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Abstract

In this paper, we introduce the soft Z-paracompact spaces and the soft Z-S-paracompact spaces.
First, we investigate the relationships between these spaces and soft paracompact spaces. Also, we
give some fundamental properties of these spaces. Finally, we prove that soft Z-S-paracompact spaces
are invariant under perfect mappings.
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1. Introduction

In 1999, Molodtsov [23] initiated the concept of soft set theory as a new approach for coping with
uncertainties and also presented the basic results of the new theory. This new theory does not
require the specificiation of a parameter. We can utilize any parametrization with the aid of words,
sentences, real numbers and so on. This implies that the problem of setting the membership function
does not arise. Hence, soft set theory has compelling applications in several diverse fields, most of
these applications was shown by Molodtsov [23].

Maji et al. [22] gave the first practical application of soft sets in decision making problems. Pei
and Miao [27] showed that soft sets are a class of special information systems. Then, Maji et al. [21]
studied on soft set theory in detail. Ali et al. [2] presented some new algebraic operations on soft
sets. Shabir and Naz [31] initiated the study of soft topological spaces. Studies on the soft set have
been accelerated [4], 24], [35].
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In 1944, Dieudonne [I0] introduced the paracompact spaces. In 1948, Stone [32] proved the
fundamental theorem that every metric space is a paracompact space. Since then, a lot of works has
been done on paracompact spaces and many interesting results have been obtained [3 [7, O] 12].

The notion of an ideal topological space was studied independently by Kuratowski [19] and
Vaidyanathaswamy [33]. Hamlet and Jankovic [14] investigated further properties of ideal topological
spaces. Newcomb [25] gave the concept of topologies which are compact modulo an ideal. Zahid [34]
introduced the concept of paracompactness with respect to an ideal. In recent years, the use of ideals
on topological spaces has taken a significant role in the generalization of some topological notions
such as regularity, compactness, paracompactness and semi-paracompactness [13, 28] 29, [30].

Extensions of paracompact and ideal structures to the soft sets have been studied by some authors.
Bayramov and Gunduz [5] and Lin [20] gave the concept of paracompactness in soft set theory and
investigated some of its basic properties. Besides, Kandil et al. [15] defined soft ideals. By using this
definition, they gave the concept of x-soft topology which was finer than the original soft topology.
Recently, many interesting applications to various fields have been expanded [T, 16} [17].

In this work, we introduce and study two classes of space called a soft Z-paracompact space and a
soft Z-S-paracompact space which are defined on a soft ideal space. We investigate the relationships
between these spaces. Also, we obtain various properties, examples and counterexamples concerning
them. Finally, we show that the soft Z-S-paracompactness is preserved under the notion of a soft
perfect mapping.

2. Preliminaries

In this section, we recollect some basic notions regarding soft sets and soft ideals. Throughout
this work, let X be an initial universe, P(X) be the power set of X and E be a set of parameters
for X.

Definition 2.1. [23] A soft set F' on the universe X with the set E of parameters is defined by the
set of ordered pairs

F={(e,F(e)):ec E, F(e) € P(X)}
where F' is a mapping given by F : E — P(X).
Throughout this paper, the family of all soft sets over X is denoted by S(X, E) [4].

Definition 2.2. [21] Let F,G € S(X,E). Then,
(i) The soft set G is called a null soft set, denoted by @, if G(e) =0 for every e € E.
(ii) The soft set G is called an absolute soft set, denoted by X, if G(e) = X for all e € E.
(111) F is a soft subset of G if F'(e) C G(e) for every e € E. It is denoted by F' C G.

(iv) F and G are equal if F C G and G C F. It is denoted by F' = G.

Definition 2.3. [Z] Let F' € S(X,E). Then, the complement of F' is denoted by F°, where F° :
E — P(X) is a mapping defined by F°(e) = X — F(e) for all e € E. It is clear that (F°)¢ = F,
X¢=® and ¢ = X.

Definition 2.4. Let F,G € S(X, E). Then,

(i) The union of F' and G is a soft set H defined by H(e) = F(e) UG(e) for alle € E. H is
denoted by F U G.[21)]

(ii) The intersection of F' and G is a soft set H defined by H(e) = F(e)NG(e) for alle € E. H
is denoted by F'MG.[27]
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Definition 2.5. [35] Let J be an arbitrary index set and let {F; € S(X,E) :i € J} be a family of
soft sets over X. Then,

(i) The union of these soft sets is the soft set H defined by H(e) = J,c; Fi(e) for every e € E
and this soft set is denoted by | |,., F; = H.

(ii) The intersection of these soft sets is the soft set H defined by H(e) =
e € E and this soft set is denoted by [ ],., F; = H.

ey File) for every

Definition 2.6. [Z] The difference of F' and G is a soft set H defined by H(e) = F(e) — G(e) for
every e € E. H is denoted by F' — G.

Definition 2.7. [5,[20] A soft set F' over X is said to be a soft point if there exists an e € E such
that F(e) = {x} for some v € X and F(€') =0 for all ¢ € E\{e}. The soft point is denoted by z*.

From now on, let SP(X) be the family of all soft points over X.
Definition 2.8. [33] A soft point 2° is said to belongs to a soft set I, denoted by x° € F, if x € F(e).

Definition 2.9. [31] Let T be a family of soft sets, then 7 C S(X, F) is called a soft topology on X
if B

(i) X, P er.

(i1) the union of any number of soft sets in T belongs to T.

(111) the intersection of any two soft sets in T belongs to T.

(X, 1, E) is called a soft topological space. The members of 7 are said to be a 7-soft open sets
or simply, soft open sets over X. A soft set over X is said to be a soft closed set over X if its
complement belongs to 7.

Definition 2.10. [4] Let (X, 7, E) be a soft topological space. A subcollection [ of T is said to be a
base for T if every member of T can be expressed as a union of members of 5.

Definition 2.11. [J] Let (X, 7, E) be a soft topological space. A subcollection s of T is said to be a
subbase for T if the family of all finite intersections of members of ¢ forms a base for T.

Definition 2.12. [35] Let (X, 1, E) be a soft topological space and let F be a soft set over X. The
soft interior of F is the soft set int(F) =| {G € S(X, E) : G is soft open and G C F'}.

Definition 2.13. [31] Let (X, 1, FE) be a soft topological space and let F' be a soft set over X. The
soft closure of F is the soft set cl(F) =[{G € S(X,FE) : G is soft closed and F C G}.

Definition 2.14. [2]] Let (X, T, E) be a soft topological space on X. A soft set F' over X is called a
soft neighborhood of the soft point ¢ € SP(X) if there exists a soft open set G such that 2° € G C F.

The soft neighborhood system of a soft point z¢, denoted by N, (z¢), is the family of all its soft
neighborhoods.
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Definition 2.15. [31] Let (X, T, E) be a soft topological space on X and F be a nonempty set over
X. Then,

TF:{GHFZGET}
is said to be the soft relative topology on F' and (F, g, E) is called a soft subspace of (X, 1, E).

Definition 2.16. [6] Let (X, 7, E) be a soft topological space. A soft set F' over X is called a soft
semi-open set if there exists a soft open set U such that U C F C cl(U).

Throughout this paper, the family of all soft semi-open sets over X is denoted by SSO(X, 7).

Definition 2.17. [1] Let (X, 7, E) be a soft topological space. A soft set F' over X is called a soft
a-open set if F' T int(cl(intF")). The complement of a soft a-open set is called a soft a-closed set.

Throughout this paper, the family of soft a-open sets over X is denoted by 7.

Definition 2.18. [15] Let Z be a non-null family of soft sets over X. Then, T is called a soft ideal
on X if the following two conditions are satisfied :

(i) If F €T and G C F implies G € T,

(i) If F, G€Z, then FUG € T.

From now on, let (X, 7, E,Z) be a soft space with the set E of parameters, the soft ideal Z and
the soft topology 7 on X.

Definition 2.19. [15]/ Let (X, 7, E,Z) be a soft space. Then,
Fr=||{zc€ SP(X):UNF &¢I, for every soft open set U containing x°}
1s called the soft local function of F' with respect to T and .

Definition 2.20. [15] Let (X,7,E,Z) be a soft space and cl* : S(X,E) — S(X,E) be the soft
closure operator such that cl*F = F U F*. Then there exists a unique soft topology on X, finer than
T, called the x-soft topology, denoted by T*.

Theorem 2.21. [15] Let (X, 7, E,T) be a soft space. Then,
BZ,7)={F-G:Fer,GeT}
1s a soft base for the soft topology 7*.

Definition 2.22. [I8] Let S(X,F) and S(Y,K) be the families of all soft sets over X and Y,
respectively. Let ¢ : X =Y and ¢ : E — K be two mappings. Then, the mapping ., is called a soft
mapping from X to'Y, denoted by ¢, : S(X, E) = S(Y, K).

(1) Let F € S(X,E). Then, pu(F) is the soft set over'Y defined as follows:

oy (F) (k) = { Ueew-1y 0(F(€)), if =1 (k) # 0;

0, otherwise.

forall k € K.

(2) Let G € S(Y,K). Then, @Jl(G) is the soft set over X defined as follows:

vy (G)(e) = 9 (G(Y(e)))
foralle € E.

The soft mapping @y, s called surjective, if ¢ and ¢ are surjective.
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Definition 2.23. [20) Let (X, 7, E) and (Y, 0, K) be two soft topological spaces and @y : S(X, E) —
S(Y, K) be a soft mapping. Then, the following conditions are satisfied.

(1) It is soft continuous if gplzl(F) €T for each F € 0.

(11) It is soft open if oy (F) € o for each F € 7.

(111) It is soft closed if py(F') is soft closed set over'Y for each soft closed set F over X.

Theorem 2.24. [I§] Let F; € S(X,E) and G; € S(Y,K) for all i € J where J is an index set.
Then, for a soft mapping vy : S(X, E) = S(Y, K), the following conditions are satisfied.
(1) yp(®) = @ and pu(X) 2 Y.
(2) I Fy C By, then oy (F) C py(F).
(3) %( Llies E) = Lics o (F).
(4) ‘Piﬂ(l—lieJ Fl) C |—|z‘eJ ‘quv(Fl) _
(5) @, (@) =P and o, (V) = X.
(6) If G1 C Gs, then goqzl(Gl) C
(7) @Jl(l_bej Gi) = |_|ieJ 901;1( j
(8) 90;1“—'1'6] Gi) = |—|i€J 901;1( )

Theorem 2.25. [, (18] Let vy : S(X, E) — S(Y,K) be a soft mapping and F € S(X,E). Then
gpw(¢;1(F)) C F. Also the equality holds if py is surjective.

py (Ga).
).
).

Theorem 2.26. [20] Let S(X, E) and S(Y, K) be the families of all soft sets over X and 'Y, respec-
tively. Let ¢ : X — Y and ¢ : E — K be onto mappings. Let @, : S(X,E) — S(Y,K) be a soft
mapping. Then the following properties are equivalent:

(1) py is soft open.

(2) For each soft set G over X, we have pu(int(G)) T int(py(Q)).

(3) For each soft set F' over'Y, we have gpll(cl(F)) C cl(gp;(F)).

(4) For each soft point ¢ € SP(X) and each soft neighborhood U at x¢ over X, ¢, (U) is a soft
neighborhood at soft point p,(x¢) € SP(Y).

Theorem 2.27. [20] Let (X, 7, E) and (Y, 0, K) be two soft topological spaces and py = S(X, E) —
S(Y,K) be a soft mapping. Then, @, is a soft closed mapping if and only if, for each soft point
y* € SP(Y) and each soft open set F' over X with gpll(yk) C F, there exists a soft open set W over
Y such that y* €W and gpqzl(W) CF.

Lemma 2.28. [20] Let S(X,E) and S(Y,K) be the families of all soft sets over X and Y, re-
spectively. Let ¢ : X — Y and ¢ : E — K be two mappings and F be a soft set over X. If
oy S(X,E) = S(Y,K) is a soft continuous mapping, then pu(cl(F)) T cl(py(F)).

Definition 2.29. [8] A soft topological space (X, 7, E) is called a soft Hausdorff space if for any
two distinct soft point x¢, y* € SP(X) there exist soft open sets F,G such that 2° € F, y* €G and
FNG=2a.

Definition 2.30. [35] A family U of soft sets is called a soft cover of a soft set F if
FC|IH{U; e S(X,E): U, elU,ic J}.

The family U is called a soft open cover of F' if each member of i/ is a soft open set. A soft
subcover of F' is a subfamily of & which is also a soft cover of F'.
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Definition 2.31. [/, [35] A soft topological space (X, T, E) is a soft compact space if each soft open
covering U of X has a finite soft subcover.

Definition 2.32. [16/ A soft space (X, 7,E,T) is called a soft Z-compact if every soft open cover
U={U e SX,E):ieJ}of X, there exists a finite subset J' of J such that X —| [{U; € S(X, E) :
ieJ'}el.

Definition 2.33. [20] Let (X, T, E) be a soft topological space. A family V of soft sets over X is
called a soft locally finite if for each soft point ¢ € SP(X), there exists a soft neighborhood U over
X that intersects only finitely many elements of V.

Proposition 2.34. [20] Let V be a soft locally finite family of soft sets over X. Then,
(1) Any subfamily of V is soft locally finite.
(2) The family F = {cl(F) : F € V} is soft locally finite.
(3) cl(Upey F) = Upey cl(F).

Definition 2.35. [20] Let (X, T, E) be a soft topological space and U be a family of soft sets over
X. A family V of soft sets over X 1is called a refinement of U if for each soft set V€V, there ezists
a soft set U € U containing V.

If the soft sets of V are soft open sets, we call V is a soft open refinement of U.

Definition 2.36. [20/ A soft topological space (X, T, E) is called a soft paracompact space if each
soft open covering U of X has a soft open locally finite refinement V that covers X.

3. Soft I-S-paracompact spaces

Firstly, we give the definition of soft Z-paracompact space and soft S-paracompact space as
follows:

Definition 3.1. A soft space (X, 7, E,T) is called a soft T-paracompact if every soft open cover U
of)? has a soft open locally finite refinement V' such that X — L] {V € S(X,FE): Ve V} el

Throughout this work, the family V satisfying X — L] {V Ve V} € T s called a soft Z-cover of

X.

It is clear that every soft paracompact space (X, 7, F') is a soft Z-paracompact space for any soft
ideal Z on X. But the following example shows that the converse is not true in general.

Example 3.2. Let (X, 7, E,T) be a soft space where X = {p}UZ™, for some p € Z=, E = {ey, es},

T = {CID,)N(} U{F € S(X,E) : {(e1.{p}),(e2,X)} T F} and T = {I : I T {(e1, X), (e2, {p})}}.
Then, one can readily verify (X, 7, E,ZT) is a soft Z-paracompact space, but (X, T, E) is not a soft
paracompact space.

Remark 3.3. IfZ = {®}, then the Deﬁm’tz’on coincides with the definition of a soft paracompact
space.

Theorem 3.4. If (X, 7,E,7) is a soft Z-compact space, then it is a soft Z-paracompact space.
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Proof . [t follows immediately from the fact that every finite family of soft sets over X is a soft
locally finite. [

The converse of Theorem is not necessarily true as we can see in the following example.

Example 3.5. Let X = {xy,29,...,2p, ...}, E={e1,e9,....en,...} and 7= S(X, E). If we take

7= {1 cS(X,E):IC {(el,@), (2, X), (€3, X)), ovns (€, X), }}

then (X, 7, E,T) is a soft Z-paracompact space but (X, 7, E,T) is not a soft T-compact space.

Definition 3.6. A soft topological space (X, T, E) is called a soft S-paracompact space if every soft
open cover U of X has a soft semi-open locally finite refinement V that covers X.

Theorem 3.7. If (X, 7, E) is a soft paracompact space, then it is a soft S-paracompact space.

Proof . It follows immediately from the fact that every soft open sets over X is a soft semi-open
set. [

Definition 3.8. A soft space (X,7,E,T) is called a soft Z- Spamcompact if every soft open cover
U ofX has a soft semi-open locally finite refinement V' such that X — | {V e S(X,E):V eV} el

It is clear that every soft S-paracompact space (X, 7, F) is a soft Z-S-paracompact space for any
soft ideal Z on X. But the following example shows that the converse is not true in general.

Example 3.9. Let E be any set of parameters and X = {x1,x9,...,2p,...}. Let 7 = {F : x
F}U{®} be a soft topological space over X with the ideal T = {G € S(X,E) : int(cl(G)) = ®}.
Then, (X, T, E,T) is a soft Z-S-paracompact space but it is not a soft S-paracompact space.

Remark 3.10. Definition 3.8 coincides with soft S-paracompactness when the soft ideal T just con-
sists of null soft set.

Theorem 3.11. Let (X, 7, E,Z) be a soft space.

(1) If it is a soft Z-S-paracompact space and the family J is a soft ideal such that T C J, then
(X, 7, E,J) is a soft J-S-paracompact space.

(i3) If it is a soft Z-paracompact space, then it is a soft Z-S-paracompact space.

Proof . Straightforward. [J

Corollary 3.12. Let (X, 7, E) be a soft topological space and T be a soft ideal on X. Then, the
following tmplications hold:
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(X, 7, F) = (X, 7, F) — (X,7,F)
soft compact soft paracompact soft S—paracompact
\ Y \
(X, 7, E,T) — (X, 7, E,T) — (X, 7, E,T)
soft T—compact soft -paracompact soft L-S-paracompact

We will provide an important definition and some propositions that will be used in the proof of
theorems on soft Z-S-paracompactness.

Definition 3.13. Let (X, 7, E,Z) be a soft space. If TN 1 = {®}, then the soft ideal T is called a
soft T-boundary on X.

Example 3.14. Let us take a soft ideal T = {®} and a soft topology T = {)~(, ®}. Then, T is a soft
T-boundary on X.

Proposition 3.15. Let (X, 7, E,Z) be a soft space, where I is a soft T-boundary on X. If F €
SSO(X, 1), then F —1I € SSO(X,1*) for each I € T.

Proof . Let F € SSO(X,7) and I € Z. By Definition [2.16, there is a G € 7 such that G C F' C
cl(@). Therefore, we have G — I C F — I C ¢l(G) — I. Since Z is a soft 7-boundary on X, from the
fact that G C G* it follows that

G-ICF—ICdG) —ICdG)—I1=G"—1CG"

Also, we get G* = (G — I)*. Indeed, let 2° € G*. Then, (G —I)M H ¢ T for each H € T containing
z¢ and so that 2¢ € (G — I)*. Now, let 2¢ € (G — I)*. Then, H MG ¢ Z for each H € 7 containing
2¢ and therefore ¢ € G*. Hence,

G-ICF-IC(G-IC(G-I)U(G—1) =dd*(G-1I).

Thus, from the fact that G — I € 7* it follows that F' — I € SSO(X, 7). O
Using the necessary definitions, we can easily proof the following propositions.

Proposition 3.16. Let (X, 7, E,Z) be a soft space. Then, the following statements are equivalent:
(i) T is a soft T-boundary on X.
(i1)) SSO(X,7)NT = {P}.

Proposition 3.17. Let (X, 7, E,Z) be a soft space. If T is a soft T-boundary on X, then for each
F € ™ we have 7*cl(F) = 1cl(F).

Lemma 3.18. Let 7 and o be two soft topological spaces. If T C o C SSO(X, ) and Tcl(F) =
ocl(F) for each F € o, then we have Tcl(tint(F)) = ocl(oint(F)).

Theorem 3.19. Let (X,7,E,Z) be a soft space, where T is a soft T-boundary on X. If 7 C
SSO(X,7) and (X, 7", E.T) is a soft Z-S-paracompact, then (X, T, E,T) is a soft Z-S-paracompact.
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Proof . Let U = {F; : i € A} be a soft T-open cover of X. Since 1 C 7*, U is a soft 7*-open cover of
X. By hypothesis, i has a soft 7*-semi-open 7*-locally finite refinement V = {G; : j € J} such that

X —|{G;:j5 € J} €Z. From Proposition and Lemma it follows that G; € SSO(X, 1) for
each G; € V. Now, we shall show that the family V is soft 7-locally finite. Let 2* € SP(X). Then,
there exists an F. € 7 containing z¢ such that Fy. MG, = ® for all j ¢ {ji,...5,}. Also, we get an
H.. € 7 and I, € 7 such that F,e = H,e — I,e. Therefore, we obtain

(er - [ze> M GJ - (er M G]) - [xe - (b
for all j & {j1,...7,}. Hence,

forall j ¢ {ji1,...7n}. Otherwise, we would have H,.MNG; € T and H,.MNG; € SSO(X, 1), contradicting
the fact that Z is soft-r-boundary on X. Thus, the family V is a soft 7-semi-open locally finite
refinement of U such that X — | {G,:j € J} €Z. O

Now, we will give the following definition and lemmas that will play a crucial role as a proof of
the converse of Theorem [3.19

Definition 3.20. Let (X, 7, E,Z) be a soft space. We say that T is a soft weakly T-local if F* = ®
implies F' € T.

Example 3.21. Let X = {x1, 25}, E = {e} and 7 = {®, X, (e, {z2})}. [fwe take T = {®, (e, {x2})},
then Z is a soft weakly T-local.

Lemma 3.22. If the family {F;}ics is a soft locally finite, then we have

() =L

icJ icJ

Proof . It is easy to see that | ],.; Fi* T (|, Fi)*. Let 2¢ € (| ],, F;)*. By hypothesis, there
exist a soft open set G' containing x¢ such that G M F; = @ for all + ¢ {1,...,n} = A. Since
G (e _a Fi) = ®, we have 2° ¢ (| |,.,_A Fi)*. Because

(Ur) = (Ure L ) =(Um) e L n)
ieJ ieA ieJ-A ieA icJ—A
we obtain x¢ € <UieA Fi>*. Thus, from the fact that A is a finite set it follows that z¢ € Llica F7 E
| l;c; F7, which completes the proof. O

Lemma 3.23. Let (X, 7, E,Z) be a soft space. If a soft cover U = {U; € S(X,FE) : i € A} of X
has a soft semi-open locally finite refinement which is a soft Z-cover of )?, then there exists a soft
semi-open locally finite precise refinement V = {V; € S(X, E) : i € A} of U which is a soft Z-cover
of)~( (Here, the soft precise means that U and V have the same index set A and V; C U; for each
i€ ).

Proof . Let U = {U; € S(X,E) : i € A} be a soft cover of X and let W = {F; € S(X,E) : j € J}
be a soft semi-open locally finite refinement of & which is a soft Z-cover of X. Now, we define a
function f: J — A by



206 Turanli, Demir and Ozbakir

F; € Uy

for all j € J. Let us take a soft set V; = | {F; : f(j) = ¢}. One can readily verify that the family
V = {V; :i € A} is a soft semi-open soft Z-cover of X and V; C U; for all i € A. Finally, we shall
show that V is soft locally finite. Let 2¢ € SP(X). Then, there is a G € T containing ¢ such that
A={j€J:GMNF;# P} is a finite set. Also, by the definition of V;, we say that

GNV; # & if and only if GM Fj # ® and f(j) =i for some j € A.

Therefore, since A is a finite set, {i € A : GMNV; # ®} is a finite set. Thus, the family V is soft
locally finite. [J

Theorem 3.24. Let (X,7,E,Z) be a soft space, where T is a soft T-boundary and a soft weakly
T-locally on X. If (X,7,E,7T) is a soft T-S-paracompact space, then (X, 7, E,T) is a soft I-S-
paracompact space.

Proof. Let G ={F,—1;: F; € 7,1 € J, I; € T} be asoft 7*-open cover of X. Then, U ={F,:i € J}
is a soft 7-open cover of X. By Lemma m, the family ¢/ has a soft 7-semi-open 7-locally finite precise
refinement V = {V; : i € J} which is a soft Z-cover of X. Since {V; M 1; : i € J} is a soft 7-locally
finite family and Z is a soft weakly 7-local, by Lemma [3.22 we have | |,.,(Vi M I;) € Z. Therefore,
we obtain X — |lic,;(Vi = I;) € I. Because V is a soft 7-locally finite family, W = {V; — I; : i € J}
is a soft 7-locally finite family. From 7 C 7*, it follows that W is a soft 7*-locally finite family. By
Proposition [3.15] we have V; — I; € SSO(X,7*) for all ¢ € J. Thus, since V; — I; C F; — I; for all
i € J, W is a soft 7*-semi-open 7*-locally finite refinement of G such that X — | {Vi—I:ie J} €T
U

Lemma 3.25. Let (X, 7, E) be a soft topological space. Then, (X, 7% E) is a soft topological space
on X.

Proof . Firstly, we show that
T*={FeSX,FE): FNG € SSO(X, 1), foreach G € SSO(X,T)}.

Let F € 7 and G € SSO(X, 7). Take a soft point x¢ such that z°€ F M G and consider any
soft open set H satisfying #¢€ H. Then, H Mint(cl(int(F))) is a soft open neighbourhood of z°.
From z° € cl(int(G)), it follows that (H M int(cl(int(F)))) Mint(G) # ®. Letting W = (H N
int(cl(int(F)))) Mint(G), we have W C cl(int(F)). Therefore, we obtain W Mint(F) # ®. From
the fact that
W Mint(F) = H N (int(F) Nint(G))

it follows that z¢ € cl(int(F 1 G)). Thus, FNG € SSO(X, 7).

Conversely, let F' € S(X, E) and let FNG € SSO(X, 1) for each G € SSO(X, 7). In particular,
if we take G = )N(, we see that F' € SSO(X, 7). Now, we shall show that F' € 7. Suppose that z¢ € F
and z¢ ¢ int(cl(int(F))). Then, z¢¢ int(cl(F¢)) and ¢ € cl(int(cl(F*))). Letting H = int(cl(F°)),
we obtain H U x¢ € SSO(X, 7). By hypothesis,

FN(HUz®)=2°U(FMH)=2°€ SSO(X, ).

Since int(x¢) # ®, we get ¢ € 7 and this means that x¢ € int(cl(int(F))), which contradicts our
assumption. Hence, F' € 7¢. Thus, using the equality, we can easily show that the family 7 is a
soft topology on X. [J
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Theorem 3.26. If (X, 7% E,7) is a soft Z-S-paracompact space, then (X, 7, E,T) is a soft Z-S-
paracompact space.

Proof . Let U be a soft 7—open cover of X. Since 7 C 7% U is a soft 7*-open cover of X. By
hypothesis, U has a soft 7*-semi-open locally finite refinement V = {G; : ¢ € J} which is a soft
Z-cover of X. From the fact that SSO(X, 1) = SSO(X,7%) it follows that V is a soft T-semi-open
refinement of &. Now, we shall show that V is a soft 7-locally finite family. Let 2¢ € SP(X). Then,
there exists an F' € 7% containing x¢ such that F 11 G; # ® for all i € {iy,...,i,}. Let us take an
F; € 7 such that F; C G; C cl(F;) for all ¢ € J. Therefore, we obtain int(cl(int(F))) M1 G; = @ for
all j ¢ {i1,...,i,}. In fact, suppose that int(cl(int(F))) N Gy # @ for some k ¢ {iy,...,i,}. Since
G C cl(Fy), we get int(cl(int(F)))MFy # ®. In this case, by Fy C Gy, we have G, MF # ®. Thisis a
contradiction because of FMG; # ® for all i € {iy,...,4,}. Hence, there exists an int(cl(int(F))) € T
containing z¢ such that int(cl(int(F))) M G; = ® for all j ¢ {iy,...,43,}. Thus, V is a soft T—locally
finite family. [J
The converse of above theorem is not necessarily true as we can see in the following example.

Example 3.27. Let X = R and E be any set of parameters. Consider a soft space (X, 7, E,T) where
T = {9, X, ¢} and Z = {P®}. One can readily verify that (X, 7, E,T) is a soft Z-S-paracompact space.
But (X, 7% E,T) is not a soft Z-S-paracompact space since 7 = {F : 2 € F} U {®} and the family
{z¢Uy* : y* € SP(X)} is a soft T®—open cover of X which admits no soft T—open locally finite
refinement which is a soft T—cover of X.

Lemma 3.28. Let (X, 7, E) be a soft topological space. Then, SSO(X,T) is a soft topology on X if
and only if (X, 7, E) is an extremally soft disconnected space.

Proof . Let F' € 7. Suppose that cl(F) ¢ 7. Let us take a soft point z¢ € cl(F) int(cl(F)) such
that Gy = 2°Uint(cl(F)) and Gy = (int(cl(F)))¢. Then, there is a soft point 2¢ € cl(F) — int(cl(F)).
Letting Gy = z¢ Wint(cl(F)) and Gy = (int(cl(F)))¢, we obtain G, G € SSO(X, 7). Since

G1 MGy = (zf Wint(cl(F))) N (int(cl(F))) = x° M (int(cl(F)))¢ = z°

by hypothesis, we have ¢ € SSO(X, 7). This is a contradiction.

Conversely, we need only show that the family SSO(X,7) has finite intersection. Let F', G €
SSO(X,7) and z¢°€ F N G. Take a soft open set H with € H. Then, by hypothesis, H Il
int(cl(int(F))) is a soft neighbourhood of z¢. Letting W = (H Mint(cl(int(F)))) Nint(G), we
have W C cl(int(F')). Therefore, we obtain W M (int(F')) # ®. From the fact that

W Mint(F) = H 0 (int(F) Nint(G))

it follows that ¢ € cl(int(F M G)). Thus, F MG € SSO(X, 7). Then, SSO(X, 7) is a soft topology
on X. [J
The soft topology on X with SSO(X, 7) as subbase will be denoted by Ts.

Theorem 3.29. Let (X, 7, E,Z) be an extremally soft disconnected space. If (X, 7s, E,T) is a soft
Z-S-paracompact space, then (X, 7, E,T) is a soft T-S-paracompact space.

Proof . It follows immediatly from Lemma and Theorem [3.26] [
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4. Invariants of soft I-S-paracompact space under mappings

Definition 4.1. Let (X, 7, E) be a soft Hausdorff space. Then, a soft continuous mapping ., :
(X, 11, E) = (Y, 7, K) is called a soft perfect mapping if py is a soft closed mapping and for each
k YN

y" € SP(Y), ¢, (") is a soft compact set over X.

Lemma 4.2. Let ¢y : (X, 71, E) — (Y, 7, K) be a soft surjective perfect mapping. If the family
V={V, € S(X,E) :ie J} is a soft locally finite family on X, then the family {¢,(V;) : Vi € V} is
a soft locally finite family on'Y .

Proof . Let V = {VLE S(X,E) :i € J} be a soft locally finite family on X and y* € SP(Y). Then,
we have cp;l(yk) C X. By hypothesis, for each x> € goqll(yk) and o € A, there exists a soft open set

U, containing z¢> such that U MV,=® foralli ¢ {iy,...,in}. Thus,
(U € S(X,E) 12t € o' (y")}

is a soft open cover of go;l(yk). Since go;l(yk) is a soft compact set over X, there exists a finite soft
subcover

{Uaxi" ae AN C A, T c g);l(yk) and A’ is ﬁnite}

of o' (y¥). Letting LI{U."" : @ € A’} = Uy, we obtain 0, (YF) C Ugyry. We can easily see that
Uy is a soft open set over X and Uyr MV; = ® for all i € {i1,...,i,}. From soft closedness of oy,
and Theorem it follows that y* has a soft neighbourhood W over Y such that go;bl(W) C Ury-
Therefore, the soft neighbourhood W meets only finitely many members of the family {¢,(V;) : V; €

V}, which completes the proof. [

Theorem 4.3. Let ¢y : (X, 7, E,I) = (Y, 72, K, J) be a soft open soft surjective perfect mapping
with () T J. If (X, 7, E,Z) is a soft T-S-paracompact space, then (Y, 2, K,J) is a soft J-S-
paracompact space.

Proof . Let U = {U; : j € J} be a soft open cover of Y. Since ¢y 1s a soft continuous mapping,
by Theorem [2.24] 4,0;1((/{) = {gpll(Uj) : U; € U} is a soft open cover of X. By Lemma [3.23] there

exists a soft semi-open locally finite precise refinement V = {V; : j € J} of 901;1(2/{) such that

X — || (V;) = I € Z. From Lemma [2.28 and Lemma it follows that ¢, (V) = {py(V;) : j € J}
jeJ

is a soft semi-open locally finite family on X. Since

ou(X) = eu (L) UT) = wu( Vi) U oy(D)

jeJ jeJ

we get Y — | | 0yp(V;) C py(I) T J. Thus, (Y, 7, K,J) is a soft J-S-paracompact space. [

=

Lemma 4.4. Let vy : (X, 71, E,T) = (Y, 72, K, J) be a soft open soft surjective and a soft continu-
ous mapping. If V is a soft semi-open set over' Y and U is a soft open set over X, then go;l(V) nu
s a soft semi-open set over X.

Proof . Let V be a soft semi-open set over Y and U be a soft open set over X. Then, there exists
a soft open set G over Y such that G C V' C ¢l(G). By Theorem and Theorem [2.26]
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P (G) T (V) Egy'(e(G)  and ¢ (@) E cl(p, ' (G)).
Hence, we have gp;l(G) C gplzl(V) C cl(gpll(G)). Since gpll(G) is a soft open set over X, then cplzl(V)
is a soft semi-open set over X. Thus, 4,01;1(\/) MU is a soft semi-open set over X. [J
Theorem 4.5. Let ¢y, = (X, 7,E,Z) — (Y, 7, K,J) be a soft open soft perfect mapping with
w;l(j) CZ If (Yo, K, J) is a soft J-S-paracompact space, then (X,7,E,T) is a soft Z-S-
paracompact space.
Proof . Let U = {U, : a € A} be a soft open cover of X. Then, for each y* € SP(Y) and

A € A, we have 90;1 (y’;*) CX= | | Us. By hypothesis, there exists a finite subcollection Z/iykA =
acA A

ky ky ky n ky
{chfA ),ng? ), ...,ch? )} of U such that gp;l (yl)\“) c |_|ch;yA ) Because ¢y, is a soft closed
i=1

n k>\
mapping and |_|ch;1’ * ) is a soft open set over X, by Theorem [2.27] there exists a soft open set
i=1

ky ky kX n
F fyk ) over Y such that (yfk> e F A<yk ) and %Zl (F ,\(yA >> C |_| Vs, (K/I;A) Since the family F =
i—1

ky ~
{F /\(yA ) : yl;A € SP(Y) and A € A} is a soft open cover of Y there exists a soft semi-open locally

finite precise refinement V = {VA A E A} of F such that Y — |_| {V)\ AE A} eJ.
Let us take a soft family

W = {v;‘i VR = U, (y;) Mo (Va), yl> € SP(Y), A€ Aand i =1, n}

By Lemma we have V) is a soft semi-open refinement of U.
Let 25 € SP(X). Then, 3 = ¢, <x§A> € (V, U J) for some y’;go € SP(Y) and some J € J.
So,

ko0 n k2o
ey ~ _ _ _ _ Yx _ Y _
Ty € S%,l (yik) C 90¢1(VA0) '—'s%l(J) C Spqpl(FA(o ’ )) USle(‘]) C |_|U0‘<1 ’ ) U@wl(‘])-
i=1

k)‘O

_ y
Therefore, for some a € {ay, ..., }, 2 € (Ua(z 0 ) L @JI(J)). Then,

k)‘O

(05! (Vag) Uy (J)) 1 (Ua(iy% ) U%T(J)) = (%1(%0) a <Ua(iyk°o) U%fU))) Uy (J)

kX
and V' = | o (V. U(y“o) o (J H X =| |V Uug;!(J), which impli
o = Pp (Vo) 1 Uny Uy (J) € W. Hence, —|_| v Uy (J), which implies
AEA
that X — |_| Vi C w;l(J), it follows that W is a soft Z-cover of X.

AEA
Now, we shall show that W is a soft locally finite family on X. Let 2> € SP(X). Then, we have

Y =y (25)) € SP(Y). Since V = {Vj : A € A} is soft locally finite on Y, there exists a soft open
set O'y"; containing y,* such that
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OPMVy =

for all A & {A1,..., An}. Also, we get O = 30;1(0’33) is a soft open set over X such that x,* € O
From the fact that

02 Mg (Va) = 0, (08 M (Va) = ¢, (0B M 1y) = @

for all A & {A1, ..., An}. Since V" MO = @ for all A ¢ {\y, ..., A\, }. Hence, W is a soft locally finite
on X. Thus, (X, 7, E,I) is soft Z-S-paracompact space. [
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