%_l i,
(k)P tVire &2 4D,
S (1 _,19(/\1’?1))1_1),0” Z_lk/\(Um7Vn>amW@m7

U(l A)(p—1)

1
Ji 2 MQ{ZEym%y 7R M_%%}

n=1 m=1
1 Ulhmnv z
= (k(A\))e kx(Upy Vi) ——————a?,
! {mzlzl ’ Vi g
(= ppa-x)-1 :
= (k(A1))9 ZW(Az,m)TCZﬁz : (5.5)
m=1 m

Then by (2.7), we have (5.4)).
By the reverse Holder inequality (cf. [30]), we have

1\
P 2
n

1V
X [ (1—=9(\,n))d T by, ZJIHqu,\T;y (5.6)

n

A2 ,l
o'} 1
17 /p

Pun
I = k mo m
; (1 —9(A,n))a [Z MU, Va)a

Then by (5.4), we have (5.3)).

On the other hand, assuming that (5.3)) is valid, we set b,, as follows:

p—1
,n € N.

( )\17
Then we find J = ||b||37%. If J; = oo, then 1) is trivially valid; if J; = 0, then by 1' and 1'
it is impossible. Suppose that 0 < J; < co. By (5.3)), it follows that
= Ji =1>k()llallpe,llbll, g,
= S > k(A)llallpe,,

Vp/\Q 1 N
bn = Y [Z k)\ Um7 V

1Bl 5.

(e
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and then (5.4]) follows, which is equivalent to ([5.3]).
For € € (0,qdp), we set A\; = A\ + 3,)\2 =Xy — 3, and

Um 1= U;;—l—a'um _ U:r‘blfifl'um;gn _ VnXQ—lvn _ Vn)@i%ilvn,
Then k) (z, y)yl}X2 (= ka(z, y)ﬁ#) (0 < g < 1) is still strictly decreasing with respect to y > 0

and

wXa,m) < k(). (5.7)
By [2.12), [2.13) and (5.7), we have

B " [ee) /Lm ) ) v,
1l s Bl 5, = (Z U) [Z(l — () T

1 1
= UTEnO + 501(1)) |:VT‘L€0 -+ 5(02(1) — 04(1)):| s
I Ay . S . Um Un Hm
I = Z Z k)\(Umy Vn)ambn = Z Z k?)\<Um, Vn) v17)\2 Tire
n=1m=1 m=1 [n=1 n m
- Y Hm - o, 1. ~ 1
— ;w()\z,m) Ui < k(\) 2 i = “k(\1) (U_ﬁm +501(1)) _

If there exists a constant K > k(\;), such that (5.3)) is valid when replacing k(A;) by K, then in

particular, we have eI > eK|[d||p., |[0]] namely

VN’

Q|-

0+ D) (o +200) > 1 (g veou) [+ <001 - 0,0)]

mo no

In view of Lemma [2.1] it follows that k(A;) > K(s — 0%). Hence, K = k();) is the best possible
constant factor of .

The constant factor k(A1) in (5.4) is still the best possible. Otherwise, by we would reach
the contradiction that the constant factor in is not the best possible. [
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