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Abstract

In the present work, we prove a parametrized identity for a differentiable function via generalized
integral operators. By applying the established identity and the new so—called generalized m-convex
function, some generalized trapezium, Ostrowski and Simpson type integral inequalities have been
discovered. Various special cases have been studied as well. Some applications of the present results
to special means and new error estimates for the trapezium and midpoint quadrature formula have
been investigated. It is hoped that the methods and techniques of this paper could further stimulate
the research conducted in the field of integral inequalities.
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1. Introduction and preliminaries

The inequality below, known as Hermite-Hadamard inequality, is one of the most famous inequalities
in the literature relevant to convex functions.
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Theorem 1.1. Let f : I C R — R be a convex function and uy,us € I with uy < us. Then the
following inequality holds:

f(“*”)s ! [ffwmxsi@ﬁii@ﬁ. (1.1)

2 U2 — Uq 2

The inequality 15 also known as trapezium inequality.

The trapezium inequality has always been a source of great interest due to its wide ranging appli-
cations in the field of mathematical analysis. In recent decades, several authors have intensively
investigates motivated by the study of convex function. Interested readers are referred to [4]-
181,117, 221, 23], 25, 29} 3], [36]-[40],[47, 49, 52, (3], 55] 56],

The following result is known as Ostrowski’s inequality, (see [32] and the references cited therein)

" () dt for

which provides an upper bound for the approximation of the integral average
U2 — U

T € [uy, us).

Theorem 1.2. Let f: I — R be a mapping differentiable on I° and let uy,us € 1° with u; < us.
If | f'(z)| < M for all x € [a,b], then

‘ﬂm—ugih/wﬂwm

For other recent results concerning Ostrowski type inequalities, see [1]-[3],[9]-[16],[20],[32]-[35],[41]-
[43],145,, 46, (0, B4, 57]. It must be noted that Ostrowski’s inequality is essential in all fields of
mathematics, especially in approximation theory. Thus such types of inequalities have been studied
extensively by several researches and there has been a plethora of generalizations, extensions and
variants of these inequalities for various types of functions.

The following inequality is well known in the literature as Simpson’s inequality.

UlT+uUo 2
1, (e=5)
4 (UQ — U1>2

< M(ug — uy)

], Vo € [ug, us). (1.2)

Theorem 1.3. Let f : [ug,us] —> R be four time differentiable on the interval (uq,us) and having
the fourth derivative bounded on (uy,us), that is

1FDNe = sup [f?] < +oc.

z€(u1,u2)

Then, we have

. . ol Pl — ). (13)

u —u1 [f(ul) +fw) <u1 —|—u2)

' — 2880

The inequality establishes an error bound for the classical Simpson quadrature formula, which
is one of the most commonly used quadrature formulae in practical applications. In recent years,
various generalizations, extensions and variants of such inequalities have been obtained. For other
recent results concerning Simpson type inequalities, see [30)], 44, 511 [57].

In numerical analysis many quadrature rules have been established to approximate definite integrals.
Ostrowski’s inequality provides bounds for many numerical quadrature rules, see [15], [16].
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The aim of this paper is to establish trapezium, Ostrowski and Simpson type generalized integral
inequalities for generalized m-convex functions with respect to another function. Some applications
to special means and new error bounds for midpoint and trapezium quadrature formula are obtained.
Interestingly, special cases of some of our results constitute fractional integral inequalities. Hence, it
is important to recall some essential facts relevant to fractional integrals.

Initially, let us present some preliminaries and definitions which will be helpful for further study.

Definition 1.4. [37] Let f € L{uy,us]. Then k-fractional integrals of order o,k > 0 with u; > 0
are defined by
1 x
]a,k - - _ t
i 1) = 3@ / =)

1

Ij;f(:r) = i) /xUQ(t —a)F T () At up > (1.4)

where T'y(+) stands for the k-gamma function.

=R

“Lf)dt, x>

and

For k = 1, the k-fractional integrals yield Riemann—Liouville integrals. For a = k = 1, the k-
fractional integrals yield classical integrals.

Let K be a nonempty closed set in R™, and K° be the interior of K. We denote by (.,.) and .|| the
inner product and norm on R", respectively. Let f, ¢ : K — R be continuous mappings.

Definition 1.5. [38] The function f on the ¢-convex set K is said to be ¢-convez, if
flug +te®(uy —uy)) < (L —t)f(uy) +tf(ua), Yu,up €K, tel0,1].

The function f is said to be ¢-concave iff —f is ¢p-convex. Note that, every convex function is
¢-convex but the converse does not hold in general.
Definition 1.6. [18] The special function

oo k

2
E.2)=) ———, C, R 0, C,
(2) 2 T(1 1 af) a€ () >0, z €

where I' stands for the Gamma function, s called Mittag—Leffler function.

This function plays an essential role in fractional calculus.

We are now in the position to introduce the notions of generalized m-convex set and generalized
m-convex function as follows:

Definition 1.7. A non empty set K is said to be a generalized m-convex set for some fized m €

(0,1], if
muy + tE,(us — muy) € K, YVou,ug € K, telo,1], (1.5)

where o € C, R(a) > 0.

Remark 1.8. If we replace m = 1 and the function E, with Ey, then the generalized m-convex set
reduces to the ¢-convex set. The generalized m-convex sets are nonconver.
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Definition 1.9. The function f is said to be generalized m-convex for some fired m € (0,1], if
f(muy +tEq(ug —muy)) < (1 —t) f(muy) +tf(ug), Yu,u € K, tel0,1]. (1.6)

Remark 1.10. Clearly, a generalized m-convez function reduces to a ¢-convex function if we set
m =1 and replace E, by Ey, which is a special case of the Mittag—Leffler function. The generalized
m-convex functions are nonconuvet.

Definition 1.11. [26, [27] Let g : [ui, us] — R be an increasing and positive monotone function
on [uy,us|, having a continuous derivative on (uy,us). The left-sided fractional integral of f with
respect to g on [uy,us] of order a > 0 is defined by:

o L[ i
BT =1, B gl 7 o

provided that the integral exists. The right-sided fractional integral of f with respect to g on [uq, us)
of order a > 0 is defined by:

N B OO
IU2— ( ) )/x [g( ]1—ad ) < U, (18)

provided that the integral exists.

Jleli and Samet in [22], proved the Hadamard type inequality for Riemann-Liouville fractional integral
of a convex function f with respect to another function g.

Also in [47], Sarikaya and Ertugral defined a function ¢ : [0, +00) — [0, +-00) satisfying the following
conditions:

1
t
/ @dt < +o0, (1.9)
0
L o(s) 1 s
— < L < Afor-< =<2 1.10
A~ o(r) — 2 - r =7 (1.10)
@SBQ for s <r, (1.11)
r 52
¢(r) _ o) or) (18
RSN 6 S IV — gL for - < - <2 1.12
= 2 <C|r s]r2 org < - <2 (1.12)
where A, B,C > 0 are independent of r,s > 0. If ¢(r)r® is increasing for some a > 0 and %

is decreasing for some § > 0, then ¢ satisfies (1.9)-(1.12)), see [48]. Therefore, the left—sided and
right—sided generalized integral operators are defined as follows:

wlof (@) = ) %f(t)dt, T >y, (1.13)
wlof(2) = ) %f(t) dt, © <us. (1.14)

x
The most important feature of generalized integrals is that they produce Riemann—Liouville fractional
integrals, k-Riemann—Liouville fractional integrals, Katugampola fractional integrals, conformable
fractional integrals, Hadamard fractional integrals, etc., see [21], 24 [47].
Recently, Farid in [19] generalised the above integral by introducing an increasing and positive
monotone function g on [uy, ug], having continuous derivative on (uy, us). The generalized fractional
integral operator defined by Farid may be given as follows.
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Definition 1.12. The left and right-sided generalized fractional integral of a function f with respect
to another function g may be given as follows, respectively:

GOI f (x) = /z ¢<gg(g)__;ég))g'(u)f (u)du, > u, (1.15)
GO f (x) = /“2 ¢;g(g;)__ggég))g'(u)f (w)du, © < us. (1.16)

This operator generalizes the various fractional integrals of a function f with respect to another
function g.

The following special cases are focussed in our study.

(i) If we take ¢(u) = u then the operator ((1.15)) and (1.16) reduces to Riemann-Liouville integral of
f with respect to function g.

@)= [ dswde o>, (1.17)

ui
II_f(x)= / g ) f (u)du, = < us. (1.18)
If g(u) = u, then (1.17) and (1.18)) will reduce to Riemann integral of f.

(i) If we take ¢p(u) = % then the operator (|1.15]) and (1.16)) reduces to Riemann-Liouville fractional
integral of f with respect to function g.

AT @) = [ ) =gl /0 (0, o>, (119
121 @) = [ ) =g g @ o < (1.20)

If g(u) = u, then (1.19) and (1.20]) will reduce to left and right-sided Riemann—Liouville fractional

integrals of f respectively.

[e3

(iii) If we take ¢(u) = =“— then the operator (1.15) and (1.16)) reduces to k-Riemann-Liouville

Tk (o)
fractional integral of f with respect to function g.
1 v a_
12d @) = g | 60 = sl @ @, > (121
1o i
12 @) = g [ ) = 0@ @ . < (122

If g(u) = u, then these operators in (1.21]) and ([1.22]) reduces to k-fractional integral operators given
in [37].

(iv) If we take ¢,(u) = u(g(uz) —u)*~* for @ € (0,1), then the operator given in (1.15) and (.16
reduces to conformable fractional integral operator of f with respect to a function g.

Ke9f (z) = / @ ) (W) du, @ > . (1.23)

ul
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This operator ((1.23) generalizes conformable fractional integral operator which was given by Khalil
et al. in [2§].

(v) If we take ¢(u) = % exp(—Au), where A = =% and a € (0,1), then the operator given in (1.15)

a

and ([1.16]) reduces to fractional integral operator of f with respect to function g with exponential
kernel.

T4 @) =5 [ exp(=Alg(e) — ) f@)f () du, > (124
J2 1@ = [ e (- Algo) - g() @ @) du. @ < e (125

Operators in ([1.24]) and (1.25]) generalizes fractional integral operator with exponential kernel which
was introduced by Kirane and Torebek in [29].

Motivated by the above literatures, the main objective of this paper is to discover in Section [2]
an interesting identity with parameter A\ in order to study some new bounds regarding trapezium,
Ostrowski and Simpson type integral inequalities. By using the established identity as an auxiliary
result, some new estimates for trapezium, Ostrowski and Simpson type integral inequalities for
generalized m-convex functions via generalized integrals are obtained. It is pointed out that some new
fractional integral inequalities have been deduced from main results. In Section [3| some applications
to special means and new error estimates for the midpoint and trapezium quadrature formula are
given. In Section [4] a briefly conlusion is given as well.

2. Main results

Throughout this study, let P = [muy, us|, where u; < uy for some fixed m € (0, 1] and for all ¢ € [0, 1].
For brevity, we define

09 (7 1) — Yo (g (muy + uEq(z — muy)) — g(muy))
Y50z, t) /0 o (man + 0B — ) — g(mun) (2.1)

xg' (muy + uE,(z — muy)) du < 00

and

09 (7 1) — Lo (g (mx + Eu(uy — mz)) — g (ma + uEq(ug — ma)))
O5 (1) /t g (mz 4+ Ey(ug — mx)) — g (mx + uE, (us — mx)) (2:2)

xg' (mz + uE,(ug — ma)) du < +00,
where ¢ is an increasing and positive monotone function on P, having continuous derivative on

P° = (muy, us).

For establishing some new results regarding general fractional integrals we need to prove the following
lemma.

Lemma 2.1. Let f : P — R be a differentiable mapping on P° and A\ € R. If f' € L(P) and
E.(us — muy) > 0, then the following identity for generalized fractional integrals hold:

E.(x — muy) f (muy + tEy(x — muy)) + Eq(ug — ma) f(ma)
E,(us — muy)
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A

E.(us — muy)

E.(z — muy) f (muy + tEy(z — muy))  Eg(us — ma) f(mzx)
Y5 (z,1) ©y9(z,0)

A E.(x — muy) f(muy)  Eu(us — mz) f(mz + E,(us — mx))
* 7 + 7
Eq (ug — muy) Y59 (x, 1) 059(x,0)
b9 :
1 G(mu1+Ea(a:fmu1))_f(mu1) G((bwfm)""f(mx + Eq (u2 - ma:))
— X +
E, (ug —muy) Y09 (z,1) ©%9(x,0)

_ E2(z — muy)
Tf{g(x, 1)Eq (ug — muy

) X /01 [Tf,{g(a:,t) - /\] I (muy + tEy(x — muy)) dt (2.3)

E2(uy — 1
0% (x a0<)u]523 (uTx)mu ) g /o [G%Q(x’t) a )\} f'(ma + tEa(uz — mx)) dt.
m , o — 1

We denote
E2(z — mu;)

Y09 (2, 1) Eauy — muy)

Tf,r;*gg,@;*;;g (A2, up,ug) =

x /1 [r;ﬁ;g(x, ) — )\] ' (muy + tEo(x — muy)) dt
0

E? (uy — mx)
O%9(z,0)Eq (uy — muy

1 9 (1) — "(ma U9 — ML )
)x/o (©59(w,t) = A| 1 (mar + B ) dt

Proof . Integrating by parts equation ([2.4) and changing the variables of integration, we have

E2(z — muy)

T%g(% 1)Ea<u2 — mul)

Ty o5 (1, 2) =

1 1
x{/ Y9(z,t) f (muy + tEqo(x — muy)) dt—)\/ I (muy + tE,(x — muy)) dt}
0 0

E? (uy — mx)
©59(2,0)Eq (ug — muy)

1 P9 "(max Uy — MT - 1 "(max U9y — M
X{/O O57 (. 1) [ (ma + tEq( ) dt A/0 f (mx + tEq( ))dt}

1
1

E.(x — mu,)

B E2(z — muy) " Y89(x,t) f (muy + tEq(x — muy))
Y3 (. 1) Ea (u — mun)

" /1 ¢ (g (muy + tEy(z — muy)) — g(muy))
o g (muy +tEy(r —muy)) — g(mu,)

E,(z — mu,) .

xg' (muy + tEq(x — muy)) f (muy + tEq(z — muy)) dt

A ) B2 (s
_—f (mul + tEa(x — mul)) _ 3 a(UZ mx)
0 05 (z,0)Eq(ug — muy)

E,(x — mu,)
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1

" O%9(z,t) f (mx + tEq(ug — mx))
E,(uy — mx)

0

_; y /1 o (g (mz + Eq(ug — ma)) — g (mz + tE,(us — mz)))
E,(uy — mx) o g(mx+Ey(uy —mz)) — g (mz+ tE,(us — mzx))

Xg' (mz + tEq.(ug — mx)) f (mx + tE4(ug — ma)) dt

A 1
0

 Eo(uy — ma)
E.(x — muy) f (muy + tE,(z — muy)) + Eq(us — mz) f(max)

f(mz + tEy(uy — mx))

E,(uy — muy)

E.(z — muy) f (muy + tEq,(z — muy))  Eo(us — mz) f(max)
Y09 (1) ©%9(x,0)

A

E,(uy — muy)

A Ea<l’ B mu1>f<mul) Ea(u2 — ma:)f(mx + Ea(u2 — ma:))
+E — ¢,9 + ®,9
otz —muy) 5o (z,1) 05¢(z,0)
_ 1 « st Bua - (M0) GO f(ma + Ba(uy — ma))
Eq (ug —muy) Y59 (1) ©59(x,0)

The proof of Lemma [2.1]is completed. [

Remark 2.2. a Takingm =1, A =0, E,(z — muy) = — muy, Eq(ug — mzx) = ug — ma, Ey(ug —
muy) = uy — muy and g(t) = ¢(t) = t in Lemma we get the following Ostrowski type
identity:

(o) = J () - —— [ f0ya.

U — Ut Joy

b Takingm =1, A =1, E,(x —muy) = x —muy, Eq(ug —mz) = ug —ma, E,(ug —muy) = ug —muy
and g(t) = ¢(t) =t in Lemma we get the following Hermite—Hadamard type identity:

_ (z = w) flu) + (uz —2)flug) 1 (/Wﬂ@ﬁ.

Tf(x,ul, UQ) = Ua — Uy g — U

ul

¢ Takingm =1, x = “1"5—“2, E.(z — muy) = x — muy, Eq(ug — mz) = ug — mz, E,(ug — muy) =
ug — muy and g(t) = ¢(t) =t in Lemma we get the following Simpson type identity:

F(1=Nf (“1"2“‘2> S /uzf(t)dt-

U — Uy Sy,

T}f()\7 Uy, UQ) = A

f(u) + fluz)
2

Theorem 2.3. Let f : P — R be a differentiable mapping on P° and A € [0, 1]. If | f'|? is generalized
m-conver on P and Eq,(uy — muy) > 0, then for ¢ > 1 and p~' + ¢! = 1, the following inequality
for generalized fractional integrals hold:

[Ty rgn e (s @1, )|
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EZ(z — mu1

\/_T¢g(x HE,
EQ(uQ—mx o/ B ( ; p /
Y207 (2, 0)En(up — ) | Do AP, X VAP ma)le I )

L0z A p) x /| f (muy) |2 + | /()¢ (2.5)

where
B2 (z; ), p) = /‘W’gm A‘ dt, BY (M p) = /‘@Mm) AMide (2.6)

Proof . From Lemma , generalized m-convexity of | f'|%, Holder’s inequality and properties of the
modulus, we have

T s @ (AT Uy, Us)|

E2(z — muy)

B T%g<x7 1)Ea(u2 —m
N E? (uy — mx) 9 /1
O%(x,0)Eq(uy — muy) 0

<

- x/ x50, 1) = N[ (mas + Bz — man) |t

Gt = a||f

(mx + tE,(us — ma)) ‘ dt

E2(z — muy)

( DEq(ug — muy)

Y9 (2, 1) — A‘ dt) (/01

N E2 (uy — mx)
@%g(x’ O)Ea (u2 - mul)

(

oz ([ [0 ol e+ a7 @] ae)

1
q

I (muy + tE,(z — muy)) ‘th)

<

1
q

B =

I (mz + tE,(ug — mz)) ’q dt)

<

E2(z — muy)

T Y82, 1) Eauy — muy)

2 (x,t)—)\‘pdt)

q

E? (uy — mx)

P/ BP9 (- ' _ ma) |4 Us %
T T R U Ap>(/ [<1 DL (ma)]? + 117 >|}dt)
o E2({E—mul p/ ¢>g ,I‘ mu q ;

E2 U — M) /
\/_GM(I(O) — muy) (/ Bo? (x50, p) X /| f'(ma)|a + [ f'(us)]1.

The proof of Theorem 2.3 is completed. O
We point out some special cases of Theorem [2.3]
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Corollary 2.4. Taking p = q = 2 in Theorem we get

[T rsin @0 (s 21, )|

E2(z — mu;)

¢9 Z‘ '(muy 2 ; 3 '
VY5 (x, 1) — ) BY! (w32, 2) x /| f/(mu) 2 + | f'())] (2.7)
307 . 0Bz — ) ¥ Do (A2 X VI [ )

Corollary 2.5. Taking |f'| < K in Theorem we have

K

E, (uy — muy) (28)

‘ Tabg@m (A Ul,u2)| <

EX(z—mu) /6y
Y59 (2, 1) Ym

E? (uy — mx)

T3\ p) +
(z; A, p) 0% (2.0)

(/ B&? (x; A,p)] :

Corollary 2.6. Taking m =1, A =0, E,(x — muy) = x — muy, E,(us — ma) = ug — ma, E,(us —
muy) = ug —muy and g(t) = ¢(t) =t in Theorem we get the following Ostrowski type inequality:

| Ty (2, ur, up)| < (2.9)

1
V2T s — w)
x{(x—u1W|f'<u1>|q+|f< T+ (w2 — 22T @) Iq+|f’(uz)l}

Corollary 2.7. Taking x = % m Corollary we get the following midpoint type inequality:
(uz — u1)
429p+ 1

il (25 ol (S5 [ e

Corollary 2.8. Takingm =1, A =1, E,(x — muy) = x — muy, E,(us — mz) = ug — ma, E,(uy —
muy) = ug —muy and g(t) = ¢(t) =t in Theorem we get the following trapezium type inequality:

Ty (ur,uz)| < (2.10)

‘Tf(QJ,U,l,Ug)} S

1
V24/p F L(ug — uy) (2.1)

{x—u 2/ ()|t + [ F (@)1 + (us — 2)* /] /() |q+|f’<u2>'}

Corollary 2.9. Takingm =1, A =
muy) = ug — muy and g(t) = ¢(t) =

H‘wh—‘

, Eo(x — muy) = x — muy, Eqy(ug — ma) = ug — ma, Ey(ug —
mn Theorem we get the following Simpson type inequality:

1 o241

1
Ty | = up,u < 2.12
f(31 %‘ 2y —w) | 3 (0 +1) (212

x{<az—u1>W|f'<u1>|q+ F@ + (uy — 2 Y [F@F 1 [ la)l }
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Corollary 2.10. Taking A = 0 and ¢(t) =t in Theorem|[2.3, we get
1

Uy — Muy)

|Tf7r%,eﬁn(03xaulau2)| < WEQ(

X { Y Ea(x — mu) /B (w;p) x /| f (mun)|7 + | /()]s

+3/Ba(uz — ma) {/Bi(x;p) x /| f/(ma)]7 + If’(w)\q},

where
mui+Eq (z—muq) )
Bi’(w;p)=/ [9(t) — g(muy)]" dt

muy

and

mz+Eq (ug—mez)
BY(x;p) = / [g(mz + Eo(us — ma)) — g(t)]" dt.

mx

Corollary 2.11. Taking A =0 and ¢(t) = % in Theoremn we have

1

Uy — Muy)

|Tf7r%,e%(0§xaul,u2)| < VOB, (

X { VEa(z — muy){/Bi(a;p,a) x /| (mur)|7 + | /()]s

+ ¥/ Ba(uz — ma) /B (x;p, ) x /| f'(ma)]e + If’(U2)|q},

where
mui+Eq (z—mur) Do
Bi(z;p,a) = / [g(t) — g(muy)]™ dt
mul
and
mz+Eq (ug—mz) N
Bi(z;p,a) = / [g(m:r; + E,(uy — mz)) — g(t)]p dt.

) g .

Corollary 2.12. Taking A = 0 and ¢(t) = T Theorem we obtain
|Tfr-‘7 Y (0;$,U17U2)| < !
e €/§Ea(u2 — muy)

x { VEal(z —muy) /B (x;p, o, k) x /| f(mun)| + | /()]

+3/Ea(us — max) {/ B (w; p, o, k) x /| f/(max)|e + If’(uQ)lq},

285

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)
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where
mui+Eq (z—muq) pa
B(wipab) = | [9(t) — g(mu)] ¥ dit (2:20)
muy
and
mz+Eq (ug—maz) pa
Bi(z;p,a, k) = / [g(mx + Eq(us — max)) — g(t)] * dt. (2.21)
Corollary 2.13. Taking A = 0, Vu € [0,t], ¢ (x,t) = t(g(muy + Eq(z — muy)) — ) and Vu €
[, 1], ¢g(z,t) = t(g(ma + Eq(uz — ma)) — )~ in Theorem [2.3, we get
at1
E." (x —mu)
T 9 (052, u1,ug)| < 2.22
| 000 ! 2)| W[g(mul +E,(z —muy)) — g(mul)}Ea(UQ — muy) (2.22)
X/ B (; p) x /1 (muy)]a + | f' ()|
at1
E.* (ug — mx)
+
(’/ﬁ[go‘(mx + E,(us — mx)) — go‘(mx)] E.(us — muy)
X/ B (5 p, ) x /| f'(ma)|a + | f(us)]1,
where
mui+Eq (z—muq) »
Bi(win) = | [9(t) — glmuy)] dt (229
and
mz+Eq (ug—maz) p
Bi(x;p,a) = / [go‘(mx + E,(uz — mz)) — ga(t)} dt. (2.24)

Corollary 2.14. Taking A =0 and ¢(t) = L exp(—At), where A =12 in Theorem we have

g+1

E." (x — mu,)
Te~o o O;ZL‘,U , U S
|Tr 3,05 ( 1, Ug)] VB (13 — 10y

x /By (s p, A) x Y| fr(muy)|e + |f/(z)]e (2.25)

q+1

an <u2 mx p ; 7 ; 7
BB mul)wmw, A) x /[ ma)r+ [ (wa)l,

where
mui+Eq(z—muy) p
Bi(z;p, A) = / {1 — exp [A (g(muy) — g(t))]} dt (2.26)
and
mz+Eq (ug—mz) D
B (w:p, A) / {1 exp [A(g) — glme + Bo(u —ma)) |} dt. (227)

Theorem 2.15. Let f : P — R be a differentiable mapping on P° and X € [0,1]. If |f'|? is
generalized m-convexr on P and E,(us — muy) > 0, then for ¢ > 1, the following inequality for
generalized fractional integrals hold:

[Bff;ffn (23, 1)] : (2.28)

E2(z — mu;)

Y59 (2, 1) Eq(uy — muy)

‘Tf,r?;;g,@;‘;gg (A2, u, Uz)‘
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i B3 @A) — B3 0] ma)lo + B2 s M)l

1

Bl —me) (g )
@?@;g(x,O)Ea(uz—mul) Om 7

<if [0 ) - 6 @ male + G A

where
©%9(x,t) — N dt, (2.29)

1
T?;;g(a:,t)—)\’dt, G‘gi(x;A):/t
0

1
E%‘i(x; A) :/ t
0
and B?}’Tgn (23 A, 1), B%’i(w; A\, 1) are defined as in Theorem .

Proof . From Lemma generalized m-convexity of |f’|?, the well-known power mean inequality

and properties of the modulus, we have

| T¢>g@¢g (A Ul;u2)‘

E?(z —
Y59 (2, 1) Eq(ug — muy)

E? (uy — mx) /1
077 (x,0)Eq(us — muy) 0
E2(z — mu;)

Y0 (2, 1) Ea(us — muy)

©%9(x,t) — )\‘ I (mz + tEq4(us — mx)) ‘ dt

1

X (/01 ‘Tf;;g(x,t) . A) dt) o (/01 )rgj;g(x,t) - /\Hf’ (mauy + tEa(z — mu)) ‘th) '

N E? (uy — mx)
O%9(z,0)Eq (ug — muy)

x (/01 ‘@%g(gg,t) —)\‘dt)l_; (/01 ‘@ff(x,t) —A‘ £

Ei(x — muy)

- Tﬁ{g(x, DEq4(ug — muy)

x ( / 1 05, t) = A [(1 = )17 (ma) 7+ (@) dt)

1

(max + tE,(us — ma)) ‘q dt) '

{/ BY? (23 \,p)

Q=

B2 (1, —
+ > a(u2 mm) P ng (I’, )\7p)
077 (z,0)E, (ug — muy) "

x ( / 1 ©5(2,1) = A| [(1 = )17 (ma)|* + t1f(ua) 7] dt)

E2(x — 1-3
T I ALY
Y09 (z, 1) Eqy (ug — muy) "

1
q
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i B3 @A) — B3 0] ma)lo + B2 s M)l

1

2 _
ool D) [ g g))"
079 (x,0)Eq (ug — muy) "

i [B81 @30, 1) - G5 ]| malo + G2 G 1)

The proof of Theorem is completed. [J
We point out some special cases of Theorem [2.15]

Corollary 2.16. Taking g =1 in Theorem we get
E2(z — mu;)

T .9 P9 )\,x,u , U S = 230
Ty e O w2l < S e — o) (230

x| (BE (20, 1) = B (03 0)) 1 (ma) | + B2 (2 )| /()

E? (uy — mx) s
= x | (B&Y (x;M,1) — G2 (3 A "(ma)| + G (x; M) f (u2)]] .-
07 B =y [ (BEL@A D) = 68 (i) 1 (o) + G s VIS ()
Corollary 2.17. Taking |f'| < K in Theorem [2.15, we have

K
‘ Y¢g®¢g /\ €T U17U2){ S m (231)

E§<u2 — mx) B9 (73 A 1)] .

E2(z — mul)BM (m: A1)+
Y Oy (x,0)

Yif(a,1)

Corollary 2.18. Takingm =1, A =0, E,(x —muy) = © — muy, E,(ug — mz) = ug — ma, E,(uy

muy) = ug—muy and g(t) = ¢(t) =t in Theorem[2.15, we get the following Ostrowski type inequality:
1

Te(x,up,ug)| < ————— (2.32)

‘ ! | 2\(1/3(UQ — ul)

X{(ﬂ? —un) /()| + 2| f (@) + (uz — )3/ 2] /(@) |2 + | f (us)|0 }
Corollary 2.19. Taking x = % wn Corollary we get the following midpoint type inequality:
| Ty (ur, uz)| < 503
I (#) " il2|f (M) 1 ) }
Corollary 2.20. Takingm =1, A =1, E, —mz) = uy —mzx, E,(uy —
muy) = us—muy and g(t) = ¢(t) =t in Theorem|[2.15, we get the following trapezium type inequality:
Ty ! (2.34)

(uz — 1) (2.33)
{ifr
=1, Eo(x —muy) = 2 — muy, Ey(us
‘Tf(a:,m,wﬂ < m

x{<x—u1>2w|ff<u1>|q+|f< T+ (uz — 2P ¢/1F @) Iq+2|f(U2)|}



New inequalities for generalized m-convex functions... 10 (2019) No. 2, 275-299 289

Corollary 2.21. Takingm =1, A = %, E.(z —muy) = x — muy, Eq(ug — mx) = ug — maz, B, (us —
muy) = up —muy and g(t) = ¢(t) =t in Theorem[2.15, we get the following Simpson type inequality:

1 1
T =;ur,u < 2.35
/ (3 ! 2) 2/243(uy — uy) (2.35)
. {(5" —u1) /185 f'(un) |1 + 58| f ()7 + (uz — ) /195 f'(w)[2 + 48|f’(u2)|q}'
Corollary 2.22. Taking A = 0 and ¢(t) =t in Theorem[2.15, we get
1
Tt s, 0, (052, ur, o) | < — (2.36)
E." (x — muy)Eq(ug — muy)
1—1
x| B(a;1)] ¢ | B (@ DEa(w = mar) = C{ (@) | (man) | + C ()| ()]
1 1-7
+—7 [Bg(x; 1)]
E.* (uy — mx)E,(us — muy)
i [ DBz = ma) — L] ma)f + B )l
where
mui+Eq (z—muq)
et = | (t = mun)(g(t) — glmur)) d, (237
mz+Eq (ug—mz)
E(z) = / (t —ma)(g(mz + E,(ug —ma)) — g(t)) dt, (2.38)
and BY(z;1), BY(x;1) are defined as in Corollary [2.10] for value p = 1.
Corollary 2.23. Taking A =0 and ¢(t) = % in Theorem |2.15, we have
1
Tt s, 0, (05 2, ur, us) | < — (2.39)

E." (x — muy)Eq (ug — muy)

x| Bz La)}”q/ | B (251, 0)Eq(x — mu) = Cf(z, )| | (mun) |3 + CY 2, 0) ()]
+—x L [Bj’(a:; 1,a)}1_;

E." (ug — mx)Eq(ug — muy)

I 1 )Bals = mo) ~ B, |£Gna)fe + B, )l ).

where B (e )
Cf(z,a) = / (t —mur) [g(t) — g(mus)]” dt, (2.40)
mz+Eq (ug—mz)
E(z,a) = / (t — mz) [g(ma + Eq(us — maz)) — g(t)]" dt, (2.41)

and Bi(z;1,a), Bi(x;1,a) are defined as in Corollary for value p = 1.
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Corollary 2.24. Taking A =0 and ¢(t) = #%(a) in Theorem|2.15, we obtain

1 -2
‘Tf,'rfn,@gn(o;x7ulau2>‘ < g+l |:Bg([)’}7 ]_,Oé, k>i| (242)

E." (x — muy)Eq(ug — muy)

X {/[Bg(x; Lo, k)E.(x — muy) — CY (z, «, k)} |f/(muy)|? 4+ CY(z, o, k)| f'(x)]2

1 1-2
+— [Bg(x; 1, a, k:)]

E." (ug — mx)Eq (ug — muy)

X i/[Bg(x; 1, a, k)Ey(us — mx) — EY(z, a, k)} |f/(mx)|e + B (x, o, k)| f'(uz)]9,

where
mui+Eq(z—mur) o
Oz, 0, k) = / (t — ) [g(t) — g(mun)] ¥ dt, (2.43)
mul
mz+Eq (ug—mz) o
El(z,a, k) = / (t — mz)[g(mz + Eq(us — ma)) — g(t)] * dt, (2.44)

and Bi(xz;1,a, k), Bl(x;1,a, k) are defined as in Comllaryfor value p = 1.

Corollary 2.25. Taking A = 0, Vu € [0,t], ¢4(z,t) = t(g(mus + En(z — muy)) — 1) ! and Vu €
[, 1], ¢g(z,t) = t(g(ma + Eq(uz — ma)) — )1 in Theorem [2.18], we get

1
|Tf,T$n,®$n(0§ T, Uy, U2)| < — (2.45)

E." (x — muy)Eq (ug — muy)

1

x| Bi(i1,0) \/ | BY(a:1,0)Eq(x — muy) = Cf (&) |/ (mun) o + CF )] ()

1 1-1
+— [Bg(a:; l,oz)}

E." (ug — mx)Eq(ug — muy)

i (B 0B — o) — 230, )] L) + 13l )l
where 4B (g o)
[3(z,0) = / (t — ma)[g*(mz + Ea(us — ma)) — g*(8)] dt, (2.46)

and BY(x;1,«), BY(z;1,a) are defined as in Corollary[2.13 for value p =1 and C{(x) is defined as
in Corollary[2.23

Corollary 2.26. Taking A =0 and ¢(t) = L exp(—At), where A = =% in Theorem we have

«

1
‘Tf,'r%,@?n (0; 2, ug, UQ)‘ < PES| (2.47)

(1 —a)E" (x — muy)Eqy(us — muy)

{ By 1. A)| " /T A )+ L A
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1

+ 1L
(1-— a)E ? (ug — mz)Eq (ug — muy)

<[Btas 1, )] YT AP+ L, A ()l }

where
mui+Eq(z—muq)
Li(z, A) = / (muy + Eq(z —muy) — t) (2.48)

muy

< {1 = exp [A (g(mun) - g(1)] } dt,

mui+Eq (z—muq)
L4(x, A) = / (t = mur) {1 = exp [A (g(mu) = g(0))] } dt, (2.49)
mz+Eq (ug—mez)
Li(x, A) = / (mz + Eq(ug — mx) —t) (2.50)

x{l—wmpﬂ4@@)—g@mv+EaW2—nmﬂ»}}dm

ma+Eq (ug—mx)
Li(x, A) = / (t — mx) {1 —exp [A(g(t) — g(mz + Eq(up — mz))) }} dt, (2.51)

mx

and BY(x;1, A), Biy(x;1, A) are defined as in Corollary for value p = 1.

Remark 2.27. Applying our Theorems and for special values of parameter A € [0,1],
for appropm'ate choices of function g(t) = t; g(t) = Int, V¢ > 0;, g(t) = €', etc., where ¢(t ) =

t, Ft(a sy $o(t) = tg(uz) — )" for a € (0,1); ¢(t) = Lexp [(—1?70‘) t] for a € (0,1), such
that | f'|? to be conver, we can deduce some new general fractional integral inequalities. We omit

their proofs and the details are left to the interested readers.
3. Applications

Consider the following special means for different real numbers uy, us and ujug # 0, as follows:

1. the arithmetic mean:

A= A(Ul,UQ) = ! ;— U2,
2. the harmonic mean: 5
H = H(uy,u ,
(ur, uz) = + L
ul ug
3. the logarithmic mean:
L= L(ul,u2) Y2 7t

In|ug| — In|uy|’
4. the generalized log-mean:

1

r+1 r+1 T
e M ] . reZ\{-1,0}.

Ly = Ly (u1,uz) = (r+1)(ug — us)
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It is well known that L, is monotonic nondecreasing over r € Z with L_; := L. In particular, we
have the following inequality H < L < A. Now, using the theory results in Section [2, we give some
applications to special means for different real numbers.

Proposition 3.1. Let uj,us € R\ {0}, where uy < uy. Then for r € N and r > 2, where ¢ > 1 and
p~t+ gt =1, the following inequality hold:

r(ug — uy)
A" — L < —= 3.1
A7) = L, )| < T (3.1)
r—1 r—1
SR R R R (o RS 1
2 2
Proof . Takingm =1, A =0, z = 452 E,(x—m ) =1z —muy, Eq(uy —mz) = ug —mz, Eq(us—
muy) = us — muy, f(t) = {" and g( ) ¢(t) = t, in Theorem [2.3] one can obtain the result

immediately. [J

Proposition 3.2. Let uy,us € R\ {0}, where u; < us. Then for r € N and r > 2, where ¢ > 1 and
pt+qt =1, the following inequality hold:

r(ug — uy)
A(uf,uy) — LI < — 3.2
A g) = L, )| < S (3.2
ul —|'— U/Q Q(T_l) UI + u2 q(T_l)
X g A (a0, +iA(| Juglatr= ) 1.
2 2
Proof . Takingm =1, A\=1, z = 432 E,(z—m ) =z —muy, Ey(ug—mz) = ug—mz, E,(ug—
muy) = us — muy, f(t) t" and g( ) ¢(t) = t, in Theorem [2.3] one can obtain the result

immediately. [J

Proposition 3.3. Let ui,us € R\ {0}, where uy < us. Then for ¢ > 1 and p~' + ¢~ = 1, the
following inequality hold:
1 1

A(U/17u2) L(ul,UQ)

(ug — uy)

49p+1

1 1
X .
2q 2q
al [ (’U1’2q, u1-5u2 ) al { ( u1—5u2 ,’u2’2q)

Proof . Takingm =1, A\ =0, z = WT“?, E.(z—muy) = z—muy, E,(us —mzx) = ug —maz, Ey(ug —

< (3.3)

1
muy) = uy — muy, f(t) = . and g(t) = ¢(t) = t, in Theorem [2.3, one can obtain the result

immediately. [J

Proposition 3.4. Let uj,us € R\ {0}, where uy < uy. Then for ¢ > 1 and p~' + ¢~ = 1, the
following inequality hold:
(ug — uy)

49p+1

- <
H(uy,ug)  Lup,ug)| —

‘ ! ! (3.4)




New inequalities for generalized m-convex functions... 10 (2019) No. 2, 275-299 293

1 1

)

Proof . Takingm =1, A\=1, z = %, E.(z—muy) = 2 —muy, E,(ug —maz) = ug —ma, Ey(ug —

1
muy) = us — muy, f(t) = n and ¢g(t) = ¢(t) = t, in Theorem , one can obtain the result

immediately. [J

2q }
7|u2|2q)

u1tu2
2

u1tu2
2

Proposition 3.5. Let uj,us € R\ {0}, where uy < uy. Then for r € N and r > 2, where ¢ > 1, the
following inequality hold:

27(ug —uy)

’Ar(ul,m) - L:(UI,U/Q)‘ < (/;T (3.5)

r—1 r—1
x{(/A (luljtJ(rl),Q‘ul;uQ " )) + (/A <2‘u1 —;—uz ; ), \u2|fI(7‘1)> }

Proof . Takingm =1, A =0, z = 32 E,(z—muy) = x —muy, Ey(us —ma) = up —ma, Bq(up—
muy) = uy — muy, f(t) = t" and g(t) = ¢(t) = t, in Theorem [2.15] one can obtain the result
immediately. [J

Proposition 3.6. Let uj,us € R\ {0}, where uy < ug. Then for r € N and r > 2, where ¢ > 1, the

following inequality hold:
2r(ug —u
‘A(uq,ug) — Ll (up,u9)| < f/;% (3.6)

r—1 r—1
x{\q/A (2|u1|q<r1>, ‘“1;“2 " )) + \q/A (‘“1;“2 " ),z\uQ|q<r1>> }

Proof . Takingm =1, A =1, x = W32 E,(z—muy) = x —muy, Eq(us —ma) = uy —ma, Bq(up —
muy) = uy — muy, f(t) = t" and g(t) = ¢(t) = t, in Theorem [2.15] one can obtain the result
immediately. [J

Proposition 3.7. Let uy,us € R\ {0}, where u; < uy. Then for g > 1, the following inequality hold:

1 1

A(ul,u2) L(Ul,UQ)

o4 (ug —uy)
38 (3.7)

1 1

) i

Proof . Takingm =1, A\ =0, z = ’“JFT“Q, E.(z—muy) = 2 —muy, E,(ug —mz) = ug —maz, E,(ug —

2q }
72|u2|2q

u1tu2
2

u1tu2
2

1
muy) = ug — muy, f(t) = n and g(t) = ¢(t) = t, in Theorem [2.15, one can obtain the result

immediately. [J
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Proposition 3.8. Let uj,us € R\ {0}, where uy < ug and E,(uz — muy) > 0. Then for ¢ > 1, the
following inequality hold:
4 (UQ — ul)

q

1 1

ZM2— %) (3.8)
{ .
(/H (‘U1|2q, 2

u1tug
2

u1tug
2

Ty P

Proof . Takingm =1, A\=1, x = WTW, E.(z—muy) = z—muq, E,(ug —mzx) = ug —maz, E,(ug —

1
muy) = ug — muy, f(t) = . and g(t) = ¢(t) = t, in Theorem [2.15, one can obtain the result

immediately. [

Remark 3.9. Applying our Theorems and for special values of parameter A € [0,1], for
approprmte choices of function g(t) = t; g(t) = Int,Vt > 0;, g(t) = €', etc., where ¢(t) =
t, %, iy @o(t) = tlgluz) — )27t for a € (0,1); @(t) = ;exp [(—1?70‘) t} for a € (0,1),
such that ]f’|q to be convex, we can deduce some new general fractional integral inequalities using

above special means (and other special means). We omit their proofs and the details are left to the
interested readers.

Next, we provide some new error estimates for the midpoint and trapezium quadrature formula. Let

() be the partition of the points u; = 29 < 1 < ... < 2} = uy of the interval [uy, us]. Let consider
the following quadrature formula:

/ Y fa)de = M(£,Q) + E(,Q). / Y f@)de = T(1,Q) + E°(£.Q)

where

k-1

k—1
s <xz + xz+1> (@1 — @), T(f,Q) = Z f(zi) +2f(xi+1) (Tip1 — ;)

=0 i=0

are the midpoint and trapezium version and E(f,Q), E*(f,Q) are denote their associated approxi-
mation errors.

Proposition 3.10. Let f : [ug,us] — R be a differentiable function on (uq,us), where u; < ug. If
|f'|9 is convex on [uy,us] for ¢ > 1 and p~* + ¢~ = 1, then the following inequality holds:

k—1
|E(f,Q)] < e rEat Z Tis1 — (3.9)

P (%) q+</f, (M)‘ + | f!(wiq1)|0 }

X{\“/!f’(x)
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Proof . Applying Theoremfor m=1,A=0,z =132 E,(z—mu) = x—muy, BEq(ug—mz) =

uy —max, By (ug —muy) = us —muy and g(t) = ¢(t) = t on the subintervals [x;, z;11] (i =0,...,k—1)
of the partition @), we have

(Tiy1 — ;)

Ti+ Tip1 1 /mi+1
— r)dr| < ————%
/ ( 2 ) Tit1 — Ti Jq, f@) T AY29p+1

x{(/rf'm) P e (B [ xm>|}

Hence from , we get
B(£,Q)] = ‘ | e - s, Q)‘

(3.10)

k-1 l“z'+1
- Z{/ dx_f(xz+xz+1> le_%)H
i=0 Ti
k-1
<

—N—

[ o ()
4\/—\/JIT ;(le_xi)Q

x{\/ b+ (25 [ \/ P |f'<xi+1>|q}.

The proof of Proposition is completed. [
Proposition 3.11. Let f : [uj,us] — R be a differentiable function on (uq,us), where u; < ug. If
|f'|9 is convex on [uy,us| for ¢ > 1, then the following inequality holds:
8v/3
T, +x;
(—) \RNVAEAIE }

x{\/ f(@ f (—"“" *;”"“) il

Proof . The proof is analogous as to that of Propositionmtaking m=1,A=0,z= “1+“2 , Eq(x—
muy) = x — muy, Ey(ug — mz) = ug — mzx, Ey(us — muy) = ug — muy and g(t) = (t) = t using
Theorem .15 [

[E(f,Q)] < . me (3.11)

Proposition 3.12. Let f : [ug,us] — R be a differentiable function on (uq,us), where u; < ug. If
|f'|9 is convex on [uy,us] for ¢ > 1 and p~ + ¢~ = 1, then the following inequality holds:

e

1 k—1
|E*(£,Q)| < 10T X Z Tiy1 — ;)2 (3.12)
V 1=0

(a:l +2$z+1 \/ (M) ‘ + [ (zi41) |0 }
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Proof . Applying Theoremfor m=1, =1z ="12 E,(z—mu) = x—muy, Bq(ug—mz) =

uy —max, By (ug —muy) = us —muy and g(t) = ¢(t) = t on the subintervals [x;, z;11] (i =0,...,k—1)
of the partition @), we have
, . iy o
fl@i) + f(@iza) 1 / fx)dz| < (@i — @) (3.13)
2 Tit1 — Ti S, 4N/23/p + 1

X{(/If’(xi)

Hence from (3.13)), we get

()l () v
/uu f(@)dz — T, Q)‘
3 { | s e, - )H

7 { /.Ii+1 f(z)dx — i) +2f(xi+1> (@i = xZ)H

|E°(f,Q)| =

IN
o

(]

Il
o

i

[y

<
=0

x{\/ Pl + | (—"” *j@‘“) \q +

The proof of Proposition is completed. [

(M)‘ F1f (i) }

Proposition 3.13. Let f : [uj,us] — R be a differentiable function on (uq,us), where u; < ug. If
|f17 is convex on [uy,us] for ¢ > 1, then the following inequality holds:

N
—

3 X (xl-H — iL'Z')Z (314)

x{\q/zrf'm ff(w)\+ (M)\wwm}

Proof . The proof is analogous as to that of Proposition takingm =1, A =1, z = 232 B, (z—
muy) = x — muy, Ey(uy — mz) = ug — mzx, Ey(us — muy) = ug — muy and g( ) o(t ) = t using

Theorem .15 [

—_

|E*(f.Q)| <

Be
w
Il
o

.

Remark 3.14. Applying our Theorems and [2.15, where m = 1, for special values of parameter
A € [0,1], for approprz’ate choices of function g(t) = t; g(t) = Int, Vt > 0;, g(t) = €', etc., where
o) =t T wreys Po(t) = tlg(ua) — )7 for a € (0,1); §(t) = exp [(—1?70‘) t] for o €
(0,1), such that |f'|? to be convex, we can deduce some new bounds for the midpoint and trapezium

quadrature formula using above ideas and techniques. We omit their proofs and the details are left
to the interested readers.
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4. Conclusion

The new class of functions called generalized m-convex can be applied to obtain several results in
convex analysis, related optimization theory and may stimulate further research in different areas of
pure and applied sciences.
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