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Abstract

In this paper, we introduce and study a new iterative scheme to approximate a common fixed point for
a finite family of generalized asymptotically quasi-nonexpansive nonself-mappings in Banach spaces.
Several strong and weak convergence theorems of the proposed iteration are established. The main
results obtained in this paper generalize and refine some known results in the current literature.
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1. Introduction

Let X be a real Banach space, C' a nonempty closed convex subset of X and T a self-mapping of C'.
The fixed point set of T is denote by F(T).

Definition 1.1. The mapping T is said to be;
(i) Nonexpansive if |Tx — Ty| < ||z —yl|| for all z,y € C;
(11) Quasi-nonexpansive if F(T) # 0 and ||Tx — p|| < ||x — p|| for all z,y € C and p € F(T);

(111) Asymptotically nonexpansive if there ezists a sequence {r,} in [0, 00) with lim, o m, = 0 and
1T — Tyl < (Ut )l — o, for all 2,y € C and n> 1;
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(iv) Asymptotically quasi-nonexpansive if F(T') # () and there exists a sequence {r,} in [0, 00) with
lim, oo 7n =0 and || T"z — p|| < (L +r,)||z —pl|, for allz € C,p € F(T) and n > 1;

(v) Aeneralized quasi-nonexpansive if F'(T) # 0 and there exists a sequences {s,} in [0, 00) with
sn — 0 asn — oo such that |T"z —p|| < ||z —pl| + s, for allz € C andp € F(T) and n > 1;

(iv) Aeneralized asymptotically quasi-nonexpansive if F'(T) # 0 and there exist two sequences {r,}
and {s,} in [0,00) withr, — 0 and s,, — 0 asn — oo such that [|[T"x—p|| < (14r,)||x—p||+sn,
forallz e C,pe F(T) and n > 1.

(vii) Uniformly L-Lipschitzian if there exists a constant L > 0 such that
|T"x — T™y|| < L||z — yl|, for all z,y € C" and n > 1.

From the above definition (|I.1)) it follows that
(i) a nonexpansive mapping is a generalized asymptotically quasi-nonexpansive;
(ii) a quasi-nonexpansive mapping is a generalized asymptotically quasi-nonexpansive;

(iii) an asymptotically nonexpansive mapping with nonempty fixed points set is a generalized
asymptotically quasi-nonexpansive;

(iv) an asymptotically quasi-nonexpansive mapping is a generalized asymptotically quasi-nonexpansive;
(v) a generalized quasi-nonexpansive mapping is a generalized asymptotically quasi-nonexpansive.

The concept of asymptotically nonexpansive nonself-mappings was introduced by Chidume et al. [1]
as an important generalization of asymptotically nonexpansive mappings.

Recently, Deng and Liu [2] generalized the concept of generalized asymptotically quasi-nonexpansive
self-mappings defined by Shahzad and Zegeye [3] to the case of nonself-mappings. Those mappings
are defined as follows ;

Definition 1.2. (see [1],[4]) Let X be a real Banach space and C' a nonempty closed convez subset
of X and let P : X — C be the nonexpansive retraction of X onto C. A nonself-mappinsT : C — X
15 said to be

(i) Asymptotically nonexpansive if there exists a sequence {r,} in [0,00) with lim, . 7, = 0 such
that |T(PT)" 'z — T(PT)" Yy|| < (1 +r,)||lx —yl|, for all 2,y € C and n > 1;

(1) Asymptotically quasi-nonexpansive if F'(T') # () and there exists a sequence {r,} in [0, 00) with
lim,, oo 7, = 0 such that |T(PT)" 'z —p|| < (1 + )|z —pl|, for all x € C,p € F(T) and
n>1;

(111) Generalized asymptotically quasi-nonexpansive [3] if F(T) # () and there exist two sequences
{rn} and {s,} in [0,00) with v, — 0 and s, — 0 as n — oo such that |T(PT)" 'z — p| <
(L+r) |l — pl| + sn, forallz € C, pe F(T) and n > 1.

(iv) Uniformly L-Lipschitzian if there exists a constant L > 0 such that
|\ T(PT)" 'z — T(PT)" Yy|| < L||lz —yl|, for all x,y € C and n > 1.
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If T is self-mapping, then P becomes the identity mapping, so that (i) — (izi) of Definition |1.2{reduce
to (iii), (iv) and (vi) of Definition [1.1] respectively.

In this paper, we introduced a new iteration process for a finite family {7; : i = 1,2,3,...,m} of
generalized asymptotically quasi-nonexpansive nonself-mappings as follows:

Let X be a real Banach space, C' a nonempty closed convex subset of X and P : X — C a
nonexpansive retraction of X onto C, and let T; : C' — X (i = 1,2,3,...,m) be nonself-mappings.
Let {x,} be a sequence defined by

xg € C, xyo1 =51, Yn>1 (1.1)

where S, = P(aon] + a,T1(PT)™ 1 + o, To(PTy)" ! + s, T3(PT3)" ™ + ... + QT (PT3)" 1)
with oy, € [0,1] for i =1,2,3,...,m and > " j o, = 1.

The main purpose of this paper is to prove strong convergence theorems of the iterative scheme
to a common fixed point of a finite family of generalized asymptotically quasi-nonexpansive
nonself-mappings in real Banach spaces.

2. Preliminaries and lemmas

In this section, we give some definitions and lemmas used in the main results. A subset C' of
X is said to be retract of X if there exists a continuous mappings P : X — C such that P(z) = x
for all z € C.

A mappings T : C — X with F(T) # 0 is said to be;

(i) Demiclosed at 0 if for each sequence {x, } converging weakly to « and {7z, } converging strongly
to 0, we have Tx = 0;

(ii) semi-compact if for each sequence {x, } with lim,, o ||z, —T'z,| = 0, there exists a subsequence
{xnk} Of {xn} SUCh tha,t l’nk — D;

(iii) completely continuous if for every bounded sequence {x,} C C, there is a subsequence {z,, }
such that {T'z,, } is convergent.

A Banach space X is said to satisfy Opial’s property (see [6])if for each 2 € X and each sequence
{z,} weakly converges to z, the following condition holds for all = # y:

liminf ||z, — 2| < liminf ||z, — y||.
n—o0 n—oo

Lemma 2.1. [7] Let the sequences {a,} , {0,} and {c,} of real numbers satisfy:
an1 < (14 6,)an + ¢, where a, > 0,6, >0, ¢, >0 foralln=1,2,3,...
and Y 07 0, < 00,% ¢, < 00. Then
(i) lim,_,o a, exists;
(i1) if liminf, .. a, = 0, then lim,,_,, a,, = 0.
Lemma 2.2. [§/ Let X be a Banach space which satisfy Opial's property and let {x,} be a sequence

in X. Let x,y € X be such that lim, . ||z, — x| and im0 ||z, — y|| exists. If {zn, } and {z,,, }
are subsequences of {x,} which converge weakly to x and y, then x = y.
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Lemma 2.3. [9] Let X be a uniformly convex Banach. Then there exists a continuous strictly

increasing convex function g : [0,00) — [0,00) with g(0) = 0 such that for each m € N and j €
1,2,3,..,m},

m m m
v
I ZO@%IF < Z%HCCHQ T _Z 1(2 aig([|lz; — xill)),
i=1 =1 =1

for all z; € B,(0) and o; € [0,1] for all i =1,2,3,...,m with Y_;" a; = 1.

3. Main Results

The aim of this section is to establish weak and strong convergence of the iterative scheme ((1.1)
to a common fixed point of a finite family of generalized asymptotically quasi-nonexpansive nonself-
mappings in a Banach space under some appropriate conditions.

Lemma 3.1. Let C be a nonempty closed convex subset of a real Banach space X, and T; : C' —
X, (1 =1,2,3,...,m) be family of generalized asymptotically quasi-nonexpansive nonself-mappings
with the sequence {1}, {sin} C [0,00) andp; € F(T;),i=1,2,...,m. Suppose that F = (", F(T;) #
0, and the iterative sequence {x,}, is defined by (1.1). Assume that Y o rym < 00 and > o0 | sim <
o0o. Then we get

(i) there exists two sequences {0,},{c,} in [0,00) such that "2, 8, < oo, Y ¢, < 0o and
lznsr =l < (1 + )|z — pll + ¢ for all p € F(T) and n > 1;

(i1) there exist L, D > 0 such that ||z, — p|| < L||z, — p|| + D, for allp € F(T) and n,k € N.

Proof . (i) Let p € F and 7, = maxi<;<g{rin}, Sn = mazri<;<k{si} for all n.

Since Y 7 ri < oo and Y s, < oo for all i =1,2,3,...,m, we obtain that Y>>, 7, < oo and
> Sy < 00.
For+:=1,2,3,...,m, we have

[T =2l = [[Suzn — Dl

|P(cond + arn Ty (PT)" ™ + oy To(PTy)" 1 4. ..

+amnTm(PTm>n71)$n — P(p)|l

aonl|zn — pll + a1l T2 (PTY)" i = pll 4 cvon | To(PT2)" 2 — pl + . ..
+O‘mn||Tm(PTm>n_1xn el

Qon || Tn = pll + 1 (1 + r10) (|20 — Pl + 510) + - ..

Fan (1 + 7r20) [|20 — Pl + 520) + Qi (1 4 7)) [|[ 20 — DI + S

(on + arn(1+710) +agn(1+70) + .o+ amn (1 + 7)) |20 — 2|

+S1n + Son + S3n + - .-+ Sn

(L4 mry)||lzn — pll + msy

(14 6n)||wn — pll + cn (3.1)

IN

IN

IN

where 0,, = mr,, and ¢, = ms,,.
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(i7) If t > 0 then 1+ ¢ < e’. Thus, from part (i) and for n, k € N, we have

(1 + Gnir—)l|Znir—1 — pll + cogr

exp{Ontr—1}|Tnir—1 — Pl + cnrn1

exP{Onih—1}[(1 + Onir2)l|Tnir—2 — DIl + Cnrr—2] + Cnir
exp{Onsr—11erP{Onin—2}|Tnin—2 — Dl + exp{nir—1}Cnir—2 + Cnyr1

lzn 4k = pll

VAN VAR VANRVAN

k—1 k—1 k—1
eop{Y_ duritlwn — pll+ eap{d_ durik I duri (3:2)
=0 =0 =0

Setting L = exp{d .2, d;} and D = L ° ¢;, we obtain ||z, — p|| < L||z, — p|| + D.
Thus (i7) is satisfied. O

Lemma 3.2. Let C be a nonempty closed convex subset of a uniformly convex Banach space X, and
T,:C— X, (i=1,2,3,...,m) be family of uniformly L;-Lipschitzian and generalized asymptotically
quasi-nonexpansive nonself-mappings with the sequence {riy,},{sim} C [0,00) and p; € F(T;),i =
1,2,...,m. Suppose that F = (", F(T;) # 0, and liminf,_, ag,a;, > 0, Vi = 1,2,3,...,m and
{x,} is defined by such that >~ >7 | 1im < 00 and Y | Sin < 00. Then we get

(1) limy, ooz — pl| exists, Vp € F(T);

(11) limy—ool|xn — Tix,|| =0, foreachi=1,2,...,m.
Proof .
(i) By lemmas 2.1 and [3.1)i), we obtain that lim, .||z, — p|| exists.

(ii) From (i), we have that {z,} is bounded. For each i =1,2,3,...,m, we have
T3 (PT:)" i, — p (L4 7im) lzn — Pl + sin

<
< (U4 ra)llan — pll + 5

It follows that {T;(PT;)" 'z, — p} is bounded Vi = 1,2,3,... ,m.

Put r = sup{||T;(PT;)" 'z, — pl| : 1 <i < m, n € N} + sup{||z,, — p|| : n € N}.

Let 1 <4 < m. By Lemma [2.3] there is a continuous strictly increasing convex function g : [0, 00) —
[0, 00) with ¢g(0) = 0 such that

1D awill® < Y aillall* = —= (3 aig(ll; — i), (3:3)
i=1 i=1 i=1

for all ; € B,(0) and o; € [0,1] for all 4 = 1,2,3,...,m with > ", o = 1.
By (3.3), we have
Hxn-l-l - pH2 = Ho‘On(gjn - p) + aln(Tl(pTl)n_lxn - p) +...+ O‘mn(Tm(PTm)n_lxn - p>H2
< agullT, — p”2 + a1 (14 7r10) |20 — pl| + Sln)2 +..
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Qo = n—
F (14 7on ) |25 = DIl + Sman) = E(Z aig(|lzn — T,(PT)" a,)))
i=1

aon |0 — pl|* + Z in |20 — pl|* + 2 ZaanH:En —pl?

<
i=1 i=1
+ Z Qintallzn — pl|* + 22 (1 +15) 80|20 — pll
i=1 i=1
m o m .
3 0t — 223 auglllen — TPTY )
i=1 i=1
< lwn = pl* 42 Zainronn —pl*+ Z Qinth || 20 — plI?

i=1 i=1

+22am(1 + Tn)SnH'xn _p“ + Zainsi

i=1 i=1
) e
—EO(Z aig([|en — T{(PT,)" " anl]))-
i=1

It follows that

o m . m
—(Q_iglln = TPT)" wall) < (lnsr = pI* = low = pI*) +2 > cvinraflon — plf*
i=1 i=1

+ Z O‘inrinxn —pl*+2 Z (1 + 15) 80120 — pl|

i=1 i=1
m
2
+ g Qin S, -
i=1

Since lim,, o ||z, — p|| exists,lim, o 7, = 0 = lim,, o0 S, and liminf, . ag,a, > 0 for each i =
1,2,3,...,m, it follows that lim, . g(||z, — T;(PT;)"'z,||) = 0.
Since g is continuous strictly increasing with g(0) = 0, we can conclude that

lim ||z, — T;(PTy)" 'a,|| =0, Vi=1,2,3,...,m. (3.4)

n—oo

For each n € N, we have

||1L’n+1 — Tl(PTl)n_ll‘nH = ||(Xonl'n + OélnTl(PTl)n_lfL’n —f- OéQnTQ(PTQ)n_IZL'n —I— e
0 T (PTn)" iy — Ty (PTY)" ™ |

< ||z — TL(PTY)" || + aon||To(PTy)" o, — TL(PTY)" o, +
oo Q| T (PT) "y, — Ty (PTY)™ |
S aOn”xn - Tl(PTl)nilan + O‘2nHT2(PT2>nilxn - an

+052n||l'n — Tl(PTl)n_ll'nH + ...
A | T (PT30)" 0 — 2 || + Q|| 20 — TL(PT)™ . (3.5)

From (3.4) and (3.5)), we have

|Zni1 — TL(PTY)" 'z, = 0 as n — oo (3.6)
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From ({3.4) and (3.6)), where n — oo
2ns1 = @l < [Jwner = To(PT)" || + [TV (PT)" 2 — 2| — 0. (3.7)
Since T; is uniformly L;-Lipschitzian, we have
|20 = Tizal < Nl2pi1 = @nll + |21 — Ti(PT)" ™ @] +
IT(PT)" wpir — Ti(PT)" ™ || + | T(PT)" = T
< N#ngs = @l + |20 = T(PT)" ™ @npa || +
Ll|zpi1 — xal| + L“(PTi)n_lxn — Ty |
< 2pgr — 2| + |20 — Tz‘(PTz‘)n_lan” +

Ll|lwnsr = @l + LITi(PT)" 2 — - (3.8)
It follows from (3.4)), (3.6 and (3.7) that

| — Tizn|| = 0
This completes the proof. [

Theorem 3.3. Under the hypotheses of Lemmal|3.5, assume that one of T; is completely continuous.
Then the iterative sequence {x,} defined by converges strongly to a common fized point of the
family {T; :i=1,2,3,...,m}.

Proof . Suppose that T;, is completely continuous for some ig € {1,2,...,m}. Since {x,} is bounded,
{z,} has a subsequence {z,, } such that T; x, — p. By Lemma (11), we have lim,, .« ||z, —
Tix,|| =0, Vi=1,2,...,m. It follows that

[z, =PIl < ll2n, = T, [l + | Tigzn, — pll = 0.
Thus z,,, — p. By the continuity of T}, we have

lp — Tip|| = klim |zn, — Tixn,|| =0, YVi=1,2,...,m.
—00

Hence p € F. By Lemma (1), we have that lim,,_, ||z, —p|| exists. This implies that lim,,_, ||z, —
pll=0.0

Theorem 3.4. Under the hypotheses of Lemma 3.2, assume that one of T; is semi-compact. Then
the iterative sequence {x,} defined by converges strongly to a common fixed point of the family
{T;:i=1,2,3,...,m}.

Proof . Suppose that T;, is semi-compact for some iy € {1,2,...,m}. By Lemma (1), we have
lim, o0 ||2n — Tizn|| =0, Vi =1,2,...,m. Since {z,} is bounded and T;, is semi-compact, {x,} has
a convergent subsequence {z,, } such that z,, — p. By the continuity of T}, we have

lp — Tipl| = klgrolo \zn, — Tixn,|| =0, Vi=1,2,...,m.

Hence p € F. By Lemma[3.2)(i), we have that lim,,_, ||z, —p|| exists. This implies that lim,, s ||z, —
pl=0.0

Theorem 3.5. Under the hypotheses of Lemma assume that (I — T;) is demiclosed at 0, for
each i =1,2,...,m. Then the iterative sequence {x,} defined by converges weakly to a common
fized point of the family {T; :i=1,2,3,...,m}.
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Proof . Let p € F. By Lemma [3.2] (i), we have lim,, . ||z, — p|| exists, and hence {x,} is bounded.
Since a uniformly convex Banach space is reflexive, there exists a subsequence {x,, } of {z,} con-
verging weakly ¢; € C. By Lemma (17), limy, 00 ||z, — Tin|| = 0. Since (I — T;) is demiclosed
at 0, for each i = 1,2,...,m, we obtain that T;q; = ¢;. That is, ¢; € F. Next, we show that {z,}
converges weakly to ¢;. Take another subsequence {x,, } of {z,} converging weakly to some ¢, € C.
Again, as above, we can conclude that ¢ € F. By Lemma we obtain that ¢; = ¢o. This show
that {x,} converges weakly to a common fixed point of the family {7} :i =1,2,...,m}. O

Remark 3.6. If {T; : C — C} is a finite family of self-mappings, then the mapping S, in
is reduced to S, = gyl + a1, Th + ag,To + a3, T3 + . . . + apn T by Cholamgiak and Suantai [9]. So
results obtained in the paper generalized those in [9].
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