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Abstract

In the present work, we prove a parametrized identity for a differentiable function via generalized
integral operators. By applying the established identity and the new so–called generalized m-convex
function, some generalized trapezium, Ostrowski and Simpson type integral inequalities have been
discovered. Various special cases have been studied as well. Some applications of the present results
to special means and new error estimates for the trapezium and midpoint quadrature formula have
been investigated. It is hoped that the methods and techniques of this paper could further stimulate
the research conducted in the field of integral inequalities.
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1. Introduction and preliminaries

The inequality below, known as Hermite–Hadamard inequality, is one of the most famous inequalities
in the literature relevant to convex functions.
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Received: August 2019 Revised: November 2019

http://dx.doi.org/10.22075/ijnaa.2019.18455.2014


276 Kashuri, A. Ali, Abbas, Budak

Theorem 1.1. Let f : I ⊆ R −→ R be a convex function and u1, u2 ∈ I with u1 < u2. Then the
following inequality holds:

f

(
u1 + u2

2

)
≤ 1

u2 − u1

∫ u2

u1

f(x)dx ≤ f(u1) + f(u2)

2
. (1.1)

The inequality (1.1) is also known as trapezium inequality.

The trapezium inequality has always been a source of great interest due to its wide ranging appli-
cations in the field of mathematical analysis. In recent decades, several authors have intensively
investigates (1.1) motivated by the study of convex function. Interested readers are referred to [4]-
[8],[17, 22, 23, 25, 29, 31],[36]-[40],[47, 49, 52, 53, 55, 56],

The following result is known as Ostrowski’s inequality, (see [32] and the references cited therein)

which provides an upper bound for the approximation of the integral average
1

u2 − u1

∫ u2

u1

f(t) d t for

x ∈ [u1, u2].

Theorem 1.2. Let f : I −→ R be a mapping differentiable on I◦ and let u1, u2 ∈ I◦ with u1 < u2.
If |f ′(x)| ≤M for all x ∈ [a, b], then∣∣∣∣∣f(x)− 1

u2 − u1

∫ u2

u1

f(t) d t

∣∣∣∣∣ ≤M(u2 − u1)

[
1

4
+

(
x− u1+u2

2

)2

(u2 − u1)2

]
, ∀x ∈ [u1, u2]. (1.2)

For other recent results concerning Ostrowski type inequalities, see [1]-[3],[9]-[16],[20],[32]-[35],[41]-
[43],[45, 46, 50, 54, 57]. It must be noted that Ostrowski’s inequality is essential in all fields of
mathematics, especially in approximation theory. Thus such types of inequalities have been studied
extensively by several researches and there has been a plethora of generalizations, extensions and
variants of these inequalities for various types of functions.
The following inequality is well known in the literature as Simpson’s inequality.

Theorem 1.3. Let f : [u1, u2] −→ R be four time differentiable on the interval (u1, u2) and having
the fourth derivative bounded on (u1, u2), that is

‖f (4)‖∞ = sup
x∈(u1,u2)

|f (4)| < +∞.

Then, we have∣∣∣∣∣
∫ u2

u1

f(x)dx− u2 − u1

3

[
f(u1) + f(u2)

2
+ 2f

(
u1 + u2

2

)]∣∣∣∣∣ ≤ 1

2880
‖f (4)‖∞(u2 − u1)5. (1.3)

The inequality (1.3) establishes an error bound for the classical Simpson quadrature formula, which
is one of the most commonly used quadrature formulae in practical applications. In recent years,
various generalizations, extensions and variants of such inequalities have been obtained. For other
recent results concerning Simpson type inequalities, see [30, 44, 51, 57].
In numerical analysis many quadrature rules have been established to approximate definite integrals.
Ostrowski’s inequality provides bounds for many numerical quadrature rules, see [15, 16].
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The aim of this paper is to establish trapezium, Ostrowski and Simpson type generalized integral
inequalities for generalized m-convex functions with respect to another function. Some applications
to special means and new error bounds for midpoint and trapezium quadrature formula are obtained.
Interestingly, special cases of some of our results constitute fractional integral inequalities. Hence, it
is important to recall some essential facts relevant to fractional integrals.

Initially, let us present some preliminaries and definitions which will be helpful for further study.

Definition 1.4. [37] Let f ∈ L[u1, u2]. Then k-fractional integrals of order α, k > 0 with u1 ≥ 0
are defined by

Iα,k
u+1
f(x) =

1

kΓk(α)

∫ x

u1

(x− t)
α
k
−1f(t) d t, x > u1

and

Iα,k
u−2
f(x) =

1

kΓk(α)

∫ u2

x

(t− x)
α
k
−1f(t) d t, u2 > x, (1.4)

where Γk(·) stands for the k-gamma function.

For k = 1, the k-fractional integrals yield Riemann–Liouville integrals. For α = k = 1, the k-
fractional integrals yield classical integrals.

Let K be a nonempty closed set in Rn, and K◦ be the interior of K. We denote by 〈., .〉 and ‖.‖ the
inner product and norm on Rn, respectively. Let f, φ : K → R be continuous mappings.

Definition 1.5. [38] The function f on the φ-convex set K is said to be φ-convex, if

f(u1 + teiφ(u2 − u1)) ≤ (1− t)f(u1) + tf(u2), ∀ u1, u2 ∈ K, t ∈ [0, 1].

The function f is said to be φ-concave iff −f is φ-convex. Note that, every convex function is
φ-convex but the converse does not hold in general.

Definition 1.6. [18] The special function

Eα(z) =
∞∑
k=0

zk

Γ(1 + αk)
, α ∈ C, R(α) > 0, z ∈ C,

where Γ stands for the Gamma function, is called Mittag–Leffler function.

This function plays an essential role in fractional calculus.

We are now in the position to introduce the notions of generalized m-convex set and generalized
m-convex function as follows:

Definition 1.7. A non empty set K is said to be a generalized m-convex set for some fixed m ∈
(0, 1], if

mu1 + tEα(u2 −mu1) ∈ K, ∀ u1, u2 ∈ K, t ∈ [0, 1], (1.5)

where α ∈ C, R(α) > 0.

Remark 1.8. If we replace m = 1 and the function Eα with E1, then the generalized m-convex set
reduces to the φ-convex set. The generalized m-convex sets are nonconvex.
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Definition 1.9. The function f is said to be generalized m-convex for some fixed m ∈ (0, 1], if

f(mu1 + tEα(u2 −mu1)) ≤ (1− t)f(mu1) + tf(u2), ∀ u1, u2 ∈ K, t ∈ [0, 1]. (1.6)

Remark 1.10. Clearly, a generalized m-convex function reduces to a φ-convex function if we set
m = 1 and replace Eα by E1, which is a special case of the Mittag–Leffler function. The generalized
m-convex functions are nonconvex.

Definition 1.11. [26, 27] Let g : [u1, u2] −→ R be an increasing and positive monotone function
on [u1, u2], having a continuous derivative on (u1, u2). The left–sided fractional integral of f with
respect to g on [u1, u2] of order α > 0 is defined by:

Iα,gu1+f (x) =
1

Γ (α)

∫ x

u1

g′(u)f (u)

[g(x)− g(u)]1−α
d u, x > u1, (1.7)

provided that the integral exists. The right–sided fractional integral of f with respect to g on [u1, u2]
of order α > 0 is defined by:

Iα,gu2−f (x) =
1

Γ (α)

∫ u2

x

g′(u)f (u)

[g(u)− g(x)]1−α
d u, x < u2, (1.8)

provided that the integral exists.

Jleli and Samet in [22], proved the Hadamard type inequality for Riemann-Liouville fractional integral
of a convex function f with respect to another function g.
Also in [47], Sarikaya and Ertuğral defined a function φ : [0,+∞) −→ [0,+∞) satisfying the following
conditions: ∫ 1

0

φ(t)

t
d t < +∞, (1.9)

1

A
≤ φ(s)

φ(r)
≤ A for

1

2
≤ s

r
≤ 2, (1.10)

φ(r)

r2
≤ B

φ(s)

s2
for s ≤ r, (1.11)∣∣∣∣∣φ(r)

r2
− φ(s)

s2

∣∣∣∣∣ ≤ C|r − s|φ(r)

r2
for

1

2
≤ s

r
≤ 2, (1.12)

where A,B,C > 0 are independent of r, s > 0. If φ(r)rα is increasing for some α ≥ 0 and φ(r)
rβ

is decreasing for some β ≥ 0, then φ satisfies (1.9)-(1.12), see [48]. Therefore, the left–sided and
right–sided generalized integral operators are defined as follows:

u+1
Iφf(x) =

∫ x

u1

φ(x− t)
x− t

f(t) d t, x > u1, (1.13)

u−2
Iφf(x) =

∫ u2

x

φ(t− x)

t− x
f(t) d t, x < u2. (1.14)

The most important feature of generalized integrals is that they produce Riemann–Liouville fractional
integrals, k-Riemann–Liouville fractional integrals, Katugampola fractional integrals, conformable
fractional integrals, Hadamard fractional integrals, etc., see [21, 24, 47].
Recently, Farid in [19] generalised the above integral by introducing an increasing and positive
monotone function g on [u1, u2], having continuous derivative on (u1, u2). The generalized fractional
integral operator defined by Farid may be given as follows.
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Definition 1.12. The left and right–sided generalized fractional integral of a function f with respect
to another function g may be given as follows, respectively:

Gφ,g
u1+f (x) =

∫ x

u1

φ (g(x)− g(u))

g(x)− g(u)
g′(u)f (u) d u, x > u1, (1.15)

Gφ,g
u2−f (x) =

∫ u2

x

φ (g(u)− g(x))

g(u)− g(x)
g′(u)f (u) d u, x < u2. (1.16)

This operator generalizes the various fractional integrals of a function f with respect to another
function g.

The following special cases are focussed in our study.

(i) If we take φ(u) = u then the operator (1.15) and (1.16) reduces to Riemann–Liouville integral of
f with respect to function g.

Igu1+f (x) =

∫ x

u1

g′(u)f (u) d u, x > u1, (1.17)

Igu2−f (x) =

∫ u2

x

g′(u)f (u) d u, x < u2. (1.18)

If g(u) = u, then (1.17) and (1.18) will reduce to Riemann integral of f .

(ii) If we take φ(u) = uα

Γ(α)
then the operator (1.15) and (1.16) reduces to Riemann–Liouville fractional

integral of f with respect to function g.

Iφ,gu1+f (x) =
1

Γ(α)

∫ x

u1

[g(x)− g(u)]α−1 g′(u)f (u) d u, x > u1, (1.19)

Iφ,gu2−f (x) =
1

Γ(α)

∫ u2

x

[g(u)− g(x)]α−1 g′(u)f (u) d u, x < u2. (1.20)

If g(u) = u, then (1.19) and (1.20) will reduce to left and right–sided Riemann–Liouville fractional
integrals of f respectively.

(iii) If we take φ(u) = u
α
k

kΓk(α)
then the operator (1.15) and (1.16) reduces to k-Riemann–Liouville

fractional integral of f with respect to function g.

Iφ,gu1+,kf (x) =
1

kΓk(α)

∫ x

u1

[g(x)− g(u)]
α
k
−1 g′(u)f (u) d u, x > u1, (1.21)

Iφ,gu2−,kf (x) =
1

kΓk(α)

∫ u2

x

[g(u)− g(x)]α−1 g′(u)f (u) d u, x < u2. (1.22)

If g(u) = u, then these operators in (1.21) and (1.22) reduces to k-fractional integral operators given
in [37].

(iv) If we take φg(u) = u(g(u2) − u)α−1 for α ∈ (0, 1), then the operator given in (1.15) and (1.16)
reduces to conformable fractional integral operator of f with respect to a function g.

Kα,g
u1
f (x) =

∫ x

u1

[g(u)]α−1 g′(u)f (u) d u, x > u1. (1.23)
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This operator (1.23) generalizes conformable fractional integral operator which was given by Khalil
et al. in [28].

(v) If we take φ(u) = u
α

exp(−Au), where A = 1−α
α

and α ∈ (0, 1), then the operator given in (1.15)
and (1.16) reduces to fractional integral operator of f with respect to function g with exponential
kernel.

Jα,gu1+f (x) =
1

α

∫ x

u1

exp (−A(g(x)− g(u))) g′(u)f (u) d u, x > u1, (1.24)

Jα,gu2−f (x) =
1

α

∫ u2

x

exp (−A(g(x)− g(u))) g′(u)f (u) d u, x < u2. (1.25)

Operators in (1.24) and (1.25) generalizes fractional integral operator with exponential kernel which
was introduced by Kirane and Torebek in [29].

Motivated by the above literatures, the main objective of this paper is to discover in Section 2,
an interesting identity with parameter λ in order to study some new bounds regarding trapezium,
Ostrowski and Simpson type integral inequalities. By using the established identity as an auxiliary
result, some new estimates for trapezium, Ostrowski and Simpson type integral inequalities for
generalized m-convex functions via generalized integrals are obtained. It is pointed out that some new
fractional integral inequalities have been deduced from main results. In Section 3, some applications
to special means and new error estimates for the midpoint and trapezium quadrature formula are
given. In Section 4, a briefly conlusion is given as well.

2. Main results

Throughout this study, let P = [mu1, u2], where u1 < u2 for some fixed m ∈ (0, 1] and for all t ∈ [0, 1].
For brevity, we define

Υφ,g
m (x, t) =

∫ t

0

φ (g (mu1 + uEα(x−mu1))− g(mu1))

g (mu1 + uEα(x−mu1))− g(mu1)
(2.1)

×g′ (mu1 + uEα(x−mu1)) d u < +∞

and

Θφ,g
m (x, t) =

∫ 1

t

φ (g (mx+ Eα(u2 −mx))− g (mx+ uEα(u2 −mx)))

g (mx+ Eα(u2 −mx))− g (mx+ uEα(u2 −mx))
(2.2)

×g′ (mx+ uEα(u2 −mx)) d u < +∞,

where g is an increasing and positive monotone function on P, having continuous derivative on
P ◦ = (mu1, u2).

For establishing some new results regarding general fractional integrals we need to prove the following
lemma.

Lemma 2.1. Let f : P −→ R be a differentiable mapping on P ◦ and λ ∈ R. If f ′ ∈ L(P ) and
Eα(u2 −mu1) > 0, then the following identity for generalized fractional integrals hold:

Eα(x−mu1)f (mu1 + tEα(x−mu1)) + Eα(u2 −mx)f(mx)

Eα(u2 −mu1)
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− λ

Eα(u2 −mu1)
×

[
Eα(x−mu1)f (mu1 + tEα(x−mu1))

Υφ,g
m (x, 1)

+
Eα(u2 −mx)f(mx)

Θφ,g
m (x, 0)

]

+
λ

Eα(u2 −mu1)
×

[
Eα(x−mu1)f(mu1)

Υφ,g
m (x, 1)

+
Eα(u2 −mx)f(mx+ Eα(u2 −mx))

Θφ,g
m (x, 0)

]

− 1

Eα(u2 −mu1)
×

[
Gφ,g

(mu1+Eα(x−mu1))−
f(mu1)

Υφ,g
m (x, 1)

+
Gφ,g

(mx)+f(mx+ Eα(u2 −mx))

Θφ,g
m (x, 0)

]

=
E2
α(x−mu1)

Υφ,g
m (x, 1)Eα(u2 −mu1)

×
∫ 1

0

[
Υφ,g
m (x, t)− λ

]
f ′ (mu1 + tEα(x−mu1)) d t (2.3)

− E2
α(u2 −mx)

Θφ,g
m (x, 0)Eα(u2 −mu1)

×
∫ 1

0

[
Θφ,g
m (x, t)− λ

]
f ′ (mx+ tEα(u2 −mx)) d t.

We denote

Tf,Υφ,g
m ,Θφ,g

m
(λ;x, u1, u2) =

E2
α(x−mu1)

Υφ,g
m (x, 1)Eα(u2 −mu1)

(2.4)

×
∫ 1

0

[
Υφ,g
m (x, t)− λ

]
f ′ (mu1 + tEα(x−mu1)) d t

− E2
α(u2 −mx)

Θφ,g
m (x, 0)Eα(u2 −mu1)

×
∫ 1

0

[
Θφ,g
m (x, t)− λ

]
f ′ (mx+ tEα(u2 −mx)) d t.

Proof . Integrating by parts equation (2.4) and changing the variables of integration, we have

Tf,Υφ,g
m ,Θφ,g

m
(λ;x, u1, u2) =

E2
α(x−mu1)

Υφ,g
m (x, 1)Eα(u2 −mu1)

×

{∫ 1

0

Υφ,g
m (x, t)f ′ (mu1 + tEα(x−mu1)) d t− λ

∫ 1

0

f ′ (mu1 + tEα(x−mu1)) d t

}

− E2
α(u2 −mx)

Θφ,g
m (x, 0)Eα(u2 −mu1)

×

{∫ 1

0

Θφ,g
m (x, t)f ′ (mx+ tEα(u2 −mx)) d t− λ

∫ 1

0

f ′ (mx+ tEα(u2 −mx)) d t

}

=
E2
α(x−mu1)

Υφ,g
m (x, 1)Eα(u2 −mu1)

×

{
Υφ,g
m (x, t)f (mu1 + tEα(x−mu1))

Eα(x−mu1)

∣∣∣∣∣
1

0

− 1

Eα(x−mu1)

×
∫ 1

0

φ (g (mu1 + tEα(x−mu1))− g(mu1))

g (mu1 + tEα(x−mu1))− g(mu1)

×g′ (mu1 + tEα(x−mu1)) f (mu1 + tEα(x−mu1)) d t

− λ

Eα(x−mu1)
f (mu1 + tEα(x−mu1))

∣∣∣1
0

}
− E2

α(u2 −mx)

Θφ,g
m (x, 0)Eα(u2 −mu1)
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×

{
Θφ,g
m (x, t)f (mx+ tEα(u2 −mx))

Eα(u2 −mx)

∣∣∣∣∣
1

0

− 1

Eα(u2 −mx)
×
∫ 1

0

φ (g (mx+ Eα(u2 −mx))− g (mx+ tEα(u2 −mx)))

g (mx+ Eα(u2 −mx))− g (mx+ tEα(u2 −mx))

×g′ (mx+ tEα(u2 −mx)) f (mx+ tEα(u2 −mx)) d t

− λ

Eα(u2 −mx)
f (mx+ tEα(u2 −mx))

∣∣∣1
0

}

=
Eα(x−mu1)f (mu1 + tEα(x−mu1)) + Eα(u2 −mx)f(mx)

Eα(u2 −mu1)

− λ

Eα(u2 −mu1)
×

[
Eα(x−mu1)f (mu1 + tEα(x−mu1))

Υφ,g
m (x, 1)

+
Eα(u2 −mx)f(mx)

Θφ,g
m (x, 0)

]

+
λ

Eα(u2 −mu1)
×

[
Eα(x−mu1)f(mu1)

Υφ,g
m (x, 1)

+
Eα(u2 −mx)f(mx+ Eα(u2 −mx))

Θφ,g
m (x, 0)

]

− 1

Eα(u2 −mu1)
×

[
Gφ,g

(mu1+Eα(x−mu1))−
f(mu1)

Υφ,g
m (x, 1)

+
Gφ,g

(mx)+f(mx+ Eα(u2 −mx))

Θφ,g
m (x, 0)

]
.

The proof of Lemma 2.1 is completed. �

Remark 2.2. a Taking m = 1, λ = 0, Eα(x−mu1) = x−mu1, Eα(u2 −mx) = u2 −mx, Eα(u2 −
mu1) = u2 − mu1 and g(t) = φ(t) = t in Lemma 2.1, we get the following Ostrowski type
identity:

Tf (x, u1, u2) = f(x)− 1

u2 − u1

∫ u2

u1

f(t) d t.

b Taking m = 1, λ = 1, Eα(x−mu1) = x−mu1, Eα(u2−mx) = u2−mx, Eα(u2−mu1) = u2−mu1

and g(t) = φ(t) = t in Lemma 2.1, we get the following Hermite–Hadamard type identity:

Tf (x, u1, u2) =
(x− u1)f(u1) + (u2 − x)f(u2)

u2 − u1

− 1

u2 − u1

∫ u2

u1

f(t) d t.

c Taking m = 1, x = u1+u2
2

, Eα(x −mu1) = x −mu1, Eα(u2 −mx) = u2 −mx, Eα(u2 −mu1) =
u2 −mu1 and g(t) = φ(t) = t in Lemma 2.1, we get the following Simpson type identity:

Tf (λ;u1, u2) = λ

[
f(u1) + f(u2)

2

]
+ (1− λ)f

(
u1 + u2

2

)
− 1

u2 − u1

∫ u2

u1

f(t) d t.

Theorem 2.3. Let f : P −→ R be a differentiable mapping on P ◦ and λ ∈ [0, 1]. If |f ′|q is generalized
m-convex on P and Eα(u2 −mu1) > 0, then for q > 1 and p−1 + q−1 = 1, the following inequality
for generalized fractional integrals hold:∣∣Tf,Υφ,g

m ,Θφ,g
m

(λ;x, u1, u2)
∣∣
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≤ E2
α(x−mu1)

q
√

2Υφ,g
m (x, 1)Eα(u2 −mu1)

p

√
Bφ,g

Υm
(x;λ, p)× q

√
|f ′(mu1)|q + |f ′(x)|q (2.5)

+
E2
α(u2 −mx)

q
√

2Θφ,g
m (x, 0)Eα(u2 −mu1)

p

√
Bφ,g

Θm
(x;λ, p)× q

√
|f ′(mx)|q + |f ′(u2)|q,

where

Bφ,g
Υm

(x;λ, p) =

∫ 1

0

∣∣∣Υφ,g
m (x, t)− λ

∣∣∣p d t, Bφ,g
Θm

(x;λ, p) =

∫ 1

0

∣∣∣Θφ,g
m (x, t)− λ

∣∣∣p d t. (2.6)

Proof . From Lemma 2.1, generalized m-convexity of |f ′|q, Hölder’s inequality and properties of the
modulus, we have ∣∣Tf,Υφ,g

m ,Θφ,g
m

(λ;x, u1, u2)
∣∣

≤ E2
α(x−mu1)

Υφ,g
m (x, 1)Eα(u2 −mu1)

×
∫ 1

0

∣∣∣Υφ,g
m (x, t)− λ

∣∣∣∣∣∣f ′ (mu1 + tEα(x−mu1))
∣∣∣ d t

+
E2
α(u2 −mx)

Θφ,g
m (x, 0)Eα(u2 −mu1)

×
∫ 1

0

∣∣∣Θφ,g
m (x, t)− λ

∣∣∣∣∣∣f ′ (mx+ tEα(u2 −mx))
∣∣∣ d t

≤ E2
α(x−mu1)

Υφ,g
m (x, 1)Eα(u2 −mu1)

×
(∫ 1

0

∣∣∣Υφ,g
m (x, t)− λ

∣∣∣p d t) 1
p
(∫ 1

0

∣∣∣f ′ (mu1 + tEα(x−mu1))
∣∣∣q d t) 1

q

+
E2
α(u2 −mx)

Θφ,g
m (x, 0)Eα(u2 −mu1)

×
(∫ 1

0

∣∣∣Θφ,g
m (x, t)− λ

∣∣∣p d t) 1
p
(∫ 1

0

∣∣∣f ′ (mx+ tEα(u2 −mx))
∣∣∣q d t) 1

q

≤ E2
α(x−mu1)

Υφ,g
m (x, 1)Eα(u2 −mu1)

p

√
Bφ,g

Υm
(x;λ, p)

(∫ 1

0

[
(1− t)|f ′(mu1)|q + t|f ′(x)|q

]
d t

) 1
q

+
E2
α(u2 −mx)

Θφ,g
m (x, 0)Eα(u2 −mu1)

p

√
Bφ,g

Θm
(x;λ, p)

(∫ 1

0

[
(1− t)|f ′(mx)|q + t|f ′(u2)|q

]
d t

) 1
q

=
E2
α(x−mu1)

q
√

2Υφ,g
m (x, 1)Eα(u2 −mu1)

p

√
Bφ,g

Υm
(x;λ, p)× q

√
|f ′(mu1)|q + |f ′(x)|q

+
E2
α(u2 −mx)

q
√

2Θφ,g
m (x, 0)Eα(u2 −mu1)

p

√
Bφ,g

Θm
(x;λ, p)× q

√
|f ′(mx)|q + |f ′(u2)|q.

The proof of Theorem 2.3 is completed. �
We point out some special cases of Theorem 2.3.
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Corollary 2.4. Taking p = q = 2 in Theorem 2.3, we get∣∣Tf,Υφ,g
m ,Θφ,g

m
(λ;x, u1, u2)

∣∣
≤ E2

α(x−mu1)√
2Υφ,g

m (x, 1)Eα(u2 −mu1)

√
Bφ,g

Υm
(x;λ, 2)×

√
|f ′(mu1)|2 + |f ′(x)|2 (2.7)

+
E2
α(u2 −mx)√

2Θφ,g
m (x, 0)Eα(u2 −mu1)

√
Bφ,g

Θm
(x;λ, 2)×

√
|f ′(mx)|2 + |f ′(u2)|2.

Corollary 2.5. Taking |f ′| ≤ K in Theorem 2.3, we have∣∣Tf,Υφ,g
m ,Θφ,g

m
(λ;x, u1, u2)

∣∣ ≤ K

Eα(u2 −mu1)
(2.8)

×

[
E2
α(x−mu1)

Υφ,g
m (x, 1)

p

√
Bφ,g

Υm
(x;λ, p) +

E2
α(u2 −mx)

Θφ,g
m (x, 0)

p

√
Bφ,g

Θm
(x;λ, p)

]
.

Corollary 2.6. Taking m = 1, λ = 0, Eα(x−mu1) = x−mu1, Eα(u2 −mx) = u2 −mx, Eα(u2 −
mu1) = u2−mu1 and g(t) = φ(t) = t in Theorem 2.3, we get the following Ostrowski type inequality:∣∣Tf (x, u1, u2)

∣∣ ≤ 1
q
√

2 p
√
p+ 1(u2 − u1)

(2.9)

×
{

(x− u1)2 q
√
|f ′(u1)|q + |f ′(x)|q + (u2 − x)2 q

√
|f ′(x)|q + |f ′(u2)|q

}
.

Corollary 2.7. Taking x = u1+u2
2

in Corollary 2.6, we get the following midpoint type inequality:∣∣Tf (u1, u2)
∣∣ ≤ (u2 − u1)

4 q
√

2 p
√
p+ 1

(2.10)

×

{
q

√
|f ′(u1)|q +

∣∣∣f ′(u1 + u2

2

) ∣∣∣q + q

√∣∣∣f ′(u1 + u2

2

) ∣∣∣q + |f ′(u2)|q
}
.

Corollary 2.8. Taking m = 1, λ = 1, Eα(x−mu1) = x−mu1, Eα(u2 −mx) = u2 −mx, Eα(u2 −
mu1) = u2−mu1 and g(t) = φ(t) = t in Theorem 2.3, we get the following trapezium type inequality:∣∣Tf (x, u1, u2)

∣∣ ≤ 1
q
√

2 p
√
p+ 1(u2 − u1)

(2.11)

×
{

(x− u1)2 q
√
|f ′(u1)|q + |f ′(x)|q + (u2 − x)2 q

√
|f ′(x)|q + |f ′(u2)|q

}
.

Corollary 2.9. Taking m = 1, λ = 1
3
, Eα(x−mu1) = x−mu1, Eα(u2 −mx) = u2 −mx, Eα(u2 −

mu1) = u2 −mu1 and g(t) = φ(t) = t in Theorem 2.3, we get the following Simpson type inequality:∣∣∣∣∣Tf
(

1

3
;u1, u2

) ∣∣∣∣∣ ≤ 1
q
√

2(u2 − u1)
p

√
2p+1 + 1

3p+1(p+ 1)
(2.12)

×
{

(x− u1)2 q
√
|f ′(u1)|q + |f ′(x)|q + (u2 − x)2 q

√
|f ′(x)|q + |f ′(u2)|q

}
.
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Corollary 2.10. Taking λ = 0 and φ(t) = t in Theorem 2.3, we get∣∣Tf,Υg
m,Θ

g
m

(0;x, u1, u2)
∣∣ ≤ 1

q
√

2Eα(u2 −mu1)
(2.13)

×

{
q
√

Eα(x−mu1) p
√
Bg

1(x; p)× q
√
|f ′(mu1)|q + |f ′(x)|q

+ q
√

Eα(u2 −mx) p
√
Bg

2(x; p)× q
√
|f ′(mx)|q + |f ′(u2)|q

}
,

where

Bg
1(x; p) =

∫ mu1+Eα(x−mu1)

mu1

[
g(t)− g(mu1)

]p
d t (2.14)

and

Bg
2(x; p) =

∫ mx+Eα(u2−mx)

mx

[
g(mx+ Eα(u2 −mx))− g(t)

]p
d t. (2.15)

Corollary 2.11. Taking λ = 0 and φ(t) = tα

Γ(α)
in Theorem 2.3, we have

∣∣Tf,Υg
m,Θ

g
m

(0;x, u1, u2)
∣∣ ≤ 1

q
√

2Eα(u2 −mu1)
(2.16)

×

{
q
√

Eα(x−mu1) p
√
Bg

3(x; p, α)× q
√
|f ′(mu1)|q + |f ′(x)|q

+ q
√

Eα(u2 −mx) p
√
Bg

4(x; p, α)× q
√
|f ′(mx)|q + |f ′(u2)|q

}
,

where

Bg
3(x; p, α) =

∫ mu1+Eα(x−mu1)

mu1

[
g(t)− g(mu1)

]pα
d t (2.17)

and

Bg
4(x; p, α) =

∫ mx+Eα(u2−mx)

mx

[
g(mx+ Eα(u2 −mx))− g(t)

]pα
d t. (2.18)

Corollary 2.12. Taking λ = 0 and φ(t) = t
α
k

kΓk(α)
in Theorem 2.3, we obtain

∣∣Tf,Υg
m,Θ

g
m

(0;x, u1, u2)
∣∣ ≤ 1

q
√

2Eα(u2 −mu1)
(2.19)

×

{
q
√

Eα(x−mu1) p
√
Bg

5(x; p, α, k)× q
√
|f ′(mu1)|q + |f ′(x)|q

+ q
√

Eα(u2 −mx) p
√
Bg

6(x; p, α, k)× q
√
|f ′(mx)|q + |f ′(u2)|q

}
,
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where

Bg
5(x; p, α, k) =

∫ mu1+Eα(x−mu1)

mu1

[
g(t)− g(mu1)

] pα
k d t (2.20)

and

Bg
6(x; p, α, k) =

∫ mx+Eα(u2−mx)

mx

[
g(mx+ Eα(u2 −mx))− g(t)

] pα
k d t. (2.21)

Corollary 2.13. Taking λ = 0, ∀u ∈ [0, t], φg(x, t) = t(g(mu1 + Eα(x −mu1)) − t)α−1 and ∀u ∈
[t, 1], φg(x, t) = t(g(mx+ Eα(u2 −mx))− t)α−1 in Theorem 2.3, we get

∣∣Tf,Υg
m,Θ

g
m

(0;x, u1, u2)
∣∣ ≤ E

q+1
q

α (x−mu1)
q
√

2
[
g(mu1 + Eα(x−mu1))− g(mu1)

]
Eα(u2 −mu1)

(2.22)

× p
√
Bg

7(x; p)× q
√
|f ′(mu1)|q + |f ′(x)|q

+
E

q+1
q

α (u2 −mx)
q
√

2
[
gα(mx+ Eα(u2 −mx))− gα(mx)

]
Eα(u2 −mu1)

× p
√
Bg

8(x; p, α)× q
√
|f ′(mx)|q + |f ′(u2)|q,

where

Bg
7(x; p) =

∫ mu1+Eα(x−mu1)

mu1

[
g(t)− g(mu1)

]p
d t (2.23)

and

Bg
8(x; p, α) =

∫ mx+Eα(u2−mx)

mx

[
gα(mx+ Eα(u2 −mx))− gα(t)

]p
d t. (2.24)

Corollary 2.14. Taking λ = 0 and φ(t) = t
α

exp(−At), where A = 1−α
α

, in Theorem 2.3, we have

∣∣Tf,Υg
m,Θ

g
m

(0;x, u1, u2)
∣∣ ≤ E

q+1
q

α (x−mu1)
q
√

2Eα(u2 −mu1)
× p
√
Bg

9(x; p,A)× q
√
|f ′(mu1)|q + |f ′(x)|q (2.25)

+
E

q+1
q

α (u2 −mx)
q
√

2Eα(u2 −mu1)
p
√
Bg

10(x; p,A)× q
√
|f ′(mx)|q + |f ′(u2)|q,

where

Bg
9(x; p,A) =

∫ mu1+Eα(x−mu1)

mu1

{
1− exp

[
A (g(mu1)− g(t))

]}p
d t (2.26)

and

Bg
10(x; p,A) =

∫ mx+Eα(u2−mx)

mx

{
1− exp

[
A (g(t)− g(mx+ Eα(u2 −mx)))

]}p
d t. (2.27)

Theorem 2.15. Let f : P −→ R be a differentiable mapping on P ◦ and λ ∈ [0, 1]. If |f ′|q is
generalized m-convex on P and Eα(u2 − mu1) > 0, then for q ≥ 1, the following inequality for
generalized fractional integrals hold:

∣∣Tf,Υφ,g
m ,Θφ,g

m
(λ;x, u1, u2)

∣∣ ≤ E2
α(x−mu1)

Υφ,g
m (x, 1)Eα(u2 −mu1)

[
Bφ,g

Υm
(x;λ, 1)

]1− 1
q

(2.28)
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× q

√[
Bφ,g

Υm
(x;λ, 1)− Eφ,g

Υm
(x;λ)

]
|f ′(mu1)|q + Eφ,g

Υm
(x;λ)|f ′(x)|q

+
E2
α(u2 −mx)

Θφ,g
m (x, 0)Eα(u2 −mu1)

[
Bφ,g

Θm
(x;λ, 1)

]1− 1
q

× q

√[
Bφ,g

Θm
(x;λ, 1)−Gφ,g

Θm
(x;λ)

]
|f ′(mx)|q +Gφ,g

Θm
(x;λ)|f ′(u2)|q,

where

Eφ,g
Υm

(x;λ) =

∫ 1

0

t
∣∣∣Υφ,g

m (x, t)− λ
∣∣∣ d t, Gφ,g

Θm
(x;λ) =

∫ 1

0

t
∣∣∣Θφ,g

m (x, t)− λ
∣∣∣ d t, (2.29)

and Bφ,g
Υm

(x;λ, 1), Bφ,g
Θm

(x;λ, 1) are defined as in Theorem 2.3.

Proof . From Lemma 2.1, generalized m-convexity of |f ′|q, the well–known power mean inequality
and properties of the modulus, we have∣∣Tf,Υφ,g

m ,Θφ,g
m

(λ;x, u1, u2)
∣∣

≤ E2
α(x−mu1)

Υφ,g
m (x, 1)Eα(u2 −mu1)

×
∫ 1

0

∣∣∣Υφ,g
m (x, t)− λ

∣∣∣∣∣∣f ′ (mu1 + tEα(x−mu1))
∣∣∣ d t

+
E2
α(u2 −mx)

Θφ,g
m (x, 0)Eα(u2 −mu1)

×
∫ 1

0

∣∣∣Θφ,g
m (x, t)− λ

∣∣∣∣∣∣f ′ (mx+ tEα(u2 −mx))
∣∣∣ d t

≤ E2
α(x−mu1)

Υφ,g
m (x, 1)Eα(u2 −mu1)

×
(∫ 1

0

∣∣∣Υφ,g
m (x, t)− λ

∣∣∣ d t)1− 1
q
(∫ 1

0

∣∣∣Υφ,g
m (x, t)− λ

∣∣∣∣∣∣f ′ (mu1 + tEα(x−mu1))
∣∣∣q d t) 1

q

+
E2
α(u2 −mx)

Θφ,g
m (x, 0)Eα(u2 −mu1)

×
(∫ 1

0

∣∣∣Θφ,g
m (x, t)− λ

∣∣∣ d t)1− 1
q
(∫ 1

0

∣∣∣Θφ,g
m (x, t)− λ

∣∣∣∣∣∣f ′ (mx+ tEα(u2 −mx))
∣∣∣q d t) 1

q

≤ E2
α(x−mu1)

Υφ,g
m (x, 1)Eα(u2 −mu1)

p

√
Bφ,g

Υm
(x;λ, p)

×
(∫ 1

0

∣∣∣Υφ,g
m (x, t)− λ

∣∣∣[(1− t)|f ′(mu1)|q + t|f ′(x)|q
]
d t

) 1
q

+
E2
α(u2 −mx)

Θφ,g
m (x, 0)Eα(u2 −mu1)

p

√
Bφ,g

Θm
(x;λ, p)

×
(∫ 1

0

∣∣∣Θφ,g
m (x, t)− λ

∣∣∣[(1− t)|f ′(mx)|q + t|f ′(u2)|q
]
d t

) 1
q

=
E2
α(x−mu1)

Υφ,g
m (x, 1)Eα(u2 −mu1)

[
Bφ,g

Υm
(x;λ, 1)

]1− 1
q
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× q

√[
Bφ,g

Υm
(x;λ, 1)− Eφ,g

Υm
(x;λ)

]
|f ′(mu1)|q + Eφ,g

Υm
(x;λ)|f ′(x)|q

+
E2
α(u2 −mx)

Θφ,g
m (x, 0)Eα(u2 −mu1)

[
Bφ,g

Θm
(x;λ, 1)

]1− 1
q

× q

√[
Bφ,g

Θm
(x;λ, 1)−Gφ,g

Θm
(x;λ)

]
|f ′(mx)|q +Gφ,g

Θm
(x;λ)|f ′(u2)|q.

The proof of Theorem 2.15 is completed. �
We point out some special cases of Theorem 2.15.

Corollary 2.16. Taking q = 1 in Theorem 2.15, we get∣∣Tf,Υφ,g
m ,Θφ,g

m
(λ;x, u1, u2)

∣∣ ≤ E2
α(x−mu1)

Υφ,g
m (x, 1)Eα(u2 −mu1)

(2.30)

×
[ (
Bφ,g

Υm
(x;λ, 1)− Eφ,g

Υm
(x;λ)

)
|f ′(mu1)|+ Eφ,g

Υm
(x;λ)|f ′(x)|

]
+

E2
α(u2 −mx)

Θφ,g
m (x, 0)Eα(u2 −mu1)

×
[ (
Bφ,g

Θm
(x;λ, 1)−Gφ,g

Θm
(x;λ)

)
|f ′(mx)|+Gφ,g

Θm
(x;λ)|f ′(u2)|

]
.

Corollary 2.17. Taking |f ′| ≤ K in Theorem 2.15, we have∣∣Tf,Υφ,g
m ,Θφ,g

m
(λ;x, u1, u2)

∣∣ ≤ K

Eα(u2 −mu1)
(2.31)

×

[
E2
α(x−mu1)

Υφ,g
m (x, 1)

Bφ,g
Υm

(x;λ, 1) +
E2
α(u2 −mx)

Θφ,g
m (x, 0)

Bφ,g
Θm

(x;λ, 1)

]
.

Corollary 2.18. Taking m = 1, λ = 0, Eα(x−mu1) = x−mu1, Eα(u2−mx) = u2−mx, Eα(u2−
mu1) = u2−mu1 and g(t) = φ(t) = t in Theorem 2.15, we get the following Ostrowski type inequality:∣∣Tf (x, u1, u2)

∣∣ ≤ 1

2 q
√

3(u2 − u1)
(2.32)

×
{

(x− u1)2 q
√
|f ′(u1)|q + 2|f ′(x)|q + (u2 − x)2 q

√
2|f ′(x)|q + |f ′(u2)|q

}
.

Corollary 2.19. Taking x = u1+u2
2

in Corollary 2.18 we get the following midpoint type inequality:∣∣Tf (u1, u2)
∣∣ ≤ (u2 − u1)

8 q
√

3
(2.33)

×

{
q

√
|f ′(u1)|q + 2

∣∣∣f ′(u1 + u2

2

) ∣∣∣q + q

√
2
∣∣∣f ′(u1 + u2

2

) ∣∣∣q + |f ′(u2)|q
}
.

Corollary 2.20. Taking m = 1, λ = 1, Eα(x−mu1) = x−mu1, Eα(u2−mx) = u2−mx, Eα(u2−
mu1) = u2−mu1 and g(t) = φ(t) = t in Theorem 2.15, we get the following trapezium type inequality:∣∣Tf (x, u1, u2)

∣∣ ≤ 1

2 q
√

3(u2 − u1)
(2.34)

×
{

(x− u1)2 q
√

2|f ′(u1)|q + |f ′(x)|q + (u2 − x)2 q
√
|f ′(x)|q + 2|f ′(u2)|q

}
.
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Corollary 2.21. Taking m = 1, λ = 1
3
, Eα(x−mu1) = x−mu1, Eα(u2−mx) = u2−mx, Eα(u2−

mu1) = u2−mu1 and g(t) = φ(t) = t in Theorem 2.15, we get the following Simpson type inequality:∣∣∣∣∣Tf
(

1

3
;u1, u2

) ∣∣∣∣∣ ≤ 1

2 q
√

243(u2 − u1)
(2.35)

×
{

(x− u1)2 q
√

185|f ′(u1)|q + 58|f ′(x)|q + (u2 − x)2 q
√

195|f ′(x)|q + 48|f ′(u2)|q
}
.

Corollary 2.22. Taking λ = 0 and φ(t) = t in Theorem 2.15, we get∣∣Tf,Υg
m,Θ

g
m

(0;x, u1, u2)
∣∣ ≤ 1

E
q+1
q

α (x−mu1)Eα(u2 −mu1)
(2.36)

×
[
Bg

1(x; 1)
]1− 1

q q

√[
Bg

1(x; 1)Eα(x−mu1)− Cg
1 (x)

]
|f ′(mu1)|q + Cg

1 (x)|f ′(x)|q

+
1

E
q+1
q

α (u2 −mx)Eα(u2 −mu1)

[
Bg

2(x; 1)
]1− 1

q

× q

√[
Bg

2(x; 1)Eα(u2 −mx)− Eg
1(x)

]
|f ′(mx)|q + Eg

1(x)|f ′(u2)|q,

where

Cg
1 (x) =

∫ mu1+Eα(x−mu1)

mu1

(t−mu1)(g(t)− g(mu1)) d t, (2.37)

Eg
1(x) =

∫ mx+Eα(u2−mx)

mx

(t−mx)(g(mx+ Eα(u2 −mx))− g(t)) d t, (2.38)

and Bg
1(x; 1), Bg

2(x; 1) are defined as in Corollary 2.10 for value p = 1.

Corollary 2.23. Taking λ = 0 and φ(t) = tα

Γ(α)
in Theorem 2.15, we have∣∣Tf,Υg

m,Θ
g
m

(0;x, u1, u2)
∣∣ ≤ 1

E
q+1
q

α (x−mu1)Eα(u2 −mu1)
(2.39)

×
[
Bg

3(x; 1, α)
]1− 1

q q

√[
Bg

3(x; 1, α)Eα(x−mu1)− Cg
1 (x, α)

]
|f ′(mu1)|q + Cg

1 (x, α)|f ′(x)|q

+
1

E
q+1
q

α (u2 −mx)Eα(u2 −mu1)

[
Bg

4(x; 1, α)
]1− 1

q

× q

√[
Bg

4(x; 1, α)Eα(u2 −mx)− Eg
1(x, α)

]
|f ′(mx)|q + Eg

1(x, α)|f ′(u2)|q,

where

Cg
1 (x, α) =

∫ mu1+Eα(x−mu1)

mu1

(t−mu1)
[
g(t)− g(mu1)

]α
d t, (2.40)

Eg
1(x, α) =

∫ mx+Eα(u2−mx)

mx

(t−mx)
[
g(mx+ Eα(u2 −mx))− g(t)

]α
d t, (2.41)

and Bg
3(x; 1, α), Bg

4(x; 1, α) are defined as in Corollary 2.11 for value p = 1.



290 Kashuri, A. Ali, Abbas, Budak

Corollary 2.24. Taking λ = 0 and φ(t) = t
α
k

kΓk(α)
in Theorem 2.15, we obtain

∣∣Tf,Υg
m,Θ

g
m

(0;x, u1, u2)
∣∣ ≤ 1

E
q+1
q

α (x−mu1)Eα(u2 −mu1)

[
Bg

5(x; 1, α, k)
]1− 1

q
(2.42)

× q

√[
Bg

5(x; 1, α, k)Eα(x−mu1)− Cg
1 (x, α, k)

]
|f ′(mu1)|q + Cg

1 (x, α, k)|f ′(x)|q

+
1

E
q+1
q

α (u2 −mx)Eα(u2 −mu1)

[
Bg

6(x; 1, α, k)
]1− 1

q

× q

√[
Bg

6(x; 1, α, k)Eα(u2 −mx)− Eg
1(x, α, k)

]
|f ′(mx)|q + Eg

1(x, α, k)|f ′(u2)|q,

where

Cg
1 (x, α, k) =

∫ mu1+Eα(x−mu1)

mu1

(t−mu1)
[
g(t)− g(mu1)

]α
k d t, (2.43)

Eg
1(x, α, k) =

∫ mx+Eα(u2−mx)

mx

(t−mx)
[
g(mx+ Eα(u2 −mx))− g(t)

]α
k d t, (2.44)

and Bg
5(x; 1, α, k), Bg

6(x; 1, α, k) are defined as in Corollary 2.12 for value p = 1.

Corollary 2.25. Taking λ = 0, ∀u ∈ [0, t], φg(x, t) = t(g(mu1 + Eα(x −mu1)) − t)α−1 and ∀u ∈
[t, 1], φg(x, t) = t(g(mx+ Eα(u2 −mx))− t)α−1 in Theorem 2.15, we get∣∣Tf,Υg

m,Θ
g
m

(0;x, u1, u2)
∣∣ ≤ 1

E
q+1
q

α (x−mu1)Eα(u2 −mu1)
(2.45)

×
[
Bg

7(x; 1, α)
]1− 1

q q

√[
Bg

7(x; 1, α)Eα(x−mu1)− Cg
1 (x)

]
|f ′(mu1)|q + Cg

1 (x)|f ′(x)|q

+
1

E
q+1
q

α (u2 −mx)Eα(u2 −mu1)

[
Bg

8(x; 1, α)
]1− 1

q

× q

√[
Bg

8(x; 1, α)Eα(u2 −mx)− Lg2(x, α)
]
|f ′(mx)|q + Lg2(x, α)|f ′(u2)|q,

where

Lg2(x, α) =

∫ mx+Eα(u2−mx)

mx

(t−mx)
[
gα(mx+ Eα(u2 −mx))− gα(t)

]
d t, (2.46)

and Bg
7(x; 1, α), Bg

8(x; 1, α) are defined as in Corollary 2.13 for value p = 1 and Cg
1 (x) is defined as

in Corollary 2.22.

Corollary 2.26. Taking λ = 0 and φ(t) = t
α

exp(−At), where A = 1−α
α

in Theorem 2.15, we have∣∣Tf,Υg
m,Θ

g
m

(0;x, u1, u2)
∣∣ ≤ 1

(1− α)E
q+1
q

α (x−mu1)Eα(u2 −mu1)
(2.47)

×

{[
Bg

9(x; 1, A)
]1− 1

q q
√
Lg3(x,A)|f ′(mu1)|q + Lg4(x,A)|f ′(x)|q
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+
1

(1− α)E
q+1
q

α (u2 −mx)Eα(u2 −mu1)

×
[
Bg

10(x; 1, A)
]1− 1

q q
√
Lg5(x,A)|f ′(mx)|q + Lg6(x,A)|f ′(u2)|q

}
,

where

Lg3(x,A) =

∫ mu1+Eα(x−mu1)

mu1

(mu1 + Eα(x−mu1)− t) (2.48)

×
{

1− exp
[
A (g(mu1)− g(t))

]}
d t,

Lg4(x,A) =

∫ mu1+Eα(x−mu1)

mu1

(t−mu1)
{

1− exp
[
A (g(mu1)− g(t))

]}
d t, (2.49)

Lg5(x,A) =

∫ mx+Eα(u2−mx)

mx

(mx+ Eα(u2 −mx)− t) (2.50)

×
{

1− exp
[
A (g(t)− g(mx+ Eα(u2 −mx)))

]}
d t,

Lg6(x,A) =

∫ mx+Eα(u2−mx)

mx

(t−mx)
{

1− exp
[
A (g(t)− g(mx+ Eα(u2 −mx)))

]}
d t, (2.51)

and Bg
9(x; 1, A), Bg

10(x; 1, A) are defined as in Corollary 2.14 for value p = 1.

Remark 2.27. Applying our Theorems 2.3 and 2.15 for special values of parameter λ ∈ [0, 1],
for appropriate choices of function g(t) = t; g(t) = ln t, ∀ t > 0; , g(t) = et, etc., where φ(t) =

t, tα

Γ(α)
, t

α
k

kΓk(α)
; φg(t) = t(g(u2) − t)α−1 for α ∈ (0, 1); φ(t) = t

α
exp

[ (
−1−α

α

)
t
]

for α ∈ (0, 1), such

that |f ′|q to be convex, we can deduce some new general fractional integral inequalities. We omit
their proofs and the details are left to the interested readers.

3. Applications

Consider the following special means for different real numbers u1, u2 and u1u2 6= 0, as follows:

1. the arithmetic mean:

A := A(u1, u2) =
u1 + u2

2
,

2. the harmonic mean:

H := H(u1, u2) =
2

1
u1

+ 1
u2

,

3. the logarithmic mean:

L := L(u1, u2) =
u2 − u1

ln |u2| − ln |u1|
,

4. the generalized log–mean:

Lr := Lr(u1, u2) =

[
ur+1

2 − ur+1
1

(r + 1)(u2 − u1)

] 1
r

; r ∈ Z \ {−1, 0}.
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It is well known that Lr is monotonic nondecreasing over r ∈ Z with L−1 := L. In particular, we
have the following inequality H ≤ L ≤ A. Now, using the theory results in Section 2, we give some
applications to special means for different real numbers.

Proposition 3.1. Let u1, u2 ∈ R \ {0}, where u1 < u2. Then for r ∈ N and r ≥ 2, where q > 1 and
p−1 + q−1 = 1, the following inequality hold:∣∣∣Ar(u1, u2)− Lrr(u1, u2)

∣∣∣ ≤ r(u2 − u1)

4 p
√
p+ 1

(3.1)

×

{
q

√
A

(
|u1|q(r−1),

∣∣∣u1 + u2

2

∣∣∣q(r−1)
)

+ q

√
A

(∣∣∣u1 + u2

2

∣∣∣q(r−1)

, |u2|q(r−1)

)}
.

Proof . Taking m = 1, λ = 0, x = u1+u2
2

, Eα(x−mu1) = x−mu1, Eα(u2−mx) = u2−mx, Eα(u2−
mu1) = u2 − mu1, f(t) = tr and g(t) = φ(t) = t, in Theorem 2.3, one can obtain the result
immediately. �

Proposition 3.2. Let u1, u2 ∈ R \ {0}, where u1 < u2. Then for r ∈ N and r ≥ 2, where q > 1 and
p−1 + q−1 = 1, the following inequality hold:∣∣∣A(ur1, u

r
2)− Lrr(u1, u2)

∣∣∣ ≤ r(u2 − u1)

4 p
√
p+ 1

(3.2)

×

{
q

√
A

(
|u1|q(r−1),

∣∣∣u1 + u2

2

∣∣∣q(r−1)
)

+ q

√
A

(∣∣∣u1 + u2

2

∣∣∣q(r−1)

, |u2|q(r−1)

)}
.

Proof . Taking m = 1, λ = 1, x = u1+u2
2

, Eα(x−mu1) = x−mu1, Eα(u2−mx) = u2−mx, Eα(u2−
mu1) = u2 − mu1, f(t) = tr and g(t) = φ(t) = t, in Theorem 2.3, one can obtain the result
immediately. �

Proposition 3.3. Let u1, u2 ∈ R \ {0}, where u1 < u2. Then for q > 1 and p−1 + q−1 = 1, the
following inequality hold: ∣∣∣∣∣ 1

A(u1, u2)
− 1

L(u1, u2)

∣∣∣∣∣ ≤ (u2 − u1)

4 p
√
p+ 1

(3.3)

×

{
1

q

√
H

(
|u1|2q,

∣∣∣u1+u2
2

∣∣∣2q) +
1

q

√
H

(∣∣∣u1+u2
2

∣∣∣2q, |u2|2q
)
}
.

Proof . Taking m = 1, λ = 0, x = u1+u2
2

, Eα(x−mu1) = x−mu1, Eα(u2−mx) = u2−mx, Eα(u2−

mu1) = u2 − mu1, f(t) =
1

t
and g(t) = φ(t) = t, in Theorem 2.3, one can obtain the result

immediately. �

Proposition 3.4. Let u1, u2 ∈ R \ {0}, where u1 < u2. Then for q > 1 and p−1 + q−1 = 1, the
following inequality hold: ∣∣∣∣∣ 1

H(u1, u2)
− 1

L(u1, u2)

∣∣∣∣∣ ≤ (u2 − u1)

4 p
√
p+ 1

(3.4)
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×

{
1

q

√
H

(
|u1|2q,

∣∣∣u1+u2
2

∣∣∣2q) +
1

q

√
H

(∣∣∣u1+u2
2

∣∣∣2q, |u2|2q
)
}
.

Proof . Taking m = 1, λ = 1, x = u1+u2
2

, Eα(x−mu1) = x−mu1, Eα(u2−mx) = u2−mx, Eα(u2−

mu1) = u2 − mu1, f(t) =
1

t
and g(t) = φ(t) = t, in Theorem 2.3, one can obtain the result

immediately. �

Proposition 3.5. Let u1, u2 ∈ R \ {0}, where u1 < u2. Then for r ∈ N and r ≥ 2, where q ≥ 1, the
following inequality hold: ∣∣∣Ar(u1, u2)− Lrr(u1, u2)

∣∣∣ ≤ q

√
2

3

r(u2 − u1)

8
(3.5)

×

{
q

√
A

(
|u1|q(r−1), 2

∣∣∣u1 + u2

2

∣∣∣q(r−1)
)

+ q

√
A

(
2
∣∣∣u1 + u2

2

∣∣∣q(r−1)

, |u2|q(r−1)

)}
.

Proof . Taking m = 1, λ = 0, x = u1+u2
2

, Eα(x−mu1) = x−mu1, Eα(u2−mx) = u2−mx, Eα(u2−
mu1) = u2 − mu1, f(t) = tr and g(t) = φ(t) = t, in Theorem 2.15, one can obtain the result
immediately. �

Proposition 3.6. Let u1, u2 ∈ R \ {0}, where u1 < u2. Then for r ∈ N and r ≥ 2, where q ≥ 1, the
following inequality hold: ∣∣∣A(ur1, u

r
2)− Lrr(u1, u2)

∣∣∣ ≤ q

√
2

3

r(u2 − u1)

8
(3.6)

×

{
q

√
A

(
2|u1|q(r−1),

∣∣∣u1 + u2

2

∣∣∣q(r−1)
)

+ q

√
A

(∣∣∣u1 + u2

2

∣∣∣q(r−1)

, 2|u2|q(r−1)

)}
.

Proof . Taking m = 1, λ = 1, x = u1+u2
2

, Eα(x−mu1) = x−mu1, Eα(u2−mx) = u2−mx, Eα(u2−
mu1) = u2 − mu1, f(t) = tr and g(t) = φ(t) = t, in Theorem 2.15, one can obtain the result
immediately. �

Proposition 3.7. Let u1, u2 ∈ R\{0}, where u1 < u2. Then for q ≥ 1, the following inequality hold:∣∣∣∣∣ 1

A(u1, u2)
− 1

L(u1, u2)

∣∣∣∣∣ ≤ q

√
4

3

(u2 − u1)

8
(3.7)

×

{
1

q

√
H

(
2|u1|2q,

∣∣∣u1+u2
2

∣∣∣2q) +
1

q

√
H

(∣∣∣u1+u2
2

∣∣∣2q, 2|u2|2q
)
}
.

Proof . Taking m = 1, λ = 0, x = u1+u2
2

, Eα(x−mu1) = x−mu1, Eα(u2−mx) = u2−mx, Eα(u2−

mu1) = u2 − mu1, f(t) =
1

t
and g(t) = φ(t) = t, in Theorem 2.15, one can obtain the result

immediately. �
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Proposition 3.8. Let u1, u2 ∈ R \ {0}, where u1 < u2 and Eα(u2 −mu1) > 0. Then for q ≥ 1, the
following inequality hold: ∣∣∣∣∣ 1

H(u1, u2)
− 1

L(u1, u2)

∣∣∣∣∣ ≤ q

√
4

3

(u2 − u1)

8
(3.8)

×

{
1

q

√
H

(
|u1|2q, 2

∣∣∣u1+u2
2

∣∣∣2q) +
1

q

√
H

(
2
∣∣∣u1+u2

2

∣∣∣2q, |u2|2q
)
}
.

Proof . Taking m = 1, λ = 1, x = u1+u2
2

, Eα(x−mu1) = x−mu1, Eα(u2−mx) = u2−mx, Eα(u2−

mu1) = u2 − mu1, f(t) =
1

t
and g(t) = φ(t) = t, in Theorem 2.15, one can obtain the result

immediately. �

Remark 3.9. Applying our Theorems 2.3 and 2.15 for special values of parameter λ ∈ [0, 1], for
appropriate choices of function g(t) = t; g(t) = ln t, ∀ t > 0; , g(t) = et, etc., where φ(t) =

t, tα

Γ(α)
, t

α
k

kΓk(α)
; φg(t) = t(g(u2) − t)α−1 for α ∈ (0, 1); φ(t) = t

α
exp

[ (
−1−α

α

)
t
]

for α ∈ (0, 1),

such that |f ′|q to be convex, we can deduce some new general fractional integral inequalities using
above special means (and other special means). We omit their proofs and the details are left to the
interested readers.

Next, we provide some new error estimates for the midpoint and trapezium quadrature formula. Let
Q be the partition of the points u1 = x0 < x1 < . . . < xk = u2 of the interval [u1, u2]. Let consider
the following quadrature formula:∫ u2

u1

f(x)dx = M(f,Q) + E(f,Q),

∫ u2

u1

f(x)dx = T (f,Q) + E∗(f,Q)

where

M(f,Q) =
k−1∑
i=0

f

(
xi + xi+1

2

)
(xi+1 − xi), T (f,Q) =

k−1∑
i=0

f(xi) + f(xi+1)

2
(xi+1 − xi)

are the midpoint and trapezium version and E(f,Q), E∗(f,Q) are denote their associated approxi-
mation errors.

Proposition 3.10. Let f : [u1, u2] −→ R be a differentiable function on (u1, u2), where u1 < u2. If
|f ′|q is convex on [u1, u2] for q > 1 and p−1 + q−1 = 1, then the following inequality holds:

∣∣E(f,Q)
∣∣ ≤ 1

4 q
√

2 p
√
p+ 1

×
k−1∑
i=0

(xi+1 − xi)2 (3.9)

×

{
q

√
|f ′(xi)|q +

∣∣∣f ′(xi + xi+1

2

) ∣∣∣q + q

√∣∣∣f ′(xi + xi+1

2

) ∣∣∣q + |f ′(xi+1)|q
}
.
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Proof . Applying Theorem 2.3 for m = 1, λ = 0, x = u1+u2
2

, Eα(x−mu1) = x−mu1, Eα(u2−mx) =
u2−mx, Eα(u2−mu1) = u2−mu1 and g(t) = φ(t) = t on the subintervals [xi, xi+1] (i = 0, . . . , k−1)
of the partition Q, we have∣∣∣∣∣f

(
xi + xi+1

2

)
− 1

xi+1 − xi

∫ xi+1

xi

f(x)dx

∣∣∣∣∣ ≤ (xi+1 − xi)
4 q
√

2 p
√
p+ 1

(3.10)

×

{
q

√
|f ′(xi)|q +

∣∣∣f ′(xi + xi+1

2

) ∣∣∣q + q

√∣∣∣f ′(xi + xi+1

2

) ∣∣∣q + |f ′(xi+1)|q
}
.

Hence from (3.10), we get ∣∣E(f,Q)
∣∣ =

∣∣∣∣∣
∫ u2

u1

f(x)dx−M(f,Q)

∣∣∣∣∣
≤

∣∣∣∣∣
k−1∑
i=0

{∫ xi+1

xi

f(x)dx− f
(
xi + xi+1

2

)
(xi+1 − xi)

}∣∣∣∣∣
≤

k−1∑
i=0

∣∣∣∣∣
{∫ xi+1

xi

f(x)dx− f
(
xi + xi+1

2

)
(xi+1 − xi)

}∣∣∣∣∣
≤ 1

4 q
√

2 p
√
p+ 1

×
k−1∑
i=0

(xi+1 − xi)2

×

{
q

√
|f ′(xi)|q +

∣∣∣f ′(xi + xi+1

2

) ∣∣∣q + q

√∣∣∣f ′(xi + xi+1

2

) ∣∣∣q + |f ′(xi+1)|q
}
.

The proof of Proposition 3.10 is completed. �

Proposition 3.11. Let f : [u1, u2] −→ R be a differentiable function on (u1, u2), where u1 < u2. If
|f ′|q is convex on [u1, u2] for q ≥ 1, then the following inequality holds:

∣∣E(f,Q)
∣∣ ≤ 1

8 q
√

3
×

k−1∑
i=0

(xi+1 − xi)2 (3.11)

×

{
q

√
|f ′(xi)|q + 2

∣∣∣f ′(xi + xi+1

2

) ∣∣∣q + q

√
2
∣∣∣f ′(xi + xi+1

2

) ∣∣∣q + |f ′(xi+1)|q
}
.

Proof . The proof is analogous as to that of Proposition 3.10 taking m = 1, λ = 0, x = u1+u2
2

, Eα(x−
mu1) = x − mu1, Eα(u2 − mx) = u2 − mx, Eα(u2 − mu1) = u2 − mu1 and g(t) = φ(t) = t using
Theorem 2.15. �

Proposition 3.12. Let f : [u1, u2] −→ R be a differentiable function on (u1, u2), where u1 < u2. If
|f ′|q is convex on [u1, u2] for q > 1 and p−1 + q−1 = 1, then the following inequality holds:

∣∣E∗(f,Q)
∣∣ ≤ 1

4 q
√

2 p
√
p+ 1

×
k−1∑
i=0

(xi+1 − xi)2 (3.12)

×

{
q

√
|f ′(xi)|q +

∣∣∣f ′(xi + xi+1

2

) ∣∣∣q + q

√∣∣∣f ′(xi + xi+1

2

) ∣∣∣q + |f ′(xi+1)|q
}
.
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Proof . Applying Theorem 2.3 for m = 1, λ = 1, x = u1+u2
2

, Eα(x−mu1) = x−mu1, Eα(u2−mx) =
u2−mx, Eα(u2−mu1) = u2−mu1 and g(t) = φ(t) = t on the subintervals [xi, xi+1] (i = 0, . . . , k−1)
of the partition Q, we have∣∣∣∣∣f(xi) + f(xi+1)

2
− 1

xi+1 − xi

∫ xi+1

xi

f(x)dx

∣∣∣∣∣ ≤ (xi+1 − xi)
4 q
√

2 p
√
p+ 1

(3.13)

×

{
q

√
|f ′(xi)|q +

∣∣∣f ′(xi + xi+1

2

) ∣∣∣q + q

√∣∣∣f ′(xi + xi+1

2

) ∣∣∣q + |f ′(xi+1)|q
}
.

Hence from (3.13), we get ∣∣E∗(f,Q)
∣∣ =

∣∣∣∣∣
∫ u2

u1

f(x)dx− T (f,Q)

∣∣∣∣∣
≤

∣∣∣∣∣
k−1∑
i=0

{∫ xi+1

xi

f(x)dx− f(xi) + f(xi+1)

2
(xi+1 − xi)

}∣∣∣∣∣
≤

k−1∑
i=0

∣∣∣∣∣
{∫ xi+1

xi

f(x)dx− f(xi) + f(xi+1)

2
(xi+1 − xi)

}∣∣∣∣∣
≤ 1

4 q
√

2 p
√
p+ 1

×
k−1∑
i=0

(xi+1 − xi)2

×

{
q

√
|f ′(xi)|q +

∣∣∣f ′(xi + xi+1

2

) ∣∣∣q + q

√∣∣∣f ′(xi + xi+1

2

) ∣∣∣q + |f ′(xi+1)|q
}
.

The proof of Proposition 3.12 is completed. �

Proposition 3.13. Let f : [u1, u2] −→ R be a differentiable function on (u1, u2), where u1 < u2. If
|f ′|q is convex on [u1, u2] for q ≥ 1, then the following inequality holds:

∣∣E∗(f,Q)
∣∣ ≤ 1

8 q
√

3
×

k−1∑
i=0

(xi+1 − xi)2 (3.14)

×

{
q

√
2|f ′(xi)|q +

∣∣∣f ′(xi + xi+1

2

) ∣∣∣q + q

√∣∣∣f ′(xi + xi+1

2

) ∣∣∣q + 2|f ′(xi+1)|q
}
.

Proof . The proof is analogous as to that of Proposition 3.12 taking m = 1, λ = 1, x = u1+u2
2

, Eα(x−
mu1) = x − mu1, Eα(u2 − mx) = u2 − mx, Eα(u2 − mu1) = u2 − mu1 and g(t) = φ(t) = t using
Theorem 2.15. �

Remark 3.14. Applying our Theorems 2.3 and 2.15, where m = 1, for special values of parameter
λ ∈ [0, 1], for appropriate choices of function g(t) = t; g(t) = ln t, ∀ t > 0; , g(t) = et, etc., where

φ(t) = t, tα

Γ(α)
, t

α
k

kΓk(α)
; φg(t) = t(g(u2) − t)α−1 for α ∈ (0, 1); φ(t) = t

α
exp

[ (
−1−α

α

)
t
]

for α ∈
(0, 1), such that |f ′|q to be convex, we can deduce some new bounds for the midpoint and trapezium
quadrature formula using above ideas and techniques. We omit their proofs and the details are left
to the interested readers.
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4. Conclusion

The new class of functions called generalized m-convex can be applied to obtain several results in
convex analysis, related optimization theory and may stimulate further research in different areas of
pure and applied sciences.
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