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Abstract

In this article, we discuss about solvability of infinite systems of singular integral equations with
two variables in the Banach sequence space C(I x I,¢) by applying measure of noncompactness and
Meir-Keeler condensing operators. By presenting an example, we have illustrated our results. For
validity of the results we introduce a modified semi-analytic method in the case of two variables to
make an iteration algorithm to find a closed-form of solution for the above problem. The numerical
results show that the produced sequence for approximating the solution of example is in the ¢ space
with a high accuracy.
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1. Introduction

In nonlinear analysis the theory of infinite systems of differential or integral equations plays a very
important role. This theory has many applications in the theory of branching process, the theory of
neural nets and etc.
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The solvability of in infinite systems of equations have been discussed by many authors in Banach
spaces (we refer [2, B, 4, 6, 7, 20, B0, 36]).

In the year 1930, Kuratowski [24] first introduced and studied the measure of noncompactness.
For different types of measure of noncompactness we refer [I1] for the reader. Measures of non-
compactness are useful tools which are widely used in fixed point theory, differential equations,
functional equations, integral and integro-differential equations, and optimization etc (see [12, 27]).
Many authors have been solved the various infinite system of equations by applying the measure of

noncompactness (see [4, B, [, R 9, [0, IR 19, 28, 29]).
Throughout the article we consider I = [0, 7], T' > 0. Suppose Ej is a real Banach space with the
norm || . || . Let B(zo, d;) be a closed ball in E centered at xy and with radius d;. If X is a nonempty

subset of F; then by X, and ConvX; we denote the closure and convex closure of X;. Moreover, let
Mg, denote the family of all nonempty and bounded subsets of E; and N, its subfamily consisting
of all relatively compact sets. The following axiomatic definition of a measure of noncompactness
was introduced in [IT].

Definition 1.1. A function py : Mg, — R, is called a measure of noncompactness if it satisfies
the following conditions:

() the family kerpy; = {X € /\/lE1 : pp (X1) = 0} is nonempty and kery; C Ng,.

ii)
i) gy (X1) = p (X1).

) 1 (ConvXy) = (Xq).
)

)

(iv
() g X+ (1= A) Y1) < A (X2) + (1= A) s (V1) for A € [0,1].
(vi) if X! € Mp, X} =X}, X} |, ¢ X! forn=1,2,3,... and lim p; (X}) = 0, then ﬂXl'

n—oo n=1

nonempty.

The family kery; is said to be the kernel of measure of noncompactness .
A measure p; is said to be the sublinear if it satisfies the following conditions:

(].) M1 ()\Xl) = ’)\| M1 (Xl) for A € R.
(2) (X1 + Y1) <y (Xo) + i (Y1) -

A sublinear measure of noncompactness pu, satisfying the condition:
pn (X1 UY1) = max {p (X1), 0 (Y1)}

and such that kerp; = N, is said to be regular.
For a nonempty and bounded subset S of a metric space X;, the Kuratowski measure of noncom-
pactness is defined as

a(S):inf{5>O:SCUSZ-, diam(Si)Séforlgign,neN},

where diam(S;) denotes the diameter of the set S;, that is,

diam (5;) = sup {d(z,y) : x,y € S;}.
The Hausdorff measure of noncompactness for a bounded set S is defined by

X (S) =inf {e > 0: S has finite € — net in X;}.
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Definition 1.2. /6] Let G; and Go be two Banach spaces and let i1 and ps be arbitrary measures
of noncompactness on G; and G, respectively. An operator f from G to Gy is called a (pq, p2)-
condensing operator if it is continuous and ps (f(D)) < p1(D) for every set D C Gy with compact
closure.

Remark 1.3. If G; = G5 and puy = ps = u, then f is called a p-condensing operator.

The contractive maps and the compact maps are condensing if we take as measures of non-
compactness the diameter of a set and the indicator function of a family of non-relatively compact
sets, respectively (see [6]). In 1969, Meir and Keeler[26] proved the following interesting fixed point
theorem, which is a generalization of the Banach contraction principle.

Definition 1.4. [26] Let (X, d) be a metric space. Then a mapping 7" on X is said to be a Meir-
Keeler contraction if for any € > 0, there exists 6 > 0 such that

e<d(z,y) <e+0 = d(Tz,Ty) <e¢, Va,y € X.

Theorem 1.5. [26] Let (X, d) be a complete metric space. If T : X — X is a Meir-Keeler contrac-
tion, then 7" has a unique fixed point.

In [4], the following results are given, which are very useful in our study.

Definition 1.6. [}/ Let C' be a nonempty subset of a Banach space E and let p be an arbitrary
measure of noncompactness on E. We say that an operator T : C' — C is a Meir-Keeler condensing
operator if for any € > 0, there exists 6 > 0 such that

e<pu(X)<e+d = pu(T(X)) <e
for any bounded subset X of C.

Theorem 1.7. [}/ Let C' be a nonempty, bounded, closed and convex subset of a Banach space E
and let p be an arbitrary measure of noncompactness on E. If T : C — C s a continuous and
Meir-Keeler condensing operator, then T has at least one fixed point and the set of all fixed points of
T in C is compact.

2. Measure of noncompactness in sequence spaces

In this article, we establish the existence of solution of infinite systems of integral equations in two
variables in the sequence space C'(I x I,¢) by using Meir-Keeler condensing operators. We explain
the results with the help of simple example.

In the Banach space (¢, || . ||.) the Hausdorff measure of noncompactness can’t be expressed in
simple rule but we have an equivalent measure of noncompactness in ¢ can be formulated as follows

(see [I1]):
pe (V) = lim {sup <sup |z — i 1 Zm |>} , (2.1)

n—0o0 2eV k>n m—
where z = (2;);2, € cand V € M..
Let us denote by C'(I x I, c) the space of all continuous functions on I x I with values in ¢. Then
C(I x I,c) is also a Banach space with norm || x(Z,s) ||cuxre= sup{|| z(t,s) ||c: t,s € I} where
z(t,s) € C(I x 1,c).
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For any non-empty bounded subset E of C(I x I,¢) and t,s € I, let E(t,s) = {a:(t, s):x € E} .

Now, using (Z1), we conclude that the measure of noncompactness for £ ¢ C(Ix I, ¢) can be defined
by

A

pe(ixre)(E) = sup {uc(E(t, s)):t,s € ]} .

In this article, the existence of solution of the following infinite systems of nonlinear singular integral
equations with two variables will be studied

zi(t,s) = H; (t,s,2(t,s)) + Fi | t.s,2(t, s // & ;_SUU =k Z(Z};g))dvdw : (2.2)

where z(t, s) = (z(t,9));o, € E, (t,5) € IxI and z(t,s) € C(IxI,R) foralli € Nand o, 5 € (0,1).
C(I x I,R) denotes the Banach space of all real continuous functions on I x I with norm || z ||=
sup{| z(t,s) |: t,s € I} and E is some Banach sequence space (E, || . ||). Assume that

(i) Fi: IxIxC(IxI,c)xR—R(i €N) are continuous functions. Also there exists continuous
functions A; : I x I — R, and B; : I x I — R, such that for all 7 € N,

Fi(t, s, 2(t, s),1(t, s)) = Ai(t, s)z(t, s) + Bi(t, s)I(t, s)

where z(t, s) = (z(t,$));o, € C(I x I,¢),2zi(t,s) €e C(I x I,R) forallie Nand [ : I x I — R.
(i) u; : I x I xIxIxC(IxI,c)—R(ieN)are continuous. Moreover,

U; = sup {|u; (¢, s,v,w, z(v,w))] : t,s,v,w € I, z(v,w) € C(I x I,c)} < 0.

Also we assume that sup U; =U and lim U; = 0.

1—00
(iii) H; : I x I xC(I x I ,c) — R (i € N) are continuous and there exist continuous functions
Q; I x I — R (i € N) such that

Hi(t,s,2(t,s)) = Q;(t, s)z(t, )

with the condition that ‘Qi(t, s)’ < Q; for all t,s € I, where (); is a constant. Also sup, Q; =
@, lim @; = 0 and for all 7 € N.
71— 00

(iv) Define an operator S on I x I x C(I x I,¢c) to C(I x I,c) as follows

(t,s,2(t,s)) — (Sz)(t,s),

where

(SZ) <t7 S) = ((Slz)(tv 3)7 (SQz)(t> 5)7 (S3Z)<t7 S)a x ) )

(Si2)(t,s) = H; (t,s,2(t,8)) + F; (t,s,2(t,8), [;(2))
/s/ultsvwz(vw)) ,

and I;(z dvdw, i € N.

t—wv) w)B
0
(v) Let sup fli(t,s)‘ = A; and as i — 00, A; = 0. Also sup A; = A < oo.

t,sel
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(vi) Let us define B; : I x I — R, by
Bi(t,s) = t'7*s' P B;(t, s) and B = sup {Bi t,seli € N} < 00.
(vii) We also assume that 0 < A+ Q < 1.
Theorem 2.1. Under the hypothesis (i) — (vii), infinite system (E=2) has at least one solution

z(t,s) = (zi(t, )2, € C(I x I,c) for all t,s € I and z(t,s) € C(I x I,R) for all i € N.
Proof . By using (Z2) and (i)-(vii), then for all arbitrary fixed ¢, s € I, we have

|'2(t,5) [l

(t,
= sup |H; (t,s,2(t,s)) + F, t,s7z(t,3)7//u t_svv w, z(v w))d .
0

i1 —w)?

(t,s,v,w,z(v,w))

= sup |Q;(t, s)z(t, s) + Ay(t, s)zi(t, s) + Bi(L, s) //uzt—v) (s — w)P dvdw

1>1

Ssup‘ ts)|zzts|+‘Ats‘|zlts|+|Bt3 //Uz

i>1

tsvwz(vw))dvdw

t—v)(s—w)s

'Lt7 )
<sup |(Q+ A)|z(t, s)| + Bi(t, s) //u vasz))dvdw
i1 t—v)*(s —w)’

Utl agl- 5Bz(t, S)
<
<(QA+A) || 2(t,s) |l +311§){ 1—a)1-5) }
UB
<@+ A) | 2(t,s) [l +(1 —a)(1-B)
e. (1-Q—A)| 2(t,s) [|.< a- a)(l B)
ie. || z(t,s) ||.< (1_Q_A)(ﬁ3_a)(1_ﬁ) r < oo(say) which gives || 2(t,s) ||c(xreo< 7

Therefore z(t,s) € C(I x I,c).

Suppose B; = B; (2°(t, s),r) be the closed ball with center at 2%(t, s) = (29(t,s)) where 22(¢, s) =
0 for all 7 € N;t,s € I and radius r, thus B; is a non-empty, bounded, closed and convex subset of
C(I x I,c). Also let S = (S;) be an operator which is defined as follows, for all t,s € [

(SZ) (t’ S) = {(SZZ> (t’ 8)} = {Hi(t73’ Z(t>3)) + F; (tv S,Z(t, 3)7]i(z))}7

where z(t,s) = (2z(t,s))o, € By and z(t,s) € C(I x I,R), for all i € N.
Now, we have to show that for fixed t,s € I, that (Sz) (¢, s) is a Cauchy sequence.
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Let us consider fixed z(t,s) € By and t,s € I. For arbitrary m,n € N we have

|(Sn2) (£, 5) = (Smz) (2, 5)]
= |H,(t,s,2(t,s)) + Fn(t,s,2(t,5), In(2)) — Hn(t, s, 2(t,s)) — F (t, 8, 2(t, 5), I (2))|

= |Qn(t, $)zn(t, ) + Ap(t, $)zn(t, ) + Bu(t, $)1(2) — Qu(t, 8)zm(t, s) — Am(t, $)zm(t, s) — Bu(t, s)In(2)

< Qn [2n(t, 8)] + An |20t 8)] + Bu(t, ) [1n(2)] + Qu [2m(E, )| + A |2 (8, 5)| + Bp(t, 5) [ ()]

U, ti—agt=p Untt—st=8
A—a)i-7) + (Qm + An) |2m(t, 8)| + Bu(t, s) I

U, B U,B
T=a=p W ey

As m,n — oo we have [(S,2) (t,s) — (Smz) (t,s)| — 0. Thus (Sz) (¢,s) is a real Cauchy sequence
hence it is convergent i.e. (Sz)(t,s) € C(I x I,c¢).

Also || (Sz) (t,s) — 2°(t, 3) |logxr,e< 7 so S is self mapping on B.

Let us consider a real number € > 0 and arbitrary z(¢, s) = (zl(t $))ooys Z(t,8) = (Zi(t,s)), € By
and 2(t, s), zi(t,5) € C(I x I,R) such that || 2 = Z [|c(x1.0< ga5gy-

For all i € N and arbitrary fixed t,s € I we have

(532) (t,5) = (5:2) (¢, 9)]
= |H;(t, s, 2(t,s)) + Fi (t,s,2(t,s), L;(2(t,s))) — Hi(t,s,2(t,s)) — F; (t,s,2(t, s), [;(Z(t, s)))|
= |Qi(t, 8)zi(t, 8) + Ai(t, 8)zi(t, 8) + Bilt, )Li(2) — Qilt, 8)z(t, s) — Ailt, 8)zi(t, s) — Bi(t, s)1i(2)

< (Qn+ Ay) |zu(t, s)| + Bul(t, s)

< (Qn + Ap) |2a(t, 8) +

< (A+ Q) H 2=z Hc +Bi(t, 8) // |u2 (t’ S’U7w’z((:’_w3§azsui(f;)sﬁ7 U7w72(vaw))|

0 0

s i
<So Bi(t,s)// lu; (t, 5,0, w, z(v,w)) — u; (t,s,v,w,z(v,w)ﬂdvdw
2 (t —v)*(s —w)P

dvdw

Let

W = sqp{|ui (t,s,v,w,z(v,w)) —u; (t, s,v,w,Z(v,w))| : t,s,v,w € I, z(v,w), Z(v,w) € B} .

)

Then [(S;2) (£, 5) — (S:2) (¢, 5)] < § + Mo o) < o WB

Since u; is uniformly continuous on compact set I x I x I x I x By we have W — 0 as € — 0, therefore
for all i € N, we have |(S;2) (t,5) — (S:Z) (t,s)| = 0 as || 2(t,s) — Z(t,5) ||cuxre— 0. Since t, s is
arbitrarily chosen therefore S is continuous on By C C(I x I,¢) for all t,s € I.

Now we shall prove that S is a Meir-Keeler condensing operator.
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We have for arbitrarily fixed ¢,s € I,
‘Hk(t, s,2(t,5)) — lim Hyn(t, s, 2(t, s))(
m—r0o0
= [Qult 9)21(t,5) = T Qulty )zt 5)|
m—00
— [Qult,5) (24(t9) = Tim zn(t,)) + Tim (Qu(t,5) = Qult, ) zmlt, )|
m—0o0 m—oQ
< |Qu(t, )| |zi(t, s) — lim zp(t,s)| + | lim (Qk(t, s) — Qult, s)) Zm(t, 8)
m—r0o0 m—0o0

< Q‘zk (t,s) — hm Zm(t, s ‘ ‘Qk hm Zm(t, s))

and

Bl 5, 2(t8), 1(2)) = T Fu(t, s, 2(t,5), In(2))|
m—0o0
- ’Ak(t,s)zk(t, s) + By(t, ) Iu(2) — lim (flm(t,s)zm(t,s)—|—Bm(t,s)Im(z)>‘
m—0o0
< Alz(t,s) — lim z,(t, )| + ‘flk(t,s) lim z,(t,s)| + Br(t,s) |I(2)| + Um B,(t,s) [In(2)]
. ; . BU;, , BU,,
<A’ ts)— 1 mt,(At,l mt,’ 1
s Al = i G A I G T a =) T Ak T -5
_ A BU,
:A‘ ts)— 1 mt,HAt,l mt‘ .
2 (t, 8) Jim 2 (t,s)] + |Ak(t, s lim > (t,s) +(1—04)(1—ﬂ)
Therefore
pe (S (B1))

m—00

= lim [ sup {sup Hy(t, s, z) + Fy(t, s, z, I(2)) — lim {Hm(t,s,z)+Fm(t,s,z,Im(z))}‘}]
n=0 | 2(t,s)eBy Lk>n

S (A + Q):U’C(Bl)
ie.
pexie (S (B1)) < (A+ Q)pcxr,e(Br).

We observe that pic(rxr,e) (S (B1)) < (A+ Q)pcxre)(Bi) < € = pe (B1) <
(1-A-Q)

g
If we choose § =

69

o~ We get € < Uo(rxre (B1) < €+ 4. Thus S is a Meir-Keeler condensing

operator on By C C(I x I,c). So S satisfies all the conditions of Theorem IZ2 which implies S has

at least one fixed point in By. Therefore the system (22) has a solution in C'(I x I,¢). O

3. Applications

Example 3.1. Consider the following infinite system of singular integral equations

| (o)
a(tys) = Fltw; <"'i@58))+z ( e > // EERTT— (3.1)

j=1 §—w)?
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where ¢ € N and I = [0, 7]. Here

uz<t7 S,V, W, Z<U7 w)) =

and o = =

1
5.
Now if z(t, s) =

(zi(t,s)) € C(I x I,c) and z(t,s) € C(I x I,R) for all i € N then,

Fi(t, s, z(t, s) I(z))

Zt
2247,28 Z_:_ ets

Here A;(t,s) = = Z % B;(t,s) = <. B; is both continuous and bounded function for all ¢,s € I

and ¢ € N.
Also, A; = 2422, A= and lim A; = 0.
1—00
Also,

z ts
H;(t t - —
(t, 5, 2(t, 5) 4Z+t2822

So we have Qi(t,s): 4Z+t222j 1j2, Qi = 35, Q:g—z, lim@; =0and 0 < A+ @ < 1. We can
1— 00

easily see that u;(t,s,v,w, z(v,w)) are continuous for all i € N. We also have U; = Z% ,U =1 and

1—+00

Again we have B;(t,s) = Y& and B = T

It is obvious that H; and F; are continuous functions. So all the assumptions from (i)-(vii) are
satisfied. Hence by theorem P we conclude that the system B has a solution in C(I x I, ¢).

4. Coupled semi-analytic method to find solution of infinite system of nonlinear singular
integral equations

In the section 3 we proved existence of solution for infinite system of nonlinear singular integral
equations of two variables (see example B as an application of Theorem E71). Now, we obtain an
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approximation of solution for the above problem by a coupled technique that is created by modified
homotopy perturbation method with infinite functions of two variables and Adomian decomposi-
tion method. Applications of modified homotopy perturbation method to solve nonlinear integral
equations, nonlinear singular integral equations and nonlinear differential equations can be seen in
(21, 81, B2, B4, respectively. Adomian in [1] introduced a decomposition method for solving frontier
problem of physics and this technique is used in [35] to solve Fredholm integro-differential equations
system. In [22] Hazarika et al. was applied a modified homotopy perturbation and Adomian decom-
position method to solve infinite system of nonlinear integral equations in the case of one variable.
Also to solve singular integral equation can be seen in [25, B3, B4, 87]. But in this article we introduce
a modified homotopy perturbation method in terms of infinite number of functions with two variables
and for simplification of nonlinear terms we use Adomian decomposition method in the suitable form.
Consider nonlinear problem with infinite functions of two variables in the general form

Az (t,8), 2a(t,8), -+, zi(t,8),---) — f(t,s,4) =0,
{ (t,s) €Q=1[0,T] x [0,T], i €N (4.1)

where A is a general nonlinear operator and f’s are known analytic functions. Similar to [B1, B2,
we divide the general operator A to two nonlinear operators N7 and N,. Of course N; or N, can be
linear operator in special case. Also every one of f’s are converted to f; and fy functions in other
word we have

{ Ni(z1(t,8), -+, zi(t,s), ) — fi(t, s, 1)
+No(z1(t,8), -+ ,zi(t,s), ) — falt,s,1) =0, i € N,

By assumption 7(t,s) = (n1(t,s),m2(t, s),- -+ ), we introduce a modified homotopy perturbation for
infinite functions of two variables as follows

{ H(ﬁ(t,s),p) = Nl(nl(tv 3)7"' ’ni(tv 8)7"') _fl(tasvi) (4 2)
+p(N2(771(t>S>7"' 777i<t73)a : ) - fZ(ta S,i)) = 07 pE [07 1]’ .

where p is an embedding parameter and 7s are approximation of z/s for i € N. By variations of p = 0

to p = 1it’s concluded that Ny(n(¢,s), - ,mi(t,8),--+) = fi(t,s,i) to A(ni(t, s),na(t, s), -+ ,mi(t,s), -

f(t,s,i) = 0. In fact by choosing of p = 1 in (E2) we can get the solution of (E) and also we have

zit,s) = ni(t,s) = Yoo P mik(t, s),i € N.
- pr— 1 . (4.3)
zi(t, s) hII% ni(t, s)
i ad

For (t,s) € [0,7] x [0,7], we define Ny and N, operators and f’s functions to solve of (B to this
form;

Ni(z1(t,s), -+, zi(t, s), ) = zi(t, s),

No(z1(t,8), -+ s 2ilts8), o) = = 4z+t2523;( ; ) ‘111 <Zi;§;;)>

ets// 2 4 252)

M‘“
C/
.
S
S
S

f(t,s,1) = fi(t,s,i) + fa(t, s, 7).
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By substituting (2) and (2=3) in the homotopy perturbation (E=2), we have

(;pkm,k(t,s) — f1(t,5,i)> +p( " +1t252 Z(Zk opj;% x(t, 8))

- (4.5)
s t COS <Z Y o p’“ﬁj,k(“%))
) -

7 0o k,
_ EZ(Zk:()p nz,k(tv S) - . 4 dvdw — fg(t, S,i)) _ O,
4 650 ) (1252 + %) (t —v)2(s —w)2

j22'2

j=1

In (E3), we apply Adomian decomposition method to convert nonlinear terms to smaller separable

nonlinear terms
p zk: t S
> (Bl =3Bl

j:l
Doneo Pkt s)
le( = 0]222 kz (4.6)
57 oo 00 Y
0S (Z Zpknj,k(v,w > Z E
j=1 k=0

where Adomian polynomials are given by

Bt s) = k,(dk Z(Z’“ o? it S)>)p:07

dp* 72

5 L d O~ o P ik (t 5)
Bi,k(t, S) = E (d—pk Z( 0 j2i2 >)p=0, (47)

é k(t,s) = ;(dk (Zzpmkvw>>=0~

7=1 k=0
Placing (E8) into (E3), it concludes that

oo 1 o0
k . k
n(t,s) — filt, s, ) (——, B (t,
(kgzop Nik(t,s) — fit, s, i) ) +p YRR gzop k(t,s)

o0

oy ‘B dvd (4.8)
1 R . B |
— ZzpkBi’k(t’ S) — _//< Zk; oP ,k(l) w) vdw

0

1 1_f t78)1>:07
@) ] @t ee- ks -wp O

By rearranging of (E8) in terms of p powers we can get

P (mio(t,s) — fult, s,1)),
Biol(t, s) 1 )dvdw ,
1 : Z t - 170—7 - Z // 1 - t7 ) )
P (it s) 4i+ 1252 4" Cets (252 +22 —v)2(s —w)? alf 5%

" Bin_1(t,s 1~ Bi -1 (v, w)dvdw
p (nl,n(tu 5) - % - an 1 t S ts // ) 19
41 4 t%s 4 e t252 t—y) (3—w)2

n > 2.
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According to modified homotopy perturbation (E2) the coefficients of p powers must be equal to
zero and we can give an iterative algorithm to solve (BI).

Algorithm:
nio(t,s) = fi(t, s,1),
Bio(t,s) 15 1 § (v w)dvdw
malts) = folt,s,0) + T2 L 1p, —// -
, di + 252 4 t 262 4 _ —w)z
L+ 1%s ) t2s )t —v)2(s — w) (4.9)
Byt 1~ 1 Bin_1(v, w)dvd
nzn(t;S):;(S)_F_ in _// 1UIU)Uw 17n22'
’ 4i+ 252 4" ¢ (1252 +i2)(t — v)2 (s — w)2

Convergence of the above algorithm can be proved similar to [23]. Now, we compute terms of
sequence {z(t, s), z2(t, s), ..} and then we introduce closed form of solution for the infinite system of
non-linear singular integral equations (B) by the above algorithm. To this end at first we calculate
Adomian polynomials in the case of k£ = 0 as follows,

31

Bio(t,s) = Z(””O(,z’ 5)), Biol(t,s) = i(”’?‘?(fj’ 5))

— j — ]2Z2
o = (4.10)
Bi’o(t7 S) = COS (Z ’T]j’(](l),w)) .
j=1

Since in (B), f(¢,s,7) = 0 then fi(t,s,i) = fa(t,s,7) = 0 and also in the algorithm (Z=9) we have
ni,O(ta S) = fl(ta 372.) = Oa

~  Biolt,s) 14 // (v, w)dvdw
i1(t,s) = fa(t,s,1) + ——F5 +-B
mialt 5) = ) 4i+ 252 4 6” t252+z2 t—v)2(s—w)%

B de—5t\/st

BGEEED)
We use from (A33) to approximate of the some elements of sequence (z;(t,s));—; by a few terms of
the above approximations

21 (t, s) ~ Zm’k(t,s) = M (4.11)

prd (14 s2t2)’
and similarly

de5t\/st

t§) = — Vo
22( 78) (22+82t2>7
de—5t\/st
210(t7 S) = (102 + S2t2>7 (412)
de=5t\/st
z100(t, 8) =

(1002 4 s212)

Therefore we can give solution of (B) by a closed form,

4 st/ st
ka (t,s) = — Vst (4.13)

24+ 52752)
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We choose a subinterval of [0,7] x [0,7] to compute absolute errors. So by substituting (E13) in
Eq.(B3) absolute errors in some points for some elements of solution such as z(t, s), z10(t, s) and

z100(t, s) are given in the Table 1-3.

Das, Rabbani, Hazarika, Arab

Table 1: Absolute errors for z; (¢, s) in some points

(t,S) € [5,7] X [5, 7] 5.0 9.9 6.0 6.5 7.0
5.0 1.1x107™1 | 7.9%x107"° | 5.7x10710 | 4.1x10~'7 | 3.0x107'®
5.5 79x1071 | 4.4x10716 | 2.4x10717 | 1.3x10718 | 7.9x10~2°
6.0 5.7x1071 | 2.4x10717 | 1.0x107*® | 4.7x10720 | 2.1x 1072
6.5 41x10717 | 8.3x1071 | 4.7x1072° | 1.6x1072' | 5.6x10~%
7.0 3.0x1071 | 7.9x107%° | 2.1x1072! | 5.6x10723 | 1.5x10™*

Table 2: Absolute errors for z19(t, s) in some points

(t,s) € [5,7] x [5,7] 5.0 5.5 6.0 6.5 7.0
5.0 6.3x1071 | 3.8x107 | 2.2x1071° | 1.4x10~'" | 9.6x10~"
5.5 3.8x1071% | 1.7x10716 | 8.6x10718 | 4.2x1071 | 2.1x10~%
6.0 2.3x1071 | 8.6x107'® | 3.2x107% | 1.2x10720 | 4.8x10~%2
6.5 1.4x10717 [ 4.2x1071 | 1.2 x1072° | 3.7x107%2 | 1.1x1072%3
7.0 9.6x1071 | 2.1x1072° | 4.8x107%2 | 1.1x1072% | 2.6x10™%

Table 3: Absolute errors for z100(%, s) in some points

(t,S) € [5,7] X [5, 7] 5.0 9.9 6.0 6.5 7.0
5.0 41x10718 [ 29%x107™ [ 2.0x107 | 1.4x10716 | 1.0x10~'®
5.5 2.9x1071 | 1.6x1071 | 8.8x107'7 | 4.9x10718 | 2.7x10~2°
6.0 2.0x107" | 8.8x107Y | 3.7x107'® | 1.6x107* | 7.1x10~2!
6.5 1.4x10716 | 4.9%10718 | 1.6x107 | 5.5x1072' | 1.8x107%
7.0 1.0x1077 | 2.7x1071 | 7.1x1072! | 1.8x107%2 | 4.9x10~*

As we showed in Table 1-3 the proposed method has a acceptable accuracy.
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5.

Conclusion

In this article, we proved existence of solution for infinite system of nonlinear singular integral

equations with two variables. Efficiency of our results was confirmed by an example. Also we
constructed an iteration algorithm to get solution of the above equations system with a high accuracy.

References

[1] G. Adomian, Solving frontier problem of Physics: The Decomposition Method, Kluwer Academic press, 1994.

[2] R.P. Agarwal. Nonlinear Integral Equations and Inclusions. Nova Science Publishers, New York, 2002.

[3] R.P. Agarwal, D. O’'Regan, P.J.Y. Wong, Positive Solutions of Differential, Difference and Integral Equations,
Kluwer Academic Publishers, Dordrecht, 1999.

[4] A. Aghajani, M. Mursaleen, A. Shole Haghighi, Fixed point theorems for Meir-Keeler condensing operators via
measure of noncompactness, Acta. Math. Sci. 35(3)(2015) 552-566.

[5] A. Aghajani E. Pourhadi, Application of measure of noncompactness to ¢1-solvability of infinite systems of second
order differential equations, Bull. Belg. Math. Soc. Simon Stevin 22(1)(2015) 105-118.

[6] R.R. Akhmerov, M. I. Kamenskii, A. S. Potapov, A.E. Rodkina, B.N. Sadovskii, Measure of noncompactness and
condensing operators, Operator Theory: Advances and Applications, Translated from the 1986 Russian original
by A. Tacob. Vol. 55, pp 1-52, Birkhéuser Verlag, Basel, 1992.

[7] R. Allahyari, R. Arab and A. Shole Haghighi, Existence of solutions for some classes of integro-differential
equations via measure of non-compactness, Electron. J. Qual. Theory Differ. Equ. 41(2015) 1-18.

[8] A. Alotaibi, M. Mursaleen, S. A. Mohiuddine, Application of measure of noncompactness to infinite system of
linear equations in sequence spaces, Bull. Iranian Math. Soc. 41(2)(2015) 519-527.

[9] R. Arab, R. Allahyari, A. S. Haghighi, Existence of solutions of infinite systems of integral equations in two
variables via measure of noncompactness, Appl. Math. Comput. 246(1)(2014) 283-291.

[10] R. Arab, The Existence of Fixed Points via the Measure of Noncompactness and its Application to Functional-
Integral Equations, Mediter. J. Math. 13(2)(2016) 759-773.

[11] J. Bana$, K. Goebel, Measure of Noncompactness in Banach Spaces, Lecture Notes in Pure and Applied Mathe-
matics, Vol. 60, Marcel Dekker, New York, 1980.

[12] J. Bana$, M. Mursaleen, Sequence spaces and measures of noncompactness with applications to differential and
integral equations, Springer, New Delhi, 2014.

[13] J. Banas, M. Lecko, Solvability of infinite systems of differential equations in Banach sequence spaces, J. Comput.
Appl. Math. 137(2)(2001) 363-375.

[14] J. Banas, M. Lecko, An existence theorem for a class of infinite systems of integral equations, Math. Comput.
Modelling 34(5-6)(2001) 533-539.

[15] R. Bellman, Methods of Nonlinear Analysis IT, Academic Press, New York, 1973.

[16] Mahmoud M. El Borai, Mohamed I. Abbas, Solvability of an infinite system of singular integral equations, Serdica
Math. J. 33(2-3)(2007) 241-252.

[17] L. P. Castro, E. M. Rojas, On the Solvability of Singular Integral Equations with Reflection on the Unit Circle,
Integr. Equ. Oper. Theory 70(1)(2011) 63-99.

[18] A. Das, B. Hazarika, R Arab, M. Mursaleen, Solvability of the infinite system of integral equations in two variables
in the sequence spaces ¢ and ¢1, J. Comput. Appl. Math. 326(15)(2017) 183-192.

[19] A. Das, B. Hazarika, M. Mursaleen, Application of measure of noncompactness for solvability of the infinite
system of integral equations in two variables in £,(1 < p < 00), RACSAM DOI 10.1007/s13398-017-0452-1.

[20] K. Deimling, Ordinary differential equations in Banach spaces, Lecture Notes in Mathematics, Vol. 596, Springer,
Berlin, 1977.

[21] A. Glayeri, M. Rabbani, New Technique in Semi-Analytic Method for Solving Non-Linear Differential Equations,
Math. Sci. 5(4)(2011) 395-404.

[22] B. Hazarika, H.M. Srivastava, R. Arab, M. Rabbani, Existence of solution for infinite system of nonlinear integral
equations via measure of noncompactness and homotopy perturbation method to solve it. J. Comput. Appl. Math.
343 (2018) 341-352.

[23] B. Hazarika, H.M. Srivastava, R. Arab, M. Rabbani, Application of simulation function and measure of noncom-
pactness for solvability of nonlinear functional integral equations and introduction to an iteration algorithm to
find solution, Applied Mathematics and Computation, 360 (2019) 131146.

[24] K. Kuratowski, Sur lese spaces complets, Fund. Math. 15(1930) 301-309.



76

[25]

Das, Rabbani, Hazarika, Arab

E. G. Ladopoulous, Singular Integral Equations Linear and Non-Linear Theory and Its Applications in Science
and Engineering Springer, Berlin 2000.

A. Meir, E. Keeler, A theorem on contraction mappings, J. Math. Anal. Appl. 28(2)(1969) 326-329.

M. Mursaleen, Syed M. H. Rizvi, Solvability of infinite systems of second order differential equations in ¢y and
¢, by Meir-Keeler condensing operators, Proc. Amer. Math. Soc. 144(10)(2016) 4279-4289.

M. Mursaleen, S. A. Mohiuddine, Applications of measures of noncompactness to the infinite system of differential
equations in ¢, spaces, Nonlinear Anal. 75(4)(2012) 2111-2115.

M. Mursaleen, Abdullah Alotaibi, Infinite System of Differential Equations in Some BK-Spaces, Abst. Appl. Anal.
Vol. 2012, Article ID 863483, 20 pages.

L. Olszowy, Solvability of infinite systems of singular integral equations in Fréchet space of continuous functions,
Comput. Math. Appl. 59(8)(2010) 2794-2801.

M. Rabbani, Modified homotopy method to solve non-linear integral equations, Int. J. Nonlinear Anal. Appl.
6(2)(2015) 133-136.

M. Rabbani, New Homotopy Perturbation Method to Solve Non-Linear Problems, J. Math. Comput. Sci. 7(2013)
272-275.

M Rabbani, A. A Tabatabai-adnani, M Tamizkar, Galerkin multi-wavelet bases and mesh points method to solve
integral equation with singular logarithmic kernel, Math. Sci. 12(1)(2018) 55-60.

M. Rabbani, R Arab, Extension of some theorems to find solution of nonlinear integral equation and homotopy
perturbation method to solve it, Math. Sci. 11(2)(2017) 87-94.

M. Rabbani, B. Zarali, Solution of Fredholm integro-differential equations system by modified decomposition
method, J. Math. Comput. Sci. 5(4)(2012) 258-264.

R. Rzepka, K. Sadarangani, On solutions of an infinite system of singular integral equations, Math. Comput.
Modelling 45(9-10)(2007) 1265-1271.

R.P. Srivastav, F. Zhang, Solution Cauchy Singular Integral Equations by using general quadrature-collocation
nodes, Appl. Math. Comput. 21(9)(1991) 59-71.



	Introduction
	Measure of noncompactness in sequence spaces
	Applications
	Coupled semi-analytic method to find solution of infinite system of nonlinear singular integral equations
	Conclusion

