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Abstract

It is well known that fixed point problems of contractive-type mappings defined on cone metric
spaces over Banach algebras are not equivalent to those in usual metric spaces (see [3] and [10]).
In this framework, the novelty of the present paper represents the development of some fixed point
results regarding sequences of contractions in the setting of cone metric spaces over Banach algebras.
Furthermore, some examples are given in order to strengthen our new concepts. Also, based on the
powerful notion of a cone metric space over a Banach algebra, we present important applications to
systems of differential equations and coupled functional equations, respectively, that are linked to
the concept of sequences of contractions.
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1. Terminology and preliminary concepts

In the present research article we try to tackle the convergence of sequences of contractions defined
on cone metric spaces over Banach algebras. First of all we need to recall that F.F. Bonsall [2] and
S.B. Nadler Jr. [13] studied some stability results regarding sequences of contractions defined on a
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whole metric space (X, d). Furthermore, an interesting extension of the previous results was made
by M. Pacurar [14], who developed some fixed point results for the convergence of the sequence
of fixed points of almost contractions. M. Pacurar presented two interesting theorems, the first
one regarding the pointwise convergence and the second one concerning uniform convergence of a
sequence of almost contractions defined by the same coefficients. Now, our second aim of the present
section is to remind some mathematical notions that are well established in the field of nonlinear
analysis. For more information regarding these concepts, we kindly refer to [2] and [I4]. We first
present the idea of pointwise convergence.

Definition 1.1. Let (X,d) be a metric space. Also, let T : X — X and T, : X — X be some given
mappings for each n € N. By definition, the sequence (T,,)nen converges pointwise to T on X, briefly
T, & T, if for each € > 0 and for every x € X, there exists N = N(e,z) > 0, such that for each
n > N, we have that d(T,x,Tx) < €.

We easily observe that in Definition , one can replace the strict inequality d(T,z, Tx) < € by the
non-strict inequality without changing the idea behind the concept of pointwise convergence.
Similarly, the particular notion of uniform convergence of a sequence of mappings is given as follows.

Definition 1.2. Let (X,d) be a metric space. Also, let T : X — X and T,, : X — X be some
given mappings for each n € N. By definition, the sequence (T,,)nen converges uniformly to T on X,
briefly T,, = T, if for each ¢ > 0, there exists N = N(g) > 0, such that for each n > N and for
every x € X, one has the following: d(T,z,Tx) < e.

Also, for a family of mappings we can briefly recall the fundamental notions of equicontinuity and
uniform equicontinuity, respectively.

Definition 1.3. Let (X,d) be a metric space and T,, : X — X be some given mappings, for every
n € N. The family (T,)nen is called equicontinuous if and only if for every € > 0 and for each
r € X, there exists 6 = 0(e,x) > 0, such that for every y € X satisfying d(z,y) < 0, one has that
d(Thx, Thy) < e.

Now, regarding uniform equicontinuity of a family of operators, we employ the following definition.

Definition 1.4. Let (X,d) be a metric space and T, : X — X be some given mappings, for every
n € N. The family (T),)nen is called uniformly equicontinuous if and only if for every e > 0,
there exists 6 = §(e) > 0, such that for every x and y in X, satisfying d(x,y) < 0, one has that
d(Thz, Thy) < e.

As before, one can easily replace the strict inequality with the non-strict one, such that the two
definitions are equivalent to each other. Now, it is time to remind that the starting point of the
present research article is the paper of L. Barbet and K. Nachi. According to [I], the authors
considered some fixed point results regarding the convergence of fixed points of contraction mappings
in the regular setting of a metric space (X, d). The novelty of the already mentioned paper consists on
redefining pointwise and uniform convergence, respectively, but for operators defined on subsets of the
whole space and not on the entire metric space (X, d). Pointwise convergence was generalized by G-
convergence and uniform convergence was extended as H-convergence. For the sake of completeness,
we recall these two notions here.



Sequences of contractions on cone metric spaces ... 10 (2019) No. 2, 227-254 229

Definition 1.5. Let (X,d) be a metric space and X,, be nonempty subsets of X, for each n € N.
Let T, : X, = X for everyn € N and Ty, : Xoo — X be some given mappings. By definition Ty, is
the G-limit mapping of the sequence (1,)nen, whenever (T,,)nen satisfies property (G), i.e.

(G) : Vx € X, xp)nen € H X, s.t. x, — x and Tpx, — Ta.

neN

Regarding the generalization of uniform convergence for mappings that are not defined on the whole
metric space, we remind the following concept from [I].

Definition 1.6. Let (X,d) be a metric space and X,, be nonempty subsets of X, for each n € N.
Let T, : X, — X for everyn € N and T, : Xoo — X be some given mappings. By definition Ty, is
the H-limit mapping of the sequence (T,,)nen, whenever (T,,)nen satisfies property (H), i.e.

(H) : Y(xp)nen € H X, 3Wn)neny C Xoo, 8.t d(xp,yn) = 0 and d(T, 2y, Tocyn) — 0.

neN

Now, since we have reminded the basic concepts crucially important in our fixed point analysis, we
make the following remark that in Theorem 2 from [I] and in Theorem 1 from [I3], the authors
considered the contractions to be defined on a metric space and on subset of a metric space, re-
spectively. Moreover, they have supposed that the contractions have at least a fixed point. On the
other hand, M. Pacurar in [I4] considered that the almost contractions were defined on a complete
metric space and, in this case, each of them have a unique fixed point. For this, see This means that
in our case it is of no importance if we consider or not the completeness of the cone metric space
over the given Banach algebra. Similarly, in [Theorem 2| of Nadler’s article, that author considered
the pointwise convergence of a sequence of fixed points under the assumption that the contractions
are defined on a locally compact metric space (X, d). Additionally, in [14], M. Pacurar extended
this result for the case of almost contractions that are defined on a complete metric space, because
these mappings are not continuous so it is not properly to talk about the equicontinuity of a family
of almost contractions. For this, see the observation made by M. Pacurar before Theorem 2.6 in
[T4]. So, in our framework of a cone metric space over a Banach algebra, it is of no loss to employ
the analysis of M. Pacurar when dealing with the completeness of such a space. Finally, for other
interesting results concerning the stability of fixed points in 2-metric spaces, stability of fixed points
for sequences of (1, ¢)-weakly contractive mappings and mappings defined on an usual metric space,
we let the reader follow [I1], [12] and [16], respectively.

Now, it is time to move our focus to some articles regarding fixed point results in the setting of cone
metric spaces over Banach algebras. It is well known that the fixed point theorems of contractive-
type mappings defined on cone metric spaces are similar to those of the usual metric spaces, if the
underlying cone is normal. These type of fixed point results were introduced in [6]. On the other
hand, H. Liu and S. Xu [10] introduced the concept of cone metric spaces with Banach algebras in
order to study fixed point results, replacing Banach spaces by Banach algebras and they gave an
example in order to show that the fixed point results defined on this kind of spaces are non-equivalent
to that of usual metric spaces. Furthermore, S. Xu and S. Radenovi¢ [17] considered mappings de-
fined on cone metric spaces over Banach algebras but one solid cones, without the usual assumption
of normality. An interesting generalization was made by H. Huang and S. Radenovié¢ [4], considering
cone b-metric spaces over Banach algebras. They have studied common fixed points of generalized
Lipschitz mappings. Also, P. Yan et. al. [I8] developed coupled fixed point theorems for mappings
in the setting of cone metric spaces. Finally, the idea of replacing the Banach space by a Banach
algebra was motivated by [7] and [§] in which some remarks about the connection between fixed
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point theorems for different mappings and in the case of usual normal cones of Banach spaces and
usual metric spaces was given. Recently, in [3], Huang et. al. studied some topological properties
regarding cone metric spaces over Banach algebras. Also, they have studied some key concepts like
T-stability and well-posedness regarding fixed point problems in these abstract spaces. Now, at the
end of this section, we are ready to review some necessary concepts and theorems regarding cone
metric spaces over Banach algebras. Considering A to be a Banach algebra with zero element 6§ € A
and unit element e € A,we recall the notion of a cone from [9].

Definition 1.7. A nonempty closed subset P of A is called a cone if the following conditions hold:

(P1) 0 and e are in P,

(P2) aP+ pBP C P, for every o, 5 > 0,

(P3) P*CP,

(P4) Pn(—P)={0}.

Furthermore, we recall that P is called a solid cone if int(P) # (), where int(P) represent the
topological interior of the set P. Now, as in [4], one can define a partial ordering < with respect to
the cone P, such as if z and y are in A, then x < y if and only if y — 2z € P. Also, we shall write
x < y in order to specify that x # y and = < y. At the same time, for z,y € A, we denote by ©r < y
the fact that y — x € int(P), based on the assumption that we will always suppose that the cone
P is solid. From Definition 1.6 of [9] and Definition 1.1 of [10], we introduce the well-known cone
metric distances over the Banach algebra A and present some useful terminologies.

Definition 1.8. Let X be a nonempty set and d : X x X — A be a mapping that satisfies the
following conditions :

(D1) 0 <d(z,y), for each x,y € X, and d(x,y) = 0 if and only if v =y,
(D2) d(z.y) = d{y.x), for each z,y € X,
(D3) d(z,y) 2 d(x,z)+d(z,y), for every x,y,z € X.

Then (X, d) is called a cone metric space over the Banach algebra A.
Furthermore, from [17], we recall the following concepts.

Definition 1.9. Let (X,d) be a complete cone metric space over the Banach algebra A. Also, let
x be an element of X and (z,)neny C X be given. Then, we have the following :

(1) (%n)nen converges to z, briefly lim x,, =z, if for every ¢ > 60,3N = N(c) > 0,
n—o0

such that d(z,,x) < ¢, ¥Yn > N.
(17)  (xn)nen s a Cauchy sequence , if for every ¢ > 6,IN = N(c) > 0,
such that d(x,,, x,,) < ¢, Yn,m > N.

(i7i) (X,d) is complete if each Cauchy sequence is convergent.

In Definition [1.9] ¢ > 6 represent an useful notation for § < ¢, so it lies no confusion in the rest of
the present article. Now, following the well-known Rudin’s book of Functional Analysis [15], for the
sake of completeness, we recall the idea of the spectral radius of an element of the Banach algebra

A.
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Lemma 1.10. Let k € A be a given element. Then, by definition we consider the spectral radius of
k, by ) )
p(k) = lim [[K]= = inf [[£"[].

If A € C and p(k) < |\|, then the element \e — k is invertible. Also, one has that :
-1 _
(Ne—k) = N

1=0

Now, from [9], we present some important properties regarding the spectral radius of an element of
a Banach algebra 4 and some notions concerning the idea of a c-sequence, respectively.

Definition 1.11. A sequence (d,)nen from a Banach algebra A endowed with a solid cone P is
called a c-sequence if and only if for every ¢ > 0, there exists N = N(c) € N, for which one has
d, < c, for each n > N.

Alternatively, it is easy to see that it is of no loss if we take n > N in the above definition. Moreover,
one can use, as in the case of an usual metric space, alternative definitions such as the Proposition
3.2 from [I7] when the sequence (d,)nen is from P. Also, we remind the fact that one can rewrite
the definition of convergent sequences and Cauchy sequences respectively, using the Definition [I.11]
and Definition 1.8 from [9]. Furthermore, we have the following properties that can be put together
in a single lemma. Regarding these properties, one can follow [4], [7], [9] and [17].

Lemma 1.12. Consider A be a Banach algebra. Then, we have the following :

(1) fuzv<woru<Kyv 2w, thenu K< w,

(2) if0 u<c, foreveryc>> 0, thenu =20,

(3)

a, B are in P, then (au, + Pv,)nen 1S also a c-sequence,

(4) if Pis a cone and k € P with p(k) <1, then ((k)")nen is a c-sequence,
(5) ifk€ Pk =0, wihp(k) <1, then (e — k)" = 0.

if P is a cone,(up)nen, (Vn)nen are two c-sequences in A and

On the other hand, we end this section by reminding the readers that for interesting examples of
complete cone metric spaces over Banach algebras and for useful applications to functional and
integral equations, we refer to [4], [5], [9], and [I8]. Last, but not least, if T is an operator, then by
Fr we denote the set of fixed points of the mapping 7. Finally, since our aim is to use the fixed
point techniques in order to develop applications that have a meaningful connection with nonlinear
systems of functional and differential equations, we kindly refer to [4] and [9] for some important
applications to nonlinear differential problems through fixed point results.

2. Sequences of contractions on cone metric spaces over Banach algebras

In the present section, we consider A to be a Banach algebra and P to be the underlying solid
cone. Our aim is to adapt in a natural way the concepts of pointwise and uniform convergence and
the notions of equicontinuity for a family of mappings, respectively. First of all, we consider the
definition of pointwise convergence in the framework of a cone metric space over the given Banach
algebra A.
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Definition 2.1. Let (X, d) be a cone metric space over the Banach algebra A. Also, let T : X — X
and T, : X — X be some given mappings for each n € N. By definition, the sequence (T},)nen
converges pointwise to T on X, briefly T, 2 T, if for each ¢ > 0, ¢ € A and for every x € (X,d),
there exists N > 0 that dependens on ¢ and x, such that for eachn > N, we have that d(T,x,Tx) < c.

In a similar way, the particular notion of uniform convergence of a sequence of mappings can be
constructed as follows.

Definition 2.2. Let (X, d) be a cone metric space over the Banach algebra A. Also, let T : X — X
and T, : X — X be some given mappings for each n € N. By definition, the sequence (T),)nen
converges uniformly to T on X, briefly T, — T, if for each ¢ > 0, ¢ € A, there exists N > 0 that

depedens only on ¢, such that for each n > N and for every x € (X,d), one has the following :
d(T,z,Tr) < c.

On the other hand, for a family of mappings defined on a cone metric spaces over A, we introduce
the fundamental notions of equicontinuity and uniformly equicontinuity, respectively.

Definition 2.3. Let (X,d) be a cone metric space over the Banach algebra A and T, : X — X be
some given mappings, for every n € N. The family (T,,)nen 18 called equicontinuous if and only if for
every ¢y > 0, ¢y € A and for each x € (X, d), there exists co > 0, co € A that depends on ¢; and
x, such that for every y € (X,d) satisfying d(x,y) < cq, one has that d(T,z,T,y) < c1, for every
n € N.

Definition 2.4. Let (X, d) be a cone metric space over the Banach algebra A and T, : X — X be
some given mappings, for every n € N. The family (T),)nen is called uniformly equicontinuous if and
only if for every ¢y > 0, c; € A, there exists co > 0, co € A that depends only on ci, such that for
every x and y in (X,d) with d(z,y) < co, one has that d(T,x,T,y) < c1, for every n € N.

Inspired by [Example 2.17] of [4] in which the authors presented a complete cone b-metric space over
a Banach algebra with coefficient s = 2, we are ready to present a modified version in which we have
an usual complete metric space over a Banach algebra.

Example 2.5. Let’s consider A to be set of all the matrices of the form ((g g) , where o and
B are from R. On A, we define a norm || - ||, such as for every matriz from A, one has that

o p = |la| + |8|. Also, on A we have the usual matriz multiplication. Moreover, one can see
0 «

that P = { (((3; g) Ja, B> 0} is a nonempty solid cone on A. Furthermore, one can verify that A is

a Banach algebra. For the sake of completeness, we verify that the well-know triangle inequality holds
under multiplication. That means that we verify that ||A- Bl < ||A|| - || B||, for every matrices A and
B, i.e. when A = (061 gl) and B = (062 52). It follows that ||A- B|| = |oanaz| + |on f2 + azfh] <
1 2

lag o] + |y Ba| + o B1]. At the same time, it follows that | Al - || B|| = |onaa|+|aiBe|+|aefi]+ |51 P2
From all of this, it is easy to see that ||A- B < |A]l - || B]|-

Now, we consider X = [0,1] and define d : X x X — A, such as for every z,y € X, we have
d(z,y) = (\:L’gy\ k|x!9€_—y|y’> , where k > 1. Now, we shall validate the fact that d is indeed a
cone metric over the given Banach algebra A with the identity element e to be the identity matriz Io
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and the zero element 6 to be the matriz with all elements 0. For this, we consider x,y and z to be
arbitrary elements of X.

o We easily observe that d(x,y) = d(y, x),
[z —yl k-fz—yl 00
- —
.d(x,y)_@@( 0 -yl )= 0 0

lz—yl k-le—yl\ _(0 0
@( 0 iz — g 00)F
@(\x—y\ k‘lx—y|>ep

0 |z —y|
& |le—y| > 0.

o Taking A :=d(x,y),B :=d(z,z) and C :=d(z,y),
we shall show that A< B+C, i.e. B+C — A€ P.

This means that :

(\x—Z!HZ—y! k'[!x—2|+lz—yl])_(!x—y! Ix—yl) cp

0 |z — 2|+ [z — ¥l 0 lz — ]

_ — > —
{’1’ Z+lz—yl = |z -yl . which is valid.

kolle—zl+]z—yll = k- |z -yl

Now, based on the Example 2.5 we shall present also an example, in which we have the uniform

convergence of a sequence of mappings defined on the previous cone metric space (X, d) over the

Banach algebra A given above.

Moreover, from now on we specify that the notation n11_>rgo T, = 6 means the convergence under
(A)

the Banach algebra A, i.e. (z,)qen is a given sequence that satisfies the fact that is a c-sequence.

Furthermore, for a real given sequence (y,,)nen that converges to a real number y, we denote nh_}rgo Yn =
(R)

y. Finally, we make the observation that if we work with sequences of mappings, the latter covergence

can be understood pointwise or uniformly, depending on the given context.

Example 2.6. For everyn € N, let f, : [0,1] — [0,1], such as f,(x) = f, for each x € [0, 1]. Also,
n

consider f to be the null mapping from [0,1] to {0}. Step by step, we show that f, ~ f with respect
to the cone metric d from Example . This means that for every ¢ > 0, there exists N = N(c) > 0,
such that for all n > N and for each x € (X, d), we have that d(fnx, fr) < c.

__q ‘__
Furthermore, we observe that d(f,x, fx) = d <£, 0) ’ ‘ ‘ . Furthermore, since
n T
| . | 00 ke
the null element 0 is the null matriz, we obviously have that 00 = 78 2| . First of all, we
1 1 1 51
P N O B L A
show that 3 2= 1™ |- Equivalently, this means that | ™ 1" - 6‘ i s
n 0 L. n

1—
P. Since
n

x
> 0, because x < 1, then the above relation is valid.
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1 1
= k.=

Denoting by A, == | T 1” , we shall show that li_)m A, = 0. This means that (A,)nen S a c-
0 - @

n
sequence, i.e. for an arbitrary ¢ > 0, ¢ € A, there exists N > 0 that depends on c, such that for every
n > N, it follows that A, < c. For this, let’s consider ¢ € int(P). Since c is arbitrary, we can freely

choose ¢ = ((g g), with a, 8> 0. We must show that there exists an index N > 0 that depends on

1 1
= k.=

¢, i.e. N depends on a and 3, such that for alln > N, it must follow that | ™ "< (a ﬁ) )
0o =

0 «
1 1 1
a—— [B—k-— o> —, 1
This is the same as n 1" | € int(P), ie. oy We know that lim — =0
n*)OOn
0 o — — 6>k —. (R)
n n

k
and also 7}1_%10— = 0. From the first limit, it follows that for the above o > 0, there exists Ny that
® "

1
depends on «, such that for every n > Ny, one has that — < a. Now since n > Ny, it follows that
n

1 1 1
there indeed exists Ny := {—} +1, such as — < N < a. Now, for the second limit and for the above
[0 n 1

k
B > 0, there exists Ny that depends solely on 3, such that for every n > Ns, one has that — < [.
n

k k k

Now since n > Ny, we get that there exists Ny := E] +1, such as — < A < B. In our analysis, we
n 2

recall that the notation with the square brackets means the well-known integer part of a given number.

From all of this, we can find N := max{Ny, No} that obviously depends on « and f3, i.e. depends on

1
¢, such that o > — and B > —, respectively. This means that (A,)nen 1S a c-sequence. So, it implies
n n

that for an arbitrary element ¢ > 0, ¢ € A, there exists N = N(c) > 0, such that for everyn € N,
we have that A,, < c¢. Using the fact that d( f,x, fx) < A, for each x € [0,1] and using (1) of Lemma
we get the desired conclusion.

From [9], we recall an example of a cone metric space over a Banach algebra, which will be used
further in this paper.

Example 2.7. Let A =R2% Then A is a Banach algebra, with the norm given by ||(uy, u2)|| = |uy|+
|ug|, for any arbitrary element (uy,us) of A. Moreover, we have the multiplication u-v = (uyvy, uyvy+
ugvy), where u = (uy,uz) and v = (vy,ve) are given elements. Also P = {u = (uy,us) /uy,ug > 0}
is a solid cone over R2. Taking X = R2, we can define the operator d : X x X — A, by d(xz,y) =
(|x1 — 1|, |w2 — a|), where & = (x1,22) and y = (y1,12). Then (X,d) is a cone metric space over R2.

We mention that if we take X = [0,1) x [0,1) C X, then it is easy to see that (X, d) is also a
cone metric space over R%, where d is defined in Example . Also, based on the previous example,
we shall present a sequence of mappings that converges pointwise and does not converge uniformly
toward the null mapping, with respect to the cone metric d.

Example 2.8. For everyn € N, let T, : [0,1) x [0,1) — [0,1) x [0,1), defined as T, (z) = («7°, z3),
where v = (r1,79) € [0,1)%.  Also, we consider the null operator T, i.e. T(x) = (0,0), where
z€1[0,1)* and T : [0,1) x [0,1) — {0} x {0} € [0,1) x [0,1). In the present example, we shall show
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that T, 5 T, but T, /> T.

e First of all, we shall show that the sequence (T,)nen converges pointwise to T with respect to d.
This means that for an arbitrary ¢ > 0, ¢ € R? and for every x € [0,1)%, we must find an index
N > 0 that depends on ¢ and z, such that for alln > N, one has d(T,z,Tz) < c. For this, let’s
consider ¢ = c(cy,¢2), with ¢1,¢o > 0. Also, let x to be the pair (x1,x2), such that xi,z5 € [0,1).
Then, it follows that :

d(Thyx,Tr) < ¢
< (e1,¢0) —d(Tyx, Tx) € int(P)

& (c1,09) —d <<a:7f2,x;‘> , (0, 0)> € int(P)
{cl—x’f >0 {01 >m’112
<~ 54
co — x5 >0 Co > TY.
Now, we shall use the fact that lim 2 =0 and also lim zy = 0, i.e. the functions falzy) = a7
(R) (R)
and gn(x2) = x coverge pointwise toward 0. From the first limit, it follows that for ¢, > 0 considered
above, there exists Ny = Ni(c¢q,x1) > 0, such that for each n > Ny, we have that x?Q < xf[% < .
Analogous, for the second limit and for co > 0 considered above, there exists No = Na(cq,x9) > 0,
such that for each n > Ny, one has that x3§ < atév2 < ¢y. Also, we mention that N and Ny ca be
formally determined as in Example [2.6,
From all of this, we find N = max{ Ny, Na}, that depends on ¢y, cq, x1 and xo and so depend on ¢ and
x, for which we have d(T,xz,Tx) < ¢, for everyn > N.
e Now, it is time to show that (T,,)nen does not converge uniformly to T with respect to d. We know
that if T, = T, then for every ¢ > 0, c € A, there exists N = N(c) > 0, such that for everyn > N,
one has d(T,z,Tx) < ¢, for each x € [0,1)2. For this, let’s consider ¢ = (cy1,c3), with ¢1,ce > 0.

We know that d(T,x,Tx) < ¢ requires that x’f2 < ¢ and x5 < co simulatenously. For all n € N,
we can take the particular case when x depends on n and choose z1(n) = 54" and x4(n) = 37/

1
In this manner, we obtain that z7° = R < ¢ and x5 = = < ca. This leads to the fact that taking
1 1 11 11
¢ = (c1,¢9), with ¢; < R and ¢y < 3 then ¢ < (g, §> So, for example, if we take c = <ﬁ’ g), we

get a contradiction.

Now, we are ready to present our main results, i.e. regarding the pointwise and uniform conver-
gence respectively of a sequence of mappings with respect to a cone metric over a Banach algebra

A.

Theorem 2.9. Let (X,d) be a cone metric space over a Banach algebra A. Also, consider T,,,T :

X — X, for each n € N such that they satisfy the following assumptions :

(1) for everyn € N, T,, has at least a fized point, i.e. there exists x,, € T,

(7i) the operator T is an o — contraction with respect to the cone metric d, i.e. there exists a € P,
with p(a) < 1, such that d(Tz, Ty) = ad(z,y), for all z,y € X,

(iii)T,, = T as n — oo, with respect to the cone metric,

(1)(X,d) is a complete cone over the Banach algebra A.

Then, following the fact that x* is the unique fized point of the operator T, we have that (d(zy, x*))nen
1S a c-sequence.
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Proof . Following [17], we know that there exists a unique fixed point of T', i.e. z* € Fp. Since we
need a major bound for d(z,,x*), we consider the following estimations :

d(xp, ") =d(Tyx,, Tx*) <
d(Thxn, Tx,) + d(Tx,, Tx") =
d(Tyxpn, Tx,) + ad(xy,, ).
Using the idea of a solid cone in the Banach algebra A, this leads to
ad(zy, ")+ d(Tyx,, Tx,) — d(z,,2") € P&
(v — e)d(xp, ") + d(Thxy, Tx,) € P <
d(Tyx,, Tx,) — (e — a)d(x,,x*) € P.
We specify that here we have used the fact that (e —«) is the opposite element of (a«—e) in the setting
of the given Banach algebra. Also. we know that (¢ — a)~! >= 6 because a = 6 and that (e — a)7?

is well defined since p(a) < 1. Now, using the fact that P? C P and multiplying by (e — «)7?, it
follows that

(e — ) (T, Txy) — d(z,,2%) € P &
d(x,, ") = (e — ) 'd(Tyz,, Txy).
Now, we need to show that

for every ¢ > 0, c € A, there exists N; € N that depends on c,
such that for every n > N, one has d(x,,z*) < c.
For this, let’s consider ¢ € A, ¢ > 6 an arbitrary fixed element. We know that 7,, — T". This means
that
for every ¢ > 0, ¢ € A, there exists Ny € N that depends on ¢,
such that for every n > Na, one has d(T,(z),T(z)) < ¢, for all z € (X, d).
We know that d(z,, z*) < (e—a)'d(T,,(z,), T(x,)). Also (e—a)~t € P because o € P. Furthermore
d(T,z,, Tx,) € P C A, by Proposition 3.3 from [I7] and at the same time taking z = z,, in the
definition of uniform convergence, we get that (d(T,,x,, Tx,))nen is a c-sequence. This leads to the
fact that ((e — ) 'd(T,zn, TT,))nen is also a c-sequence. So, we obtain that :
for ¢> 0, c € A, there exists Ny = Ny(c), such that for all n > N, we have
d(z,,2") < c.
Using (1) of Lemma the conclusion follows properly. [J

Now we are ready to present our second crucial result concerning the pointwise convergence of a
sequence of operators with respect to a given Banach algebra A.

Theorem 2.10. Let (X,d) be a cone metric space over a Banach algebra A. Also, consider T,,,T :
X — X, for each n € N such that they satisfy the following assumptions :

(1) the operator T, is an o — contraction with respect to the cone metric d, i.e. there exists o € P,
with p(a) < 1, such that d(T,x, T,y) = ad(z,y), for all z,y € (X,d) and n € N,

(73) the operator T is an ag — contraction with respect to the cone metric d, i.e. there exists oy € P
with p(ag) < 1, such that d(Tz, Ty) =< apd(z,y), for all z,y € X,

(i93) T, 2 T as n — oo,

(10)(X,d) is a complete cone over the Banach algebra A.
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Then, following the fact that x are the unique fived points of the operators T,, we have that
(d(xf, %)) nen is a c-sequence.

Proof . From (i) and (iv), we obtain that for each n € N, there exists a unique fixed point of T,
i.e. z} € Fr,. Furthermore, from hyphotesis (i) and (iv), it follows that there exists a unique fixed
point of the operator T', namely z* € Fr. Now, in order to obtain some bounds on d(z¥,z*), we
consider the following estimations:

d(x}, x*) =d(T,z), Tx*) <
ATy, Tya*) + d(Tyx™, Tx*) <
ad(z,,z*) +d(T,z", Tz") <

This leads to the following inequalities with respect to the solid cone P of the Banach algebra A :

d(T,z*, Tz") + ad(x),z*) — d(z),2*) € P &
d(T,z",Tz") + (o — e)d(z),2") € P <
d(Toz*, Tx") — (e — a)d(xy, 2") €

From o € P and by the fact that p(a) < 1, it follows that there exist (e —a)~! € P. Multiplying by
(e — a)! and using the fact that P? C P, we have that
(e — ) 'd(T,a*, Ta*) — d(a*,2*) € P.

We obtain the following :
d(zt, 2) = (e — @) d(T,x*, Ta*).

(e.9]

Now, one can observe that (e — a)™' = Y a'. Since a and e are in P, by induction one can prove
i=0

that o' € P, for every i > 0. So (e — «)~! € P. Now, we want to show that :

for every ¢ > 0, ¢ € A, there exists Ny € N that depends on ¢,
such that for all n > Ny, we have d(z),z") < c.

Now, from the fact that T, 2 T, it follows that

for every ¢ > 60, ¢ € A and for x € (X, d), there exists Ny € N that depends on ¢ and z,
such that for all n > Ny, we have that d(T,z,Tr) < ¢.

Now, taking x = z* fixed, we get that (d(T,x*, Tz*)) is a c-sequence. Also, since (e — a)~! € P, by
Proposition 3.3 of [17], it follows that (d(z}, z*)),en is also a c-sequence. This reasoning can be done
as in the proof of Theorem and this completes our proof. We observe that x* is fixed from the
beginning, so it does not influence the rank Ny from the definition of a c-sequence. This means that
our conclusion is well defined. Finally, as in Theorem , using Proposition 3.2 of [I7], it follows
also that d(z},2*) < ¢ and the proof is over. O Now, as in Theorem [2.9] one can observe that we
can use an equivalent definition of pointwise convergence using non-strict inequalities, and this does
not influence the obtained results.
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3. (G)-convergence and (H)-convergence

Following [I], our aim of the present section is to extend the concepts of (G)-convergence and
(H)-convergence, respectively for sequences of operators that have different domains, from the case of
usual metric spaces to the case of cone metric spaces over a Banach algebra. We begin by extending
some notions regarding these two types of convergence from metric spaces to cone metric spaces.
The first concept concerns an extension of the well-known pointwise convergence, but for operators
that do not have the same domain of definition.

Definition 3.1. Let X,,, X be subsets of X, where (X,d) is a cone metric space (not necessarily
complete) over a given Banach algebra A. Also, let’s consider for each n € N some operators
T, : X, — X and Ty, - Xoo — X. By definition, T is a (G)-limit of the sequence (T,,)nen, when
the family of mappings (T, )nen Satisfies the following property :

(G) : for each x € X, there exists a sequence (Tp)nen, with x, € X, (n € N), such that :

(d(xpn, ))nen is a c-sequence and (d(T,xn, Too))nen s also a c-sequence.

Now, the second definition of the present section concerns a generalization of the uniform convergence,
but for mappings that do not have the same domain.

Definition 3.2. Let X,,, X be subsets of X, where (X,d) is a cone metric space (not necessarily
complete) over a given Banach algebra A. Also, let’s consider for each n € N some operators
T,: X, = X and Ty, : Xoo — X. By definition, Ty, is a (H)-limit of the sequence (T),)nen, when
the family of mappings (T, )nen Salisfies the following property :

(H) : for each sequence (xy)nen, with x, € X, for everyn € N,
there exists a sequence (Yn)nen C Xoo, such that :

(d(Zn, Yn) )nen is a c-sequence and (d(TyTn, TooYn) )nen S also a c-sequence.

Our first result from this section concerns the fact that the (H)-limit of a sequence of operators is
also a (G)-limit, under suitable circumstances. Moreover, since we need the idea of continuity of an
operator, we can employ two definitions : an extension of the definition of continuity from the case
of metric spaces to the case of cone metric spaces over Banach algebras and the second one the idea
of sequential continuity (for this see (iii) of Definition 2.1 from [J]). Namely, we have the following
remark.

Remark 3.3. If (X,d) is a cone metric space over a Banach algebra A, then :

a) An operator T' is continuous in xy € (X,d) if and only if for each ¢ > 0, ¢ € A, there ezists
¢ € P that depends on c, such that for every x € (X,d), satisfying d(x,zo) < ¢, one has that
d(T(x),T(xg)) < c. Moreover, the operator T is continuous if it is continuous at every point of it’s
domain.

b) An operator T is sequential continuous if for every sequence (yn)nen convergent to x € X, i.e.
satisfying (d(Yn, T))nen is a c-sequence, then (d(Tyn, Tx))nen is also a c-sequence.

Proposition 3.4. Let (X,d) be a cone metric space over a given Banach algebra A. Also, for each
n € N, let X,, be some nonempty subsets of X. Also, consider another nonempty subset of X, namely
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Xoo. Furthermore, suppose that the following conditions are satisfied :

(1) if v € X, then there exists (x,)nen, with x, € X,, for every n € N,
such that (d(xy, x))nen 1S a c-sequence,

(17) Too : Xoo — X is sequential continuous,

(1i1) Two s a (H)-limit for the family (T,,).

Then, Ty, is a (G)-limit for the family (T,,).

Proof . Let z € X,. Then, from (i), we find a sequence (z,),en, with x,, € X, for n € N, such that
(d(zp, x))nen 18 a c-sequence. From (iii), we obtain that there exists a sequence (y,)nen, such that
(d(Yn, ) )nen and (d(Tyxn, TooYn) Jnen are c-sequences. At the same time, we need to show that for an
arbitrary z from X, there exists a sequence (2, )nen, such that (d(z,, x))nen and (d(T)2n, Too®) )nen
are c-sequences. We shall show that z, = x,, for every n € N. So, we have that

Ad(Yn, ) = d(Yn, Tn) + d(20, ).

Also, since (d(Yn, x))nen and (d(z,, x))nen are c-sequences, then we obtain that the right hand side
is also a c-sequence, i.e.

for each ¢ > 6, ¢ € A, there exists N = N(¢) € N, such that for all n > N,
we have that (d(yn, ) < d(Yn, n) + d(n, ) < ¢, 80 (d(Yn, T))nen IS a c-sequence.

From Remark since (d(Yn, x))nen is a c-sequence, then it follows that (d(Tootn, Too®))nen 1S a
c-sequence. Then, by aplying the triangle inequality in the setting of the cone metric space over A,
we obtain that

Since the right hand side from above is a c-sequence, then the left hand side, namely
(d(Thxn, Too) Jnen is also a c-sequence and the proof is done. [

Now, it is time to show that under certain assumptions the (G)-limit of a sequence of mappings
is unique. We have the following result.

Theorem 3.5. Let (X,d) be a cone metric space over a given Banach algebra A. Also, consider X,
(for every n € N) and X, be some nonempty subsets of X. Suppose that the following assumptions
are satisfied:

(1) for alln € N, let T, to be a k-Lipschitz with respect to the Banach algebra A, i.e. there exists k € P,
such that d(T,,(x), T, (y)) < k-d(z,y), for each x,y € X,
(11) T : Xoo — X is a (G)-limit for the family (T,,).

Then, Ty is the unique (G)-limit on X .

Proof . Let T, and 77, be two (G)-limit mappings for the family (7,,), defined on X,. This means
that for an arbitrary x of X, there exists two sequences (z,)nen and (Y, )nen, wWith z,,y, € X,
such that :

(d(p, 2))nen and (d(Tyxpn, TooT))nen are c-sequences,

(d(Yn, 7))nen and (d(Thyn, Tro ) )nen are also c-sequences.
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Then, we obtain that

ATz, Toyn) 2 k- d(Tn, yn)
< kld(z,,x) + d(yn, x)]
= kd(zp,x) + kd(yn, x).
Furthermore, since (d(xy,x))nen and (d(yy, T))nen are c-sequences, then it follows easily that (k -

d(xp, x))nen and (k - d(Yn, x))nen are also c-sequences. Then, by (3) of Lemma [1.12] we get that
(kd(xy, ) + kd(yn, T))nen is also a c-sequence. This means that

for each arbitrary elements ¢; > 6, ¢; € A, there exists N; that depends on ¢,
such that for every n > Nj, one has that kd(x,,x) + kd(y,, ) < c;.

Then, for a fixed element = € X, it follows that
d(Toow, T! ) X d(Toox, Thxy) + d(Thxn, Toyn) + d(Tyyn, Tho).

Since (d(Tn2n, Toox) + d(Tyn, T0.x) )nen is a c-sequence, it implies that for every ¢; > 0, ¢; € A,
there exists an index N7 = Nj(c;) € N, such that for every n > Ny, we have that d(T,z,, T,yn) <
kd(x,, x)+ kd(yn, x) < ¢1. Now, this implies that (d(T, 2y, T,yn))nen is a c-sequence. This leads to :

(d(Toow, Trnzn) + ATy, Tnyn) + d(Thyn, Teo ) )nen 18 a c-sequence, i.e.

for every ¢ > 0, ¢ € A, there exists an index N = N(c) € N, such that for every n > N,

we have that d(Toox, Toox) < d(Toox, Tpxyn) + d(Thzn, Toyn) + d(Thyn, Toox) < c.
Since for ¢ > 0, one has 0 < d(Tz, Tl x) < ¢, following [I7] and (2) of Lemma|l.12| we obtain that
d(Twz, T x) = 0, so the proof is over. [J

Our third result from this section concerns the convergence of a sequence of fixed points of a

family of mappings that has property (G), with respect to a given Banach algebra.

Theorem 3.6. Let (X,d) be a cone metric space over a given Banach algebra A. Also, consider X,
(forn € N) and X, to be some nonempty subsets of X. Also, consider some mappings T, : X, — X
and Ty, : Xoo — X that satisfy the following assumptions :

(1) for each n € N, T, is a k-contraction, i.e. there exists k € P with p(k) < 1,
such that d(T,(x), T.(y)) < k-d(x,y), for each z,y € X,,,
(17) the family (T,,) has property (G),

(1i1) there ezists Too € Fr, i.€. To 1S a fized point of Tw.
Then, (d(xn, Tso))nen 1S a c-sequence.

Proof . We know that =, = T,,(x,) and that x., = T (7). Furthermore, since T is a (G)-limit
for the family (7)), then for an arbitrary element x € X, there exists a sequence (Yn)nen, With
yn € X, for each n € N, such that (d(yn, x))neny and (d(T,Yn, TooT))nen are c-sequences. Moreover,
taking z = x, we obtain that (d(yn,Zeo))nen and (d(Thyn, TooToo))nen are also c-sequences. Then,
it follows that

A(Tp, Too) = A(Thxn, TeoToo)
2 d(Thrn, Thyn) + d(Thyn, TooToo)
=k d(Tn,yn) + d(ToYn, TooToo)
= k-d(Tp, oo) + k- d(Yn, Too) + ATy Yn, TooToo)-
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This means that

k-d(n, o) + k- dYn, Too) + ATy, TooToo) — d(Tp, Too) € P &
k- d(Yn, Too) + A(Tyn, Tootoo) + (k —€) - d(2,200) € P &
k- d(yn, Too) + A(Tpyn, TooToo) — (6 — k) - d(Tp, Ts) € P.

Now, since p(k) < 1 and k = 6, then there exists (e — k)~ = . Furthermore (¢ — k)™t = Y k' € P,
i=0

since k € P. At the same time, using the fact that P? C P and multiplying by (e — k)~! , we obtain
that (e — k)™ [kd(yn, Too) + d(T0¥n, TooToo)] — d(n, Too) € P. This is equivalent to

A(Tp, Too) = (e — k) [Ed(Yn, Too) + d(Tptn, TooToo)] -

Finally, since (d(yn, Too))nen and (d(T,yn, TooToo ) Jnen are c-sequences, then also

((e — k)7 d(Yn, Too)Jnen and ((e — k) d(Tnyn, TooToo) Jnen are c-sequences. So, for an arbitrary
element ¢ > 0, ¢ € A, there exists N = N(c¢) > 0, such that for every n > N, one has that
A(Tn, Too) = (e — k) hd(Yn, o) + (6 — k) TLd(Thiyn, TooToo) < ¢, s0 the sequence (d(Zy, Too))nen iS
indeed a c-sequence. [

Remark 3.7. In Theorem (5.0 we supposed that indeed there exists x,, € Fr,. An alternative way is
to suppose that (X, d) is a complete cone metric space over A and after that one can establish a local
variant of existence and uniqueness of fixed points for the mappings T,, since they are contractions
with respect to the cone metric, but not on the whole metric space.

Now, it is time to present a consequence of Theorem in which we refer to the connection
between the pointwise convergence of a sequence of self-mappings and the (G)-property of the same
sequence.

Corollary 3.8. Let (X,d) be a cone metric space over a Banach algebra A. Also, consider T, Ty :
X — X some given mappings. Suppose the following assumptions are satisfied :

(1) Tp 2 T as n — oo,
(17) T, is a k-contraction with respect to the cone metric, for eac n € N,

(i13) there exists x, € Fr, and ro, € Fr.
Then, (Ty,)nen has the property (G), with Ty as the (G)-limit.

Proof . From (i), it follows that for each ¢ > 0, ¢ € A and for every = € (X,d), there exists and
index N that depends on ¢ and x, such that for all n > N, one has that d(T,x, T,x) < c. We shall
show that if T}, & T, then the family (7,) has the property (G), with Th as the (G)-limit. For the
case when (7),) has the (G) property, then for every x € X, = X, there exists (2, )nen, with z,, € X
for each n € N, such that (d(z,,2))neny and (d(T,2n, Too))nen are c-sequences. Furthermore, let’s
consider an arbitrary element z € X. Taking z,, = z, for each n € N, we obtain that d(z,,z) = 0 < ¢,
0 (d(xp, x))nen is a c-sequence. Moreover, (d(T},x,, TooT) )nen is also a c-sequence, because of (i). [

Now, we shall present a theorem in which we are concerned with the relationship between the
pointwise convergence of a sequence of mappings in the setting of cone metric spaces and the equicon-
tinuity of the family of mappings.
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Theorem 3.9. Let (X,d) be a cone metric space over a Banach algebra A and M be a nonempty
subset of X. Furthermore, let T,, : M — X be a given operator such that the family (T,) has the (G)
property with the (G)-limit Ty,. Also, let’s suppose that the following conditions are satisfied :

(1) the family (T,) is equicontinuous on M,

(1) there exists x,, € Fr,, for eachn € N and x, € Fr__.
Then T, 2 T

Proof . By (i), since the family (7,,) is equicontinuous, it follows that for each ¢; > 0, ¢; € A and
for every z € (X, d), there exists ¢y > 0, ¢y € A that depends on ¢; and z, such that for all y € (X, d)
with d(z,y) < ¢g, one has that d(T,,z,T,y) < ¢1. Let’s suppose that (7},) has the (G) property
with the (G)-limit T, i.e. for each x € M, there exists a sequence (x,)nen from M, for which one
has (d(zp, x))nen and (d(T,x,, Too) )nen are c-sequences. Moreover, we want to show that for every
arbitrary element ¢ > 0, ¢ € A and for each x € (M, d), there exists an index N > 0 that depends
on ¢ and z such that for every n > N, one has d(T,z, Toox) < c. So, let ¢ > 0 be a fixed arbitrary
element of the given Banach algebra and x € M C X. From the equicontinuity of the family (7),)
over A, there exists ¢ that depends on ¢ and x, where ¢ is from P, such that d(z,y) < ¢ implies that
d(T,x,T,y) < ¢, with y € M and n € N. For x and ¢, there exists an index N; > 0 that depends on
c and z, such that for every n > Ny, one has that d(T,z,,T,r) < c¢. Taking n > max{N, N}, we
have that
d(Tyx, Twrx) 2 d(Thx,, Toox) + d(Thx,, Tyx) < ¢,

where we have used the fact that (d(T, 2, Teo®))nen and (d(T,x,, Tx))nen are c-sequences, so their
sum is also a c-sequence by (3) of Lemmal[l.12] Also, N, is the index that is found out from the fact
that (d(T, 2, Teo))nen is a c-sequence. Finally, we recall that we also have used the idea that if a,b
and ¢ are elements from A, such that a < b and b < ¢, then a < ¢. [

Now, the next theorem of this section is an existence result for the fixed points of the (G)-limit
mapping of a sequence of contractions with respect to the cone metric space over a given Banach
algebra.

Theorem 3.10. Let (X,d) be a cone metric space over a Banach algebra A. Also, consider X,, and
X some given nonempty subsets of X. Let T, : X,, — X and Ty, : Xoo — X be some mappings
that satisfy :

(2) the family (T,,) has property (G) with the (G)-limit Ty,

(17) T, are k-contractions in the sense of the given cone metric,

(i13) there exists x, € Fr,.

Then, there exists x € Fr if and only if the sequence (T,)nen i convergent in X, in the sense of
the Banach algebra (i.e. there exists y € Xo such that (d(z,,y))nen is a c-sequence).

Proof . From Theorem it follows that if there exists xo, € Fr_, then (d(z,,To0))nen is a c-
sequence. Now, we consider the reverse implication, namely let (z,),en, with z, € X, for each
n € N and zo € X be such that (d(z,,Z))nen i a c-sequence. For the element x.,, by (i) we
have that there exists a sequence (Y, )nen, With y, € X, for every n € N such that (d(y,, Too))nen
and (d(Thyn, TeoToo) )nen are c-sequences. Then, we obtain

2 A(Too, Tn) + k- d(Tn, Yn) + d(ToYn, TooToo)
S d(Too, Ty) + k- d(Ty, Do) + F - d(Yn, Too) + d(TnYns TocToo)-
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Since all the elements from the right hand side are c-sequences, by (3) of Lemma the whole
sum from the right hand side is a c-sequence. This means that for an arbitrary ¢ > 6 we have that
0 X d(ZToo, TooToo) K c. By (2) of Lemma it follows that xo, = T, so the proof is over. [

Now, we are ready to present our last two results from the present section regarding the link
between the uniform convergence with respect to the cone metric and the (H)-property of a given
sequence of operators.

Theorem 3.11. Let (X, d) be a cone metric space over a Banach algebra A. Also, consider M C X
a nonempty set. Let T,,, T : M — X some given mappings.

a) If T,, & T, then Ts is the (H)-limit of the family (T},).

b) If Ts. is the (H)-limit of (T,,) and if T is uniformly continuous on M, then T, — Th.

Proof . a) Suppose that T, % T, i.e. for each ¢ > 6, with ¢ € A, there exists an index
N = N(c) > 0, such that for all n > N, it follows that d(T,z, Tox) < ¢, for each arbitrary z. Let’s
consider a sequence (Z,),en, such that z,, € X, for every n € N. Taking y, =z, € X,, = Xoo = M,
we only need to show that (d(T,x., Tootn))Jnen = (A(Thxn, TooTn))nen is a c-sequence. Finally, taking
x = x, in the definition of uniform convergence with respect to the cone metric d of the family (7,,),
then the proof is over.
b) We let the proof to the reader, since it follows in a similar way [I], namely the one from the case
of metric spaces. Furthermore, the concept of uniform continuity in the framework of a cone metric
space over a Banach algebra can be extended from the case of usual metric spaces. [

Now, our last theorem of this section concerns the convergence of a sequence of fixed points of a
family of mappings to the fixed point of the (H)-limit of the same family of operators.

Theorem 3.12. Let (X,d) be a cone metric space over a Banach algebra A. Consider X,, for each
n € N and X to be some nonempty subset of X. Also, let T, : X, = X and Ty : Xoo — X be
some mappings that satisfy the following assumptions :

(2) Tn S FTn’

(17) (T},) has the property (H) with the (H)-limit T,

(191) T 18 a koo — contraction with respect to the cone metric d,
(

iv) there exists and is unique To € Fr_.
Then (d(p, Too))nen @S a c-sequence.

Proof . From the property (H) and for the sequence (z,,)nen, there exists another sequence (y,,)nen
from X, for which one has that (d(x,, yn))nen and (d(T,x,, TooYn)))nen are c-sequences. Further-
more, we consider the following chain of inequalities :

A(Tp, Too) = A(ThTp, TeoToo)
= d(Thxn, Tootn) + A(TocYn, TooToo)
= d(Tn, Tootn) + koo * d(Yn, Too)
= A(Tpxn, Toon) + koo - A(Yn, Tn) + koo + d(Tn, Too)-

After some easy algebraic manipulations, one obtains that

A(Th2n, Tootin) + koo - A(Yn, 1) — (€ — ko) - d(xp, T0oo) € P.
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As in the proofs of the above theorems, using the property of the solid cone P, namely P? C P, the
fact that p(ks) < 1 and multiplying by (e — ko)~ *, it follows that

(e — k) ' d(Than, Tooyn) + (6 — k)Y - ko - d(yn, Tn) — d(2y, Tog) € P.
This is equivalent to
A2y, 700) < (e — k) - d(Tpxn, Tooyhn) + (6 — k) - koo - d(yn, ).

Using the fact that, by Lemma|l.12] the right hand side is a c-sequence, the conclusion follows easily.
O

At last, we are ready to give a crucial remark regarding the assumption (iv) from Theorem m

Remark 3.13. One can omit condition (iv) from the previous theorem if we suppose that (X,d) is
a complete cone over the Banach algebra A. With this assumption, since T, is a contraction on a
subset of the space in the sense of the cone metric d, then one can prove a local variant principle in
which the operator has a unique fized point.

4. Applications to systems of functional and differential equations

In this section we shall present some applications linked to functional coupled equations and
systems of differential equations, respectively. Also, we shall show that our theorems from the
second section are a viable tool for studying the convergence of the unique solution of different types
of sequences regarding generalized type of functional and differential equations. Furthermore, in our
first result, following Theorem 3.1 of [4] we shall present the convergence of the solutions of some
coupled equations, using our results that are based upon the idea of an Banach algebra.

Theorem 4.1. Let F,,G,, F,G : R2 — R2 be some given mappings (for n € N). Also, consider the
following systems of coupled functional equations :

Fn(]?, y) = O . 2
{Gn(x,y) _o0 with (z,y) € R, (4.1)
and .
{gg:z; Z 8 . with (z,y) € R% (4.2)

Suppose that the mappings F,, G, F and G satisfy the following assumptions :
(1) There exists M > 0, such as for n € N, there exists L, > 0 satisfying max L, < M <1, such

that

‘Fn(xlayl) - Fn(%;yz) + 1 — $2| < Ln‘xl - $2|
|Gr(21,y1) — Gul@2,y2) + 31 — Y2 < La|yr — 2]

where (1, 3) and (y1,y2) are from R?.
(2) There exists L € (0,1), such that

|F(x17y1) - F(x27y2> + 21 — 2| < fz|$1 — To|
|G (z1,y1) — G(22,92) +y1 — y2| < Llys — 2|
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where (1, 13) and (y1,y2) are from R2. . )
(3) The sequence (F,,)nen converges pointwise to F' and (Gy)nen also converges pointwise to G in the
classical sense, i.e. :

F, LN lim F,(x) = ﬁ’(x)
_; -, 1€ n—eo ~ , foreacthRQ.
G, — G lim G,(z) = G(x)
n—0o0

Then x,, converges to & and y, converges to §, where (T,,yn) is the unique solution of and (Z,9)
is the unique solution of [{.3.

Proof . Let’s consider the Banach algebra A = R? from Example Also, let X = R% Further-
more, consider the operators T,,,T : X — X, defined as

To(z,y) = (Fa(z,y) + 2, Gulz,y) +y) and
T(z,y) = (F(z,y) + 2, G(z,y) +y),

for each (z,y) € R% Asin [4] it is easy to see that for every n € N, the operator T}, is a contraction
with coefficient (L,,0) and that T is also a contraction with respect to the Banach algebra A, but
with coefficient (L, 0). Moreover, also following [4], one can easily show that for each n € N, there
exists and is unique (z,,y,) the solution for the coupled equation system and (Z,7) the solution
for [.2] respectively. Now, our aim is to show that (d((2s, yn), (Z,7)))nen is a c-sequence with respect
to the Banach algebra R? endowed with the cone metric d from Example Now, in Theorem
we considered contractions with the same coefficient «, with p(a) < 1. At the same time, one
can easily see that the same theorem can be proved in the case when the operators have different
contraction coefficients «,, for n € N, but endowed with the property that the sequence (av,)nen is
bounded, i.e. there exists M € P satisfying p(M) < 1, such as «,, < M, for all n € N. In our case,
one can see that p((L,,0)) = nli_)rgOH(Ln,O)"Hl/n and that (L,,0) =< (M,0), with p(M,0) = M < 1.
Finally, the property that the sequence of coefficients is bounded leads to max L,<M<1.

For example, we can modify the proof of Theorem [2.10 with :
d(x}, x%) R apd(x), x*) + d(Tx*, Tx*) 2 Md(x), z*) + d(T,z*, Tx"),

when «a,, < M, for every n € N. Here we have used the fact that if o,, < M, then a,d, < Md,,
where d,, € P, because this leads to d,, - (M — «a,,) € P. This is of course a valid affirmation, because
we can use the property P2 C P on d,, and M — «,, which are both from the solid cone P. Moreover,
we see that it is also a valid assumption that (e — M)~! € P, since M is from the nonempty cone P.

Now, using the above reasoning with respect to Theorem , we only need to show that T, & T,
ie. :

for each ¢ > (0,0) and for z € R?, there exists N = N(c, z) > 0, such that for every n > N,
we must have that d(T,z,Tz) < c.

Now, let ¢ = ¢(e1, o) € R?, with ¢1,¢; > 0 and let z = (z,y) an arbitrary element from R?. Then,
we only need to show that

(c1,c2) — d((Fu(z,y) + 2, Gu(z,y) +y), (F(2,y) + 2,G(x,y) +y)) € int(P) <
(c1,02) — (|Fulz,y) — Fla,y)|, |Gulz,y) — G(z,y)|) € int(P).
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This is equivalent to showing that

{ [Fula,y) = Fla,y)l < e
Gl y) = Glay)l < ez

Now, from the assumption (3), we obtain that for ¢; > 0 and for z = (z,y) € R? there exists
Ny = Ny(c1,2,y) > 0, such as for every n > Ny, it follows that |F,(x,y) — F(aj,y)\ < ¢1. In a similar
way, for ¢y > 0 and for z = (z,y) € R?, there exists Ny = Ni(co,z,y) > 0, such as for every n > No,
it follows that |G, (z,y) — G(z,y)| < ¢s. Finally, taking n > N := max{N;, N5}, the conclusion
follows easily. [J

Now, our second crucial result from the present section concerns an application to systems of
differential equations. In fact, using the results from the second section and the idea of a Banach
algebra, we present an existence and uniqueness theorem for the solution of a nonlinear systems of

differential equations.

Theorem 4.2. Let D C R3 and (o, 3,7) € D. Also, consider &, B and 7 sufficiently small such
that the compact set A :={(x,y,2) / |x —a| <a, ly— 6| <5, |z—v| <7} is a subset of D.
Consider the following nonlinear system of differential equations :

, where x € I :=[a — a,a + aj. (4.3)

Also, suppose the following assumptions are satisfied :

(1) the mappings f and g are continuous on D,
(2) there exists Ly, Ly > 0, such that

, for every (x,y,z) and (x,y,z) € D.

|f<l’,y,Z) —f<17,?j,2)| < L1|y_g|
|g(l‘,y,Z) - g(x,gj, 2)' < L2|Z - 2|

Then, there exists a unique solution for the nonlinear differential system onl=la—a,a+ al.

Proof . First of all, we observe that the system of differential equation 4.3 can be written under the
following integral form :

y(@) = B+ [ £(s,u(s), 2(s)) ds

? , where z € I. (4.4)
z(x) =7+ [ g(s,y(s), 2(s)) ds

Furthermore, we consider the operator T': C(I) x C'(I) — C(I) x C(I), defined as

x

T(y,z)(z) = B+/f(s,y(s),z(s)) ds,y + /g(s,y(s),z(s)) ds |, with z € I.

a
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In a more simplified form, T can be written as T = (T1,73), with T(y,z) = (T1(y, 2), T2(y, 2)).
Moreover, for each x € I, one has that

T(y, 2)(x) = (T1(y, 2)(x), T2(y, 2)(x)) -
Here 71,75 : C(I) x C(I) — C(I), where

Ti(y,2)(@) = B+ [ £(s,y(s), 2(s)) ds

Y , where x € I. (4.5)
To(y, z)(x) = v+ [ g(s,y(s), 2(s)) ds

Now, it is time to recall that the space C'(I) can be endowed with two norms, namely for all z € C(I),

one has the Chebyshev norm ||z||¢ = max |z(t)| and the Bielecki norm ||z|| g, = max |z (t)|e~ Tt~ (a=a),
€ S

Now, since we shall work very often with ' (1), it is intuitive to specify what norm is appropriate in
each particular case. So, let’s denote X = C(I, || - ||pr) x C(,| - |[Br,)- One the other hand, we
define the operator d : X x X — R?, by

d(a1,az) = d((y1, 21), (Y2, 22)) = (|[y1 — y2||B,m |21 — 22||B772) )

where a; = (y1,21) and ay = (yo,22) are from X. This means that y;,yo € C(I,| - ||p~) and
21,29 € C(L, || - || ), respectively. Now, it is time to show that the mapping d is a complete cone
metric over R?. From Example , we know that R? is a Banach algebra with the solid "positive’
cone P = {(y,z) / y > 0and z > 0} C R% First of all, we shall show that d satisfies the basic
axioms of the cone metric over R? :

(I) For each (ay,as2) = ((y1,21), (y2,22)) € X x X, we have that d(a;,as) = (0,0) is equivalent to
ly1 — y2llB~ > 0 and ||z1 — 22||B.r, > 0, which is evidently true.

(IT) For each (ay,as) = ((y1,21), (42, 22)) € X x X, we have that

d(ay, az) = d((y1,21), (Y2, 22)) = (ly1 — vallB.7 s |21 — 22/l B,r,) and that d(az, a1) = d((y2, 22), (Y1, 21)) =
(ly2 — villB. s |22 — 211l B ), SO the second axiom is also satisfied.

(IIT) Now, for the triangle inequality, we consider a; = (y1, 21), as = (y2, 22) and ag = (ys, 23) three
arbitrary elements from X. We must show that d(ay,a3) < d(ay,as) + d(as, as), which is equivalent
to d(ay, az) + d(as, a3) — d(ay,a3) € P. This leads to

Y

ly2 — vsllBr + lly1 — v2llBir = lY1 — wsllBm
22 — 23l|B,r, + lY= — 22|lBmy > [|21 — 23| B7s

which is also valid. Now, regarding d and X, we must show that (X,d) is complete with respect
to the setting of the Banach algebra R2. For this, let (7,),eny € X be a Cauchy sequence in the
sense of the Banach algebra R?. We shall show that this sequence is convergent. Now, since
can be written as x,, = (yn, 2,) for every n € N, with y, € C(1,| - ||g~) and 2z, € C(L,|| - [|B.r)
and since the sequence (x,)nen is Cauchy, then (d(z,, m))nen is a c-sequence. Consider ¢, co > 0
arbitrary elements of R. Taking ¢ = (1, ¢s), there exists N > 0 that depends on ¢, such that for
every n,m > N, one has that (¢1,c2) — d(z,, z,,) € int(P). Now, this leads to ||y, — ymllBn < @1
and ||z, — zm|| B, < C2, respectively. Also, since ¢; and ¢, are arbitrary elements of R, then it follows
that

lim ||yn - ymHB,Tl =0 )
M —00

lim |z, — 2wllemn =0,
n,m— 00
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i.e. (Yn)nen is Cauchy with respect to X; and (z,)nen is Cauchy with respect to X, where X :=
C(L, |- llgr) and Xy := C(I,|| - ||.). Now, since X; and X, are both Banach spaces, it follows
that (¢, )nen is convergent in X and (2, )nen is convergent in Xs, respectively. This means that there
exists gp € X1 and zy € X, for which one has that y,, — o and 2z, — Zy as n — oo. By convergence,
for ¢1,co > 0, there exists Ny = N(c¢1) > 0 and Ny = Ny(c2) > 0, such that for every n > N; and
n > Ny simultaneously, one has that ||y, — %ollp.n < 1 and ||z, — 2l B,m < Ca. So, it follows that
(c1,¢2) — d((Yn, 2n)s (Yo, 20)) € int(P), which leads to our desired conclusion.

Now, since we have showed that (X, d) is a complete cone metric space over the Banach algebra R2,
then we have that T : X — X, with T = (T}, T3), where T} : X — X; and Ty : X — Xo.

Now, let A := {(z,y,2) / |[vr —a| <@, |y —B| < B, |z—~| <7} C D. Since the mappings f and
g are continuous on the compact A, then there exists My, M, > 0, such that |f(z,y,2)| < M; and
lg(z,y,2)| < My, for each (z,y,z) € A. Furthermore, let

hy := min {EL,

ﬁ‘q@‘m|

hy := min {d,

Also, define :

S={(y.2) € Cla—hi,a+ ]|l ll5~) x Cla = ha,a+ha] || - |B) / Iy = Blls.r < B
and ||z — 7[5~ <7}

Now, we shall show that T': S — S, i.e. taking w € S, we show that Tw € S. For this, consider
= (y,2) € S and Tw = (TYw, Thw) € S. This means that we need to show

Twe Clla—hia+mll lsn) o [ I1Tw=Blsn <5
Tyw € Clla—ha,a+hal, |- [15.) T =13, < 7

The last chain of inequalities is equivalent to

MaXyefa—hy athi] |11(Y, 2)(T) — ﬁ|e*71(l"*(a*&)) <A
MaXye[a—hy,aths] ’Tg(y, z) (x) — fy,e—m(x—(a—a)) <5

So, it follows that

T1(y, 2)(x) — B] = B+/f(s7y(s), ) ds — 3 /|f s,9(s), 2(s))| ds < My|lz —a| < Mshy < B.
Ta(y, 2)(z) =] = 7+/g(8,y(s), (5)) ds — /Igsy (s))] ds < M|z —a| < Myhy < 7.

a

For T = (T},T3) : S — S, we shall show that T" is a contraction with respect to the cone metric d
over R2. First of all, we show that S C X is complete in the setting of d, i.e. (S,d) is a complete cone
metric space over the same Banach algebra as before. For this, let’s consider the sequence (z,)nen,
with 2, = (yn, z,) and x,, € S for each n € N, such that (z,),en is Cauchy. So, we shall show that
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(7,,)nen is convergent with respect to d. As we have done with the proof of completeness of X, we
find that (y,)nen is convergent in Sy and (2, )nen is convergent in Sy, where :

Sy = {y € Clla=hi,a+hl |- llsm) / Ny = Bllizr < 5} ,

Sy 1= {y € C([a—hy,a+hal, || - [1B7) / |12 = 7lBm < 7} :

We have used the fact that Sy is a closed subset of X; and X; is complete, then S; is also complete
with respect to || - || 5. In a similar way, since Sy is closed and X5 is complete, then Sy is complete
with respect to || - ||p,. Then, it is easy to see that (S, d) is complete with respect to the Banach
algebra R2.

On the other hand, for T = (T},T) : S — S, we show that T is a cone contraction, i.e. there
exists @ = (a1, as), with ay, s > 0, such that p(a) < 1 and for each w,w € S, one has that
d(Tw,Tw) = a - d(w,w). For the simplicity of results, we can take ay = 0, because we can work
with the definition of contraction with respect to the cone metric with the assumption that o > 0
and not o > 0. Then, it follows that

(a1,0) - d((y1, 21), (Y2, 22)) — d((T1(y1, 21), Ta (Y, 21))s (T1 (Y2, 22), T2 (Y2, 22))) = (0,0).
This is equivalent to

T2 (1, 21) — Th(y2, 22)ll B, < callyr — 2llB.m
| T2 (1, 21) — To(y2, 22)||B,r, < 1|21 — 22|l B,y

For example we have that

—71(z—(a—a))

|71 (y1, 21) — T (y2, 22) | B, = max Ty (y1, 21) () — T1 (2, 22) () e

Furthermore, we get that

Ty (Y1, 20)(2) = Ta(ya, 22) ()] < /\f(s,yl(S),Zl(S)) = f(5:9a(s), 22(s))| ds

= Li|lys — vl - -

Ll T (z—(a—a
< —||’yl - yzHB,ne te—(a=a))
T
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So, we obtain that

_ L
Ty (y1, 21) (%) — Ti(yo, 20) () [ (02 < T—1||y1 — 2B -
1

L
Taking the maximum by z € S, it follows that a; > =
71

In a similar way, for the case when we are dealing with T, it follows that

- L
Ta(un. 22) () = Talyn, 2) (@) >0~ < 22y = g
2

L
So ay > 2 This means that we can choose 71, T2 > 0, such that
T2

Ly Lo
alzmax{—,—}<1,
T T2

because one can see that p((a,0)) = oy < 1 and applying Theorem 2.9 of [4] with ko = ks = ky =
ks = 0, k; = a1 and g the identity mapping, then the proof is over. [J

Finally, we present our last result of this section regarding the convergence of a sequence of
solutions for a family of nonlinear differential systems. Furthermore, the following theorem is crucial,
in the sense that we extend the application of S.B. Nadler Jr. from [13].

Theorem 4.3. Let D, A and I as in the previous theorem. Consider the following nonlinear systems
of differential equations :

y'(x) = flz,y(x), z(z))

Z'(z) = g(x,y(x), 2(z))

y(a) = ’ 4D
z(a) =~

where the functions f,, g, f and g are continuous on D. Moreover, suppose the following assumptions
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are satisfied :
(1) there exists M € (0,1), such that for all n € N there exists ky, hy, k,h > 0, for which one has

<knly—y
| - ’y yl ) fOT every (l’,y,Z) and (xagv Z) from D.

)
|gn(x,y,z)— 72_/7 )| Shn|’2_2‘

@ 5,2) < kly—7
{ |f(z,9,2) f(a:,_y,z)| < kly =7l , for every (x,y,z) and (z,%,%) from D,

|g($€,y, Z) —g(ﬂf,y, 2)| < h‘Z - Z|
with ky, hy, k,h >0, for each n € N, satisfying max{ky, h,,k,h} < M < 1.

(3) The pointwise convergence of the families (f,) and (gn), i.e.
P lim fo(z,y,2) = f(z,y,2)
n - . r ) r
f » / , i€ noo , for every (x,y,z) € D.
gn =9 lim g,(z,y,2) = g(z,y,2)
(4) If the mappings f, and g, are bounded, for each n € N by M, and M,, respectively,
then there exist My, My, > 0, such that M, < M; and Mn < Mg, for each n € N.

If (Yn, zn) is the unique solution of and (y, z) is the unique solution of then

‘fn(xaya Z) - fn(xag72
gn(2,7, 2

u . o _
wsy ) sl =00
Zn = Z lim ||z, — z||pr, =0

n—oo

Proof . The first order system of differential equations can be written under an integral form,

as follows :

y(@) = B+ [ ful(s,y(s),2(s)) ds
a . (4.8)

2(x) =5+ [ gn(s,y(s), 2(s)) ds

a

Furthermore, the system [4.7] can be written also under an integral form, i.e.
xX

y(z) =B+ [ f(s,y(s), 2(s)) ds
a . (4.9)

2(x) =7+ [g(s,9(s),2(s)) ds

a

Similar to the proof of Theorem [£.2] we define the operators T, = (15,1, T2) and T = (1, T3), such

that
Tos(y,2)(x) = B+ [ fuls,y(s), 2(5)) ds Tiy, 2)(x) = B+ [ F(5,y(s), 2(s)) ds
a and a

ﬂﬂ%@@ﬂ=7+f%@w®%d$ﬁk Ty(y, 2)(x) = v + [ g(s,y(s), 2(s)) ds

With the same notations as in the proof of Theorem we define Xy := C(I, ] - [|B.r), Xa =
C(, |- |lzr) and X := X; x Xy, respectively. Furthermore, one can consider the compact set A as

in the proof of the previous theorem and then there exists M, and M, for each n € N and so, by
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property (4) we find My and M,, such that |f.(z,y,2)| < M, < My and [gn(z,y,2)| < M, < ]\/[
for every (x,y,2z) € A C D. Then, we can define h; := min{d,Mﬁ} and hy = mln{ }

Furthermore, based on h; and hs, one can define S, 5 and S as in the proof of the prev10us
theorem. Then, by assumptions (1) and (2), applying Theorem |4.2| we get that:

there exists and is unique (y,, z,) solution for the system

there exists and is unique (y, z) solution for the system ,

where y,, and y are from Sy and z,, z are from Sy. Also, we observe that T,,,7 : S = §,T,;: S — S;
and T,,2 : S — S. So, taking (y,z) € S an arbitrary element (we use the same notation as the
unique solution of the system since it lies no confusion) and x € [a — hy,a + hy], for each n > 1,
it follows that

T

[Toa(y, 2)(x) — Ta(y, 2) ()] =/[fn(t,y(t),Z(t))—f(t,y(t),Z(t))] dt

a

Now, since f, & f and |fn] < My, by Lebesgue dominated convergence theorem, it follows that
Tim [T, (3, 2)(x) — Ti(y, 2)(2)| = 0

This is equivalent to : for every e; > 0 and for every = € [a — hy,a + hy], there exists N7 > 0, such
that for all n > Ny, one has |1}, 1(y, z)(x) — T1(y, 2)(x)| < &1.
In a similar way, for T}, o, we get

x

[Tn2(y, 2)(2) = Ta(y, 2)(2)] Z/[gn(t,y(t),Z(t)) —g(t,y(1), 2(1))] dt

a

Now, since ¢, — g and |gn| < M,, by Lebesgue dominated convergence theorem, it follows that
i [T, 0(, 2)(x) — Thly. 2)(2)] = 0.

This is equivalent to : for every e > 0 and for every = € [a — hg, a + ho], there exists Ny > 0, such
that for all n > Nj, one has |T,,2(y, 2)(x) — Ta(y, 2)(x)| < 2.

This means that T}, ;(y, 2) = Ti(y,2) and Tps(y, 2) = Ts(y, 2), where we have the usual pointwise
convergence. Furthermore, we show that the family (7},1(y, z)) is uniformly equicontinuous in the
classical sense, i.e. for every €1 > 0, there exists 6; = d;(g1) > 0, such that for each n € N and for
every x, T € [a—hy, a+h] satistying d(z, z) < &1, we must have that |1}, 1(y, 2)(z)—T,1(y, 2)(Z)| < &1.
€1
ﬁf.
In a similar manner, we show that the family (7},2(y, z)) is also uniformly equicontinuous in the
classical sense, i.e. for every g5 > 0, there exists do = do(e3) > 0, such that for each n € N and for

every x, T € [a—hg, a+hs] satistying d(z, ) < d2, we must have that |1}, 2(y, 2) () —T,2(y, 2)(Z)| < e2.
Moreover, since |1, 2(y, 2)(x) — Th2(y, 2)(Z)] < My|lx — Z| < d2M,, we can easily choose dy 1= ]\5/!—2
9

Moreover, since |T),1(y, 2)(z) — Th1(y, 2)(Z)| < My|lx — z| < 61 M}, we can easily choose 6; :=

At the same time, we have the following :

{ Toi(y,2) & Ti(y, 2)

(10,1 (y, 2)) uniformly equicontinuous, so it is also equicontinuous.
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and by Arzela-Ascoli theorem, we find that T,;(y,z) — Ti(y,z), for each (y,z) € S where the
uniform convergence is on I1 := [a — hy,a + hq].
In a similar way, we find that

Tn,Q(yv Z) & TQ(yv Z)
(Th2(y, 2)) equicontinuous

and by Arzela-Ascoli theorem, we find that T,2(y,z) — Ty(y,z), for each (y,z) € S where the
uniform convergence is on Iy := [a — hg, a + ha).

This equivalent to the fact that for each (y, z) € S and for £; > 0, there exists N7 = Ny(e1,y,2) > 0,
such that for every n > Nj, we have that |1, :(y,2)(z) — T1(y,2)(z)] < e1. At the same time
T (y, 2)(x) — Ti(y, 2)(z)| < &1 implies that |T,, 1 (y, 2)(x) — T1(y, 2)(z)|e 1 @=(@=8) < ¢, So, taking
the maximum when z € [a — hy,a + hq|, we find that

1T (y; 2) = Ta(y, 2) || B < €1
So, this implies that
T LN Ty, where the pointwise convergence is on S .

In an analogous way, we have that for each (y, z) € S and for €5 > 0, there exists Ny = Na(e2,v, 2) >
0, such that for every n > Ny, we have that |T,2(y, 2)(x) — Ta(y, 2)(x)| < €2. At the same time
T 2(y, 2)(z) — Ta(y, 2)(x)| < &y implies that |T},2(y, 2)(z) — Ta(y, 2)(x)]e 2@ (@=8) < &5, So, taking
the maximum when x € [a — hg, a + hs|, we find that

||Tn,2(ya Z) - TQ(yaz)HB,TQ S €2 .
So, this implies that

p . . .
T, 2 = T5, where the pointwise convergence is on S .

Now, it is time to show that T}, = T with respect to the Banach algebra R2. For example, taking
c = (e1,69) € R? arbitrary, with €;,69 > 0 and taking (y,z) € S also arbitrary, then there exists
N = max{N;, N} that depends on ¢, y and z, with N > 0, such that for all n > N, we have that

||Tn,1(y7 Z) - TI(ZJ?Z)HB,n S €1
| Tn2(y, 2) — Ta(y, 2)||B.r < €2

This means that

{ ([ Tn(y: 2) = Ta (Y, 2l [ Toa(y, 2) = Toly, 2)llpn) 2 (e1,82) &
d(Tn(y,Z),T<y7Z)) = d((Tn,l(yaz)vaQ(y?Z))? (Tl(yaz)7T2<y7 Z))) =c

This means that T, %> T, where the pointwise convergence is on S and is in the setting of the
given Banach algebra. On the other hand, applying Theorem [4.2] since 7, and T are cone self-
contractions on S and also applying Theorem [2.10] we get the desired conclusion. Finally, we make
the crucial remark regarding the method used in order to apply the already mentioned theorems.
The idea behind it is very similar to the one used in the proof of Theorem [4.I For the integral
operators from our theorem, we have the contraction cone elements are a,, = (a,0) and a = (a3, 0).
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k
Furthermore, following the proof of the previous theorem, they must satisfy ol = max{—, —} <
1 T2

k h
and of = max{— —} < 1, respectively. For simplicity, taking 7 < 75, we observe that we get

T1
max{ky,, h,} <7 and max{k, h} < 7. From our assumptions, we know that max{k,, h,, k,h} < M,
so we can take 7, to be greater than the fixed positive constant M < 1 and now the proof is complete.
O
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