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Abstract

In this paper, we present some fixed and coincidence point theorems for hybrid rational Geraghty
contractive mappings in partially ordered b-metric spaces. Also, we derive certain coincidence point
results for such contractions. An illustrative example is provided here to highlight our findings.
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1. Introduction and preliminaries

In 2009 Suzuki [I7] extended Edelstein’s fixed point theorem [19]. Base on Suzuki’s paper, many
researchers studied different spaces, like complete metric spaces endowed with a partial order, b-metric
space (metric type pace) and obtained many fixed point results in such spaces (see [7, 12, 16}, 20} 21]).

Czerwik [4] introduced the concept of the b-metric space. Several papers dealt with fixed point
theory for single-valued and multivalued operators in b-metric spaces are written (see, e.g., [2, [10,
11, (13, 14}, [15]).

Definition 1.1. Let X be a (nonempty) set and s > 1 be a given real number. A function d :
X x X — R* is a b-metric if, for all z,y, z € X, the following conditions are satisfied:
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(b1) d(z,y) =0 iff 2 =y,
<b2) d(iL’, y) = d(y> .CI?),
(bs) d(z,2) < sld(z,y) + d(y, 2)].

The pair (X, d) is called a b-metric space.

A b-metric is a metric if (and only if) s = 1. The following example shows that in general a
b-metric need not to be a metric.

Example 1.2. [I] Let (X,d) be a metric space and p(z,y) = (d(z,y))?, where p > 1 is a real
number. Then p is a b-metric with s = 2P~!. However, (X, p) is not necessarily a metric space. For
example, if X = R is the set of real numbers and d(z,y) = |r — y| is the usual Euclidean metric,
then p(z,y) = (z — y)? is a b-metric on R with s = 2, but it is not a metric on R.

Definition 1.3. [3] Let (X, d) be a b—metric space. Then a sequence {z,} in X is called:
(a) b—convergent if and only if there exists x € X such that d(z,,z) — 0, as n — oo. In this

case, we write lim z, = x.
n—oo

(b) b—Cauchy if and only if d(z,, z,,) — 0, as n, m — oo.

Proposition 1.4. (3| Remark 2.1]) In a b—metric space (X, d) the following assertions hold:
p1- A b—convergent sequence has a unique limit.
p2. Each b—convergent sequence is b-Cauchy.
p3. In general, a b—metric is not continuous.

The b-metric space (X, d) is b-complete if every b-Cauchy sequence in X is b-converges.
Note that a b-metric might not be a continuous function. The following example (see also [7])
illustrates this fact.

Example 1.5. Let X = NU{oc} and let d : X x X — R be defined by

07 if m=mn,

d(m,n) = |L — L] if one of m,n is even and the other is even or oo,
9, if one of m,n is odd and the other is odd (and m # n) or oo,
2, otherwise.

Then considering all possible cases, it can be checked that for all m,n,p € X, we have
5
Thus (X, d) is a b-metric space (with s = 5/2). Let z,, = 2n for each n € N. Then

1
d(2n,oo):2——>0 as n — 0o,
n

that is x,, — oo but d(x,,1) =2 /4 5 =d(oc0,1) as n — 0.
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Let & denote the class of all real functions £ : [0, +00) — [0, 1) satisfying the condition
B(t,) — 1 implies t, — 0, as n — o©.
In order to generalize the Banach contraction principle, Geraghty proved the following result.

Theorem 1.6. [0] Let (X, d) be a complete metric space, and let f : X — X be a self-map. Suppose
that there exists § € & such that

d(fx, fy) < Bd(z, y))d(z,y)
holds for all z,y € X. Then f has a unique fixed point z € X and for each x € X the Picard sequence

f™x converges to z.

In [5] some fixed point theorems for mappings satisfying Geraghty-type contractive conditions
are proved in various generalized metric spaces. As in [5] we will consider the class of functions F,
where g € Fif §:]0,00) — [0,1/s) and has the property

1
B(t,) — — implies ¢, — 0, as n — oc.
s

Theorem 1.7. [5] Let s > 1 and (X, D, s) be a complete metric type space. Suppose that a mapping
f X — X satisfies the condition

D(fz, fy) < B(D(z,y))D(z,y)
for all x,y € X and some § € F. Then f has a unique fixed point z € X, and for each z € X the

Picard sequence {f"x} converges to z in (X, D, s).

In this paper, we present some fixed point and coincidence point theorems for hybrid rational
Geraghty contractive mappings in partially ordered b-metric spaces.

2. The main results

Let ¥ be the family of all nondecreasing functions # : [0,00) — [0, 00) such that

lim ¢"™(t) = 0

n—o0

for all ¢t > 0.

Lemma 2.1. If ¢ € U, then the following are satisfied.
(a) ¥ (t) <t for all t > 0;

(b) ¥(0) = 0.

By the same idea of [9], we now prove following new result.
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Theorem 2.2. Let (X, =) be a partially ordered set and there exists a b-metric d on X such that
(X,d) is a b-complete b-metric space. Suppose s > 1 and f: X — X is an increasing mapping with
respect to = such that there exists an element o € X with zo X f(x). Assume that

1+ sd(z,y)

8(1 + %d(m, fr)

Jd(fz, fy) < (M (z,y)) + LN (2,y) (2.1)

for all comparable elements x,y € X, where L > 0,

M(x,y) = max {d@, ), 4. fo)d(. 1) }

L+d(fx, fy)
and

N(z,y) = min{d(z, fz),d(z, fy),d(y, fz),d(y, fy)}-
If f is continuous, then f has a fized point.

Proof . Since zy X f(z0) and f is an increasing function we obtain by induction that

o = f(z0) X f¥(wo) =+ = f(wo) = " (wo) =0
Putting x,, = f"(xq), we have

To a1 X2y X STy X Ty X

If there exists ny € N such that z,, = v,,41 then, x,, = fx,, and so we have no thing for prove.
Hence, for all n € N we assume d(z,, 1) > 0.
Step I. We will prove that

lim d(x,,x,41) = 0.
n—oo

1+5d($n717xn) _ 1+5d(wn717xn) 1+d($n717$n)
1+3d(zn_1,fTn-1) I+id(zn_1,2n) = 1+id(zn_1,2n)

d(vpi1,70) < 8d(Tpy1, Tn) = sd(frn, frn-1) <YM (Tn, Tp1)) < Y(d(20, Tn-1)).

Since > 1 and using condition (2.1)), we obtain

Because
d(xn—lu f.rn_1>d(xm f-rn)
M n—1,Tn) = d n—1L,<%nj/
([L‘ 1, L ) maX{ (Q} LT ) 1—|— d(fxn—la fx”) }
d(xp—1, Tp)d(xp, Tnit)
e d n—1; nj)s
max {d(z,_1, ) 1+ d(zn, Tpy1) }
:d(xn—lﬂ xn)
and
N(xn_h xn) — min {d(l'n—la fxn)’ d(q,’?.“ f[L'n), d(l'n—h fl'n—l)a d(.ﬁvna fmn—l)}
_ mln {d(xn—la xn+1)7 d(xn, xn+1)7 d(xn—la xn)a d(In, 'TTL)}
=0.
Hence,

d(-rnaanrl) S Sd(xnaanrl) S w<d(znfl7xn>> < d(xnflaxn)- (22)
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By induction, we get that

A(xni1, 2n) < O(d(2n, 2no1)) < P*(d(2no1, Tnz)) < -+ < P"(d(21, 20)). (2.3)
As ¢ € U, we conclude that
lim d(zp, zp41) = 0. (2.4)
n—oo

Step II. {x,} is a b-Cauchy sequence, suppose not, i.e. {x,,} is not a b-Cauchy sequence. There
exists € > 0 for which we can find two subsequences {xz,,,} and {z,,} of {x,} such that n; is the
smallest index for which

n; > m; > i and d(zp,, T,,) > €. (2.5)

This means that
0 <d(zpm,,Tn,—1) <e. (2.6)

From ([2.5) and using the triangular inequality
€ < d(Tmy, Tn;) < 8Ty, Tingt1) + 8A(Tm11, Tny)-

By taking the upper limit as ¢ — oo

» | M

< limsup d(Zm, 11, Tn, )- (2.7)

i—00
By using the triangular inequality

A(Tpmy, Tny) < SA(Tyyys Tny—1) + SA(XTpy—1, Tn,).
Taking the upper limit as ¢ — oo in the above inequality and using we get

limsup d(z,,, T,,) < €s. (2.8)
1—00

From the definition of M(x,y), N(x,y) and the above limits,

ATy [T, )A(Tn,_ys fTn, )
1+ d(fam, fon,_,)
A(Tmys Ty )X,y 5 Ty
L+ d(zm,,,, 2n,) }

}

M(xmz" xn@'—l) = nax {d(xmw xni—1)7

={d(Tm,;s Tn;_, ),

=d(Tym;, Tny_,y)

and

N<xmi7 xm*l) = min {d(xmz7 f(xmz))7 d(xmn f(xnifl))’ d(xm*h f<xmz))7 d(.Tm,l, f<xm*1))}

= min{d(Tp,, Tm,;+1), ATy, Tn,) s ATy—1, Trmgp1), AT -1, Tn, ) -

If i — oo, by (2.6)

lim sup M(xmm xni—l) S € (29)
1—00
limsup N(zp,, Zn,—1) = 0.

1—00
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Also from ([2.1])

1+ sd(zpm,, Tn,_,)
1+ 3d(@m,, fom,)

1+ d(xm,, Tn, )
- L d mi n;
T L, ) S )

SQ/}(M(‘xmm mni—l)) + LN(xmw mnifl)
Zlﬁ(d(ﬂfm” $n¢71))'
Again if i — oo by (12.6)), (2.4) and (2.9), we obtain

e =5(%) < (slimsup,; o d(Tp,,,, Tn,)) <U(e) <e (2.10)

s(

)d<xmi+1 ’ aj”z) =

which is a contradiction. Thus {z,} is a b-Cauchy sequence. Completeness of X yields that {x,}
converges to a point u € X.

Step III. Since f is continuous, v is a fixed point of f,
uv= lim x,.1 = lim fx, = fu.
n—oo n—oo
OJ

Theorem 2.3. Under the same hypotheses of Theorem [2.2], instead of the continuity assumption of
f, we suppose for any nondecreasing sequence {x,} in X with r, - u € X, we have x, < u for all
n € N. Then f has a fixed point.

Proof . Repeating the proof of Theorem , we construct an increasing sequence {z,} in X such
that x,, - u € X. Using the assumption on X we have z,, < u. Now we show that u = fu.
Suppose that there exists ng € N7 such that

1
id(xno, fn,) > sd(x,,,w)

and

1
§d($n0+1, fxno-&-l) > Sd(x'no-l-la u)

Then, from ([2.2)), it follows that

IN

1 1
Sd(xnm U) + Sd(mno—i—la U) < §d(wnoa fxno) + §d($no+1a fxno-i-l)
1 1
= §d($nm Tno+1) + §d(xno+17'rno+2) <

- d(xno+17 xno)

d(l‘no-&-l? Im))

1
d(:cno, anH) + §d($n0, $n0+1)

N —

which is a contradiction. Hence either
1
§d(xn, frn) < sd(x,,u)

and )
§d($n+17 fani1) < sd(xn41, )
for all n € N;. It is not restrictive to assume that one of these inequalities holds for all n € Ny, for

example ,
éd(xn,farn) < sd(zp,u). (2.11)
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By (2.1) and (2.11]) we have

1+ d(zy, u)
1+ %d(mn, fxy)

s(

Yd(fu,z,) = sd(fu, fro,_1) < V(M (u,x,—1)) + LN (u, ,_1), (2.12)

where
M(u, 21) = max {d(u, 7,1, d<“1’ i “;?}iflx fsl) ) (2.13)
= max {d(u, 7n_1), d(ff szfi“”;;lj”) 1.
And

N(u,xp_1) =min{d(x,_1, fu),d(u, fr,1),d(x,1, fTa_1),d(u, fu)} (2.14)
=min {d(x,_1, fu),d(u,x,), d(Tn_1,x,),d(u, fu}.

Letting n — oo in ([2.13]) and (2.14) we get

lim sup M (u, ©,,—1) = limsup N (u, z,—1) = 0. (2.15)

n—o0 n—oo

Again, taking the upper limit as n — oo in (2.12)) and use of (2.15)) we have

d(u, fu) = s[d(u,z,) + d(z,, fu)]

1 Tn,JTn
< [sd(u, woen) + (CRG LDy (M (21, 0)) + LN (1, 2,11)] — 0.

So d(fu,u) =01ie. fu=u. 0O
Set ¢(t) = rt in Theorem [2.2] and Theorem [2.3| we have the following corollaries.

Corollary 2.4. Let (X, <) be a partially ordered set and suppose that there exists a b-metric d on
X such that (X,d) is a b-complete b-metric space. Assume f : X — X is an increasing mapping
with respect to < such that there exists an element xy € X with ¢y < f(x¢). Suppose that

1+ sd(x,y)

8<1 + %d(z, fx)

d(fx, fy) < rM(x,y) + LN(z,y)

for all comparable elements x,y € X, where L > 0,

M (z,y) = max {al(gl;7 y), d(z, fr)d(y, fy) }

1+d(fz, fy)

and
N(z,y) = min{d(z, fz),d(z, fy),d(y, fz),d(y, fy)}.

If f is continuous, or, for any nondecreasing sequence {x,} in X such that z, — u € X one has
x, = u for all n € N, then f has a fixed point.
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Corollary 2.5. Let (X, <) be a partially ordered set and suppose that there exists a b-metric d on
X such that (X,d) is a b-complete b-metric space. Assume f : X — X is an increasing mapping
with respect to < such that there exists an element xy € X with ¢y < f(xy). Suppose that

d(z, fx)d(y, fy) }
L+d(fz, fy)

for all comparable x,y € X where 0 < r < 1. If f is continuous, or, for any nondecreasing sequence
{z,} in X such that x,, = w € X one has z,, < u for all n € N, then f has a fixed point.

1+ sd(z, y)

8(1 + %d(x, fr)

)d(fz, fy) < rmax {d<x, ),

Corollary 2.6. Let (X, =) be a partially ordered set and suppose that there exists a b-metric d on
X such that (X,d) is a b-complete b-metric space. Assume f : X — X is an increasing mapping
with respect to =< such that there exists an element xy € X with xy < f(zo). Suppose that

d(z, fx)d(y, fy)
1+d(fx, fy)

for all comparable elements x,y € X, where a,b > 0 and 0 < a+b<1. If f is continuous, or, for
any nondecreasing sequence {x,} in X such that x, — u € X one has x,, < u for alln € N, then
f has a fixed point.

1+ sd(z,y)
1+ 3d(z, f)

s( Jd(fz, fy) < ad(z,y) +b

Proof . Since

d(z, fx)d(y, fy)

ad(z,y) +b 1+d(fz, fy)

(2.16)

< (a + b) max {d(m, Y), d(z, fr)d(y, fy) }

L+d(fz, fy)

then from ([2.16)), we have

1+ sd(x,y)
L+ 5d(, fz)

s(

Yd(fzx, fy) < rmax {d(x’y)’ d(z, fx)d(y, fy) }’

1+d(fz, fy)

where r = a + b. Hence, all the conditions of Corollary hold and f has a fixed point. [J

Theorem 2.7. Let (X, =) be a partially ordered set and suppose that there exists a b-metric d on X
such that (X, d) is a b-complete b-metric space. Assume f: X — X is an increasing mapping with
respect to =< such that there exists an element xo € X with xo < f(x¢). Suppose that

1+ sd(z,y)

<1 + %d(x, fr)

Jd(fz, fy) < Bd(z,y))M(x,y) + LN (z,y) (2.17)

for all comparable elements x,y € X, where L > 0,

M (z,y) = max {al(g;7 y), d(z, fx)d(y, fy) }

1+d(fz, fy)

and
N(z,y) = min{d(, fz),d(z, fy),d(y, fz),d(y, fy)}.
If f is continuous, then f has a fized point.
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Proof . Put z, = f"(z). Since xy < f(zo) and f is an increasing function we obtain by induction
that

zo = f(wo) =X f2(0) = oo X fM(w0) 2 [ (@) < -+

Step I: We will show that lim d(x,,2,4+1) = 0.

n—o0
Since x, = 41, so for each n € N,

1+ sd(zn-1,2n) 14 sd(xp_1,1,) S 1+ d(zp_1, )

L+ 5d(@n-1, frn—1) 1+ 5d(@n_1,2,) 14 5d(z-1, )

Thus by (2.17)

d(l’n, xn+1> = d(fxnfla fxn)
S B(d(xn—la xn))M<mn—17 In) + LN('Tn—la 'rn)
S ﬁ(d(xn—la In)>d($n—17 xn) (218)
S %d(xn—la xn)
S d(xn—la xn)a
because
d(Tp—1, frn_1)d(xy, fT,
M(xn—lamn) :maX{d(xn—lamn)v ( 1 j‘d(fl' 111 <f{l§' ) >}
o d<xn717 xn)d(mna xn+1)
=max {d(z,_1,2,), Tr— }
:d(xn—la an)
and

N(zp_1,2,) =min{d(x,_1, fr,),d(zn, f2,), d(xn_1, fro_1),d(Tn, fT1)}
=min {d(xnfla anrl)a d(wna $n+1)7 d(l’n,b xn)a d(ajn; wn)}
=0.

So {d(xy,xn11)} is decreasing. There exists r > 0 such that lim,, . d(z,, 1) = r. Let r > 0 and

n — oo in (2.18]), we have
r

<r < lim B(d(2p_y,2,))r <

S n—o0

®» |3

So lim, o B(d(Tp_1,2,)) = % and since f§ € F we deduce that lim,, . d(z,_1,z,) = 0 which is a
contradiction. Hence r = 0, that is,

lim d(z,—1,2,) =0 (2.19)

n—oQ

Step II:We will prove that {x,} is a b-Cauchy sequence. Suppose the contrary, i.e., {x,} is not a
b-Cauchy sequence. Then there exists € > 0 for which we can find two subsequences {z,,,} and {z,,}
of {z,,} such that n; is the smallest index for which

n; > m; > i and d(zp,, T,,) > €. (2.20)

This means that
0 <d(zp,,Tn,—1) <Ee. (2.21)
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From ([2.20)) and using the triangular inequality, we get
€< d(:le, :Cm) < Sd(xmﬂ xm¢+1) + Sd(xmﬂrlv SUm)
By taking the upper limit as ¢+ — oo, we get

E < lim sSup d(mmi‘f'l?xni)' (222)

S i—00
Using the triangular inequality, we have
A(Tpmy,, Tn,) < Sd(Tp,, Tp,—1) + sd(Tp, -1, Tp,).
Taking the upper limit as ¢ — oo in the above inequality and using we get
lim sup d(xp,,, T,,;) < €s. (2.23)

i—00

From the definition of M(z,y), N(x,y) and the above limits,

d<xmi’ fxmi)d(wnifw fxnifl)
L+ d(fem, fon,_,)

ATy, Ty )T, Ty

L+ d(Tm,,,, Tn,) }

}

M(Imi, xni—l) = Inax {d(xmw x”i—l)’

:{d($mz'> xniq)?

=d(Tp;, Tny_,)
and
N([L‘mi, wni_l) = min {d($mz7 f(xmz))7 d(xmm f($ni_1))7 d(xni_17 f(xmz))7 d(xni—17 f(wnz_l))}
= min {d(xm17 xmi—l-l)? d(xmw xni)? d(xni_17 xmrl-l)v d($ni—17 xm)}

If i = oo, by (2.21)) and (2.19)) we have

limsup M (%, Tn,—1) < € (2.24)
1—00

limsup N(zp,, Zn,—1) = 0.

1—00

Also from ({2.17)) we have
(1 + sd(Tpm,, Tn,_,)
1+ 2d(@m;, fTm,)

. 1+ d(xmm xni_1)

Sl/}(M(xmm xm—l)) + LN('rmw mm—l)‘
Again, if i — oo by (2.19), (2.22)), (2.24) and (2.25) we obtain

€ 1+ sd(zm,, Tn,_,)
- <limsupd(z,,, ,,~n)) < limsu 2 limsup d(@, L, T,
s — 7,*)00p ( i+1 z)) — 1,4)001:)(1 _|_ %d(l_m”fxmz ) 74*>Oop ( i+1 z))

1+ sd(zpm,, Tn,_,)
=i V(X T
< lim Sup[ﬁ(d<xmi7xnifl))M(xmmxmfl) + LN(xmi?xnifl)]

1—00

< limsup B(d(Xm,;, Tny—1)) lim sup M,y Tny—1) + Llimsup N (2, , Tn;—1)]

1—00 1—00 1—00

1
= —limsup B(d(xm,, Tn,—1)) < z

S i—oo S
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lim SUDP; 00 B(d(xmza xm—l» = % (226)

So

limsup d(z,, Tn,—1) = 0,
1—00

which is a contradiction. Thus {z,} is a b-Cauchy sequence. Completeness of X yields that {x,}
converges to a point v € X, that is, x,, = u as n — oco.

Step I1I : Since f is continuous, u is a fixed point of f,

uv= lim x,.1 = lim fz, = fu.
n—oo n—oo

Note that the continuity of f in Theorem is not necessary and can be dropped.

Theorem 2.8. Under the same hypotheses of Theorem |2.7], instead of the continuity assumption of
f, assume that whenever {x,} is a nondecreasing sequence in X such that x, — u € X, one has
T, 2u for alln € N. Then f has a fixed point.

Proof . Repeating the proof of Theorem , we construct an increasing sequence {z,} in X such
thatx, — u € X. Using the assumption on X we have x,, < u. Now, we show that u = fu. Suppose
that there exists ng € Nysuch that

1
§d(xn0, fn,) > sd(x,,,w)

and

1
§d(xno+17 fxno+1> > Sd(anJrl; U’)

Then from (2.2), it follows that

IN

1 1
d(xn0+17 xno) Sd(xnm U) + Sd(xno-l-l: u) < §d(l’n0, fxno) + §d<‘rno+la fxno-l-l)

1 1

1
= éd(mnmxnwrl) + §d(xno+l>$no+2> < §d(f’5no>$no+1) + §d($nmxno+1)

= d(xnoﬂa mno)a

which is a contradiction. Hence either
1
§d(xn, frn) < sd(x,,u)

and

§d($n+17 fxn—l—l) < Sd(In-;-l; u)

for all n € N;. It is not restrictive to assume that one of these inequalities holds for all n € Ny, for
example

%d(mn,fxn) < sd(zp,u). (2.27)

By (2.1) and (2.27)) we have

d(u, fu) = s[d(u, xp11) + d(Tpy1, fu)] (2.28)
< sd(u, Tpy1) + Bld(xn, w)) M (zp,uw) + LN (2, u) — 0
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because
b e = b st AT,
= lim max {d(z,, u), d(f’f;a 1):1@}’ J)“) (2.30)
=max{0,0} (2.31)
=0
and
1i_>m N(zp,u) = li_)m min {d(x,, fu),d(u, fx,),d(x,, fr,),d(u, fu)} (2.32)
:nlglgo min{d(z,, fu), d(u, Tpi1), d(xp, Tpir), d(u, fu} (2.33)
=0.

Therefore (2.28]) implies d(u, fu) = 0. O

3. Coincidence point results

In this section we study some coincidence point theorem as follows.

Theorem 3.1. Let (X, =) be a partially ordered set and suppose that there exists a b-metric d on X
such that (X, d) is a b-complete b-metric space. Assume f,T : X — X are such that f is an increasing
mapping with respect to T, fX CTX and there exists an element xo € X with Txzo = f(xo). Suppose
that (T, f) satisfy the following condition

1+ sd(x,y)

<1 + 2d(z, fz)

d(fx, fy) < B(d(Tx, Ty))M*(x,y) + LN*(z,y) (3.1)

for all comparable elements x,y € X, where L > 0 and

M?(x,y) = max {d(Ta:, Ty), (T, f2)d(Ty, fy) }

L+d(fz, fy)

and
N*(z,y) = min{d(T'z, fz),d(Tz, fy),d(Ty, fz),d(Ty, fy)}.

If f is continuous then (f,T) have a coincidence point.

Proof . Let g € X and x; € X be such that xr1 = Txg < fxg. Having defined z, € X, let
Tpt1 € X be such that x,41 = Tx, < fz,. By the same argument in the proof of Theorem 2.2
{z,} is a b-Cauchy sequence. Completeness of X yields that {z,} converges to a point u € X and
the continuity of f implies (f,7T") have a coincidence point. [

Theorem 3.2. Under the same hypotheses of Theorem [3.1], without the continuity assumption of
f, assume that whenever {z,} is a nondecreasing sequence in X such that z,, — v € X, z,, < u for
all n € N. Then (f,T) have a coincidence point.
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Theorem 3.3. Let (X, =) be a partially ordered set and suppose that there exists a b-metric d
on X such that (X,d) is a b-complete b-metric space. Assume f, 7 : X — X are such that f is
an increasing mapping with respect to T, fX C TX and there exists an element zy € X with
Ty = f(x). Suppose that

1+ sd(z,y)

8(1 + %d(:z:, fx)

Ja(fz, fy) < v(M(z,y))

where

M (z,y) = max {d(TZU, Ty), d(qlx;_f;?i?@;)fy> }

for all comparable elements z,y € X. If f is continuous, then (f,T") have a coincidence point.

Theorem 3.4. Under the same hypotheses of Theorem [3.3 without the continuity assumption of
f, assume that whenever {z,} is a nondecreasing sequence in X such that =, - u € X, z,, < u for
all n € N. Then (f,T) have a fixed point.

Example 3.5. Let X = {(0,0),(4,0),(0,4)} and define the partial order < on X by
= ={((0,0),(0,0)),((4,0), (4,0)), ((0,4), (0,4))
((0,0),(0,4)), ((0,4), (4,0)), ((0,0), (4,0)) }
Consider the function f: X — X given as
(0,0) (4,0) (0,4)
= ({09 o (o)

which is increasing with respect to <. Let 2o = (0,0). Hence f(z¢) = (0,4), so xg < fxo. Define first
the b-metric d on X by d((0,0), (4,0)) = 4, d((0,0), ( 4)) =6, d((0,4), (4,0)) = 1 and d(z,z) = 0.

Then (X, d) is a b-complete b-metric space with s = 2. Define the function 5 € F given by
17 -
B(t) = ﬂ@ﬁ ,t >0

and 3(0) € [0, 47) and L = 100000. Then

1+ 22d((0,0),(0,4))
1+ 224d((0,0),(0,4)) 14361 151
( T+ 14((0,0), (0, 4)) )d((0,4),(4,0)) = (T%fi)é_l =55

< B(d((0,0),(0,4)))M((0,0),(0,4)) + 100000N((0,0), (0,4)) = 5(6)6.

(

Because
MI(0.0).0,4) = max{a(0.0), 0,9, AR L0,
= {d((0.0),(0.4)) A PEG TR,

6 x L
= max{61+‘i} 6
1
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and

N((0,0),(0,4)) = min{d((0,0), f(0,0)),d((0,0)), f(0,4)),
(0,0

= min {d((0,
d((0,4)),(0,4)),d((0,4)), (4,0))}
= 0.
Also
18 181
sd(f0, f1) = 1—3d(3 1) = 735 < B(d(0,1))M(0,1) + LN(0,1) < 5(6)M

1+ £2d((0,0), (4,0))
1+ 224d((0,0),(4,0)) 1+ #4010 113

(

(
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(0,1) + LN(0,1) = B(6)6.

< B(d((0,0), (4,0)))M((0,0), (4,0)) + 100000N((0,0), (4,0)) = B(4)4.
Because
MI(0.0),(4,0) = max {d((0,0).(4,09), TS BRI SO,
— max {d((0,0), (0, 4)), L (1)>+(d((>> )((4(1 0())) ;4,0)) )

= max{4,0} =4.

Also

1+ 22d((4,0),(0,4))

1+ 3d((4,0), f(4,0))

1+ 22d((4,0),(0,4))
( 1+ 2d((4,0), (4,0))

< B(d((4,0),(0,4)))M((4,0),(0,4)) 4+ 100000N ((4,0), (0,4))

(

)d(f(4,0), £(0,4))

)d((4,0),(4,0)) =0

Hence f satisfies all the assumptions of Theorem [2.7]and thus it has a fixed point (which is u = (4, 0)).
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