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Abstract

In this paper, we enumerate the parameter matrices of all perfect 2-colorings of the Platonic graphs
consisting of the tetrahedral graph, the cubical graph, the octahedral graph, the dodecahedral graph,
and the icosahedral graph.
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1. Introduction

The concept of a perfect m-coloring plays an important role in graph theory, algebraic combinatorics,
and coding theory (completely regular codes). There is another term for this concept in the literature
as “equitable partition” (see [8]).

The existence of completely regular codes in graphs is a historical problem in mathematics.
Completely regular codes are a generalization of perfect codes. In 1973, Delsarte conjectured the non-
existence of perfect codes in Johnson graphs. Therefore, some effort has been done on enumerating
the parameter matrices of some Johnson graphs, including J(6, 3), J(7, 3), J(8, 3), J(8, 4), and J(v, 3)
(v odd) (see [1, 2, 7]).

Fon-Der-Flass enumerated the parameter matrices of n-dimensional cube for n < 24. He also
obtained some constructions and a necessary condition for the existence of perfect 2-colorings of the
n-dimensional cube with a given parameter matrix (see [4, 5, 6]).

In this article we enumerate the parameter matrices of all perfect 2-colorings of the five Platonic
graphs.
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2. Preliminaries

A Platonic graph is a polyhedral graph corresponding to the skeleton of a Platonic solid. The Platonic
graphs consist of five graphs; the tetrahedral graph, the cubical graph, the octahedral graph, the
dodecahedral graph, and the icosahedral graph.

Now, we introduce two families of famous graphs.

Definition 2.1. The Hypercube graph Hn has vertices, respectively, edges given by

V (Hn) = {a = (a1, . . . , an) : ai ∈ Z2},
E(Hn) = {ab : a and b differ in precisely one coordinate}.

Definition 2.2. The generalized Petersen graph GP (n, k) has vertices, respectively, edges given by

V (GP (n, k)) = {ai, bi : 0 ≤ i ≤ n− 1},
E(GP (n, k)) = {aiai+1, aibi, bibi+k : 0 ≤ i ≤ n− 1},

where the subscripts are expressed as integers modulo n (≥ 5), and k (≥ 1) is the “skip”.

Note that the cubical graph is the graph H3, and the dodecahedral graph is the graph GP (10, 2).
Next, we give a complete definition of perfect colorings.

Definition 2.3. For each graph G and each integer m, a mapping T : V (G)→ {1, . . . ,m} is called
a perfect m-coloring with matrix A = (aij)i,j∈{1,...,m}, if it is surjective, and for all i, j, for every vertex
of color i, the number of its neighbors of color j is equal to aij. The matrix A is called the parameter
matrix of a perfect coloring. In the case m = 2, we call the first color white, and the second color
black. Also, if λ is the eigenvalue of a parameter matrix obtained from a perfect m-coloring, we call
it the eigenvalue of the perfect m-coloring.

Remark 2.4. In this paper, we consider all perfect 2-colorings, up to renaming the colors; i.e, we
identify the perfect 2-coloring with the matrix[

a22 a21
a12 a11

]
,

obtained by switching the colors with the original coloring.

Now, we first give some results concerning necessary conditions for the existence of perfect 2-
colorings of a k-regular graph with a given parameter matrix A = (aij)i,j=1,2. The simplest condition
for the existence of a perfect 2-colorings of a k-regular graph with the matrix[

a11 a12
a21 a22

]
is a11 + a12 = a21 + a22 = k. Also, when the graph is connected, it is clear that neither a12 nor
a21 cannot be equal to zero, otherwise white and black vertices of the graph would not be adjacent,
which is impossible.

The next proposition gives a formula for calculating the number of white vertices in a perfect
2-coloring.
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Proposition 2.5. [1] If W is the set of white vertices in a perfect 2-coloring of a graph G with
matrix A = (aij)i,j=1,2, then

|W | = |V (G)| a21
a12 + a21

The next theorem is useful to enumerate parameter matrices.

Theorem 2.6. [9] If T is a perfect coloring of a graph G in m colors, then any eigenvalue of T is an
eigenvalue of G.

Corollary 2.7. It is easy to see that every perfect 2-coloring of a k-regular graph with parameter

matrix

[
a b
c d

]
has two eigenvalues: one is k, and the other is a − c such that we obviously have

a − c 6= k. So, from Theorem 2.6, we conclude that a − c is an eigenvalue of a k-regular connected
graph which is not equal to k.

The next proposition gives some constructions for perfect 2-colorings of Hypercube graphs.

Proposition 2.8. [[5]]

(a) For every n = 2k − 1 and for every c, 1 ≤ c ≤ n, there exists a perfect coloring of Hn with

matrix

[
c− 1 n− c+ 1
c n− c

]
.

(b) If there exists a perfect coloring with matrix

[
a b
c d

]
, then, for every k ≥ 1, there exists a

perfect coloring with matrix

[
a+ k b
c d+ k

]
.

(c) If there exists a perfect coloring with matrix

[
a b
c d

]
, then, for every k ≥ 1, there exists a

perfect coloring with matrix

[
ka kb
kc kd

]
.

(d) If there exists a perfect coloring with matrix

[
a b
c d

]
, then,

b+ c

(b, c)
is a power of 2.

The next theorem gives a necessary condition for the existence of perfect 2-colorings of Hypercube
graphs.

Theorem 2.9. [[4]] If T is a perfect 2-coloring of a hypercube graph with matrix

[
a b
c d

]
, then we

have a ≥ 3c− b
4

.

Finally, we end this section with the eigenvalues of the tetrahedral graph, the octahedral graph,
the icosahedral graph, and the dodecahedral graph.

Theorem 2.10. [[3]] The distinct eigenvalues of the tetrahedral graph are the numbers −1, 3. The
distinct eigenvalues of the octahedral graph are the numbers −2, 0, 4. The distinct eigenvalues of
the icosahedral graph are the numbers −

√
5,−1,

√
5, 5. The distinct eigenvalues of the dodecahedral

graph are the numbers −
√

5,−2, 0, 1,
√

5, 3.
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3. Perfect 2-colorings of Platonic graphs

Theorem 3.1. The graph tetrahedral has perfect 2-colorings only with the matrices

[
0 3
1 2

]
and[

1 2
2 1

]
.

Proof . The tetrahedral graph is a 3-regular connected graph. Hence, a parameter matrix of a
perfect 2-coloring of it must be one of the following matrices:[

0 3
3 0

]
,

[
0 3
2 1

]
,

[
0 3
1 2

]
,[

1 2
2 1

]
,

[
1 2
1 2

]
,[

2 1
1 2

]
.

By Theorem 2.10 and Corollary 2.7, it is clear that the tetrahedral graph can have perfect 2-colorings

with the matrices

[
0 3
1 2

]
and

[
1 2
2 1

]
. Coloring one of the vertices white and the others black gives

a perfect 2-coloring with the matrix

[
0 3
1 2

]
. Also, Coloring two of the vertices white and the others

black gives a perfect 2-coloring with the matrix

[
1 2
2 1

]
. �

Theorem 3.2. The cubical graph has perfect 2-colorings only with the matrices

[
0 3
3 0

]
,[

0 3
1 2

]
,

[
1 2
2 1

]
,

[
2 1
1 2

]
.

Proof . The cubical graph is a 3-regular connected graph. Hence, a parameter matrix of a perfect
2-coloring of it must be one of the following matrices:[

0 3
3 0

]
,

[
0 3
2 1

]
,

[
0 3
1 2

]
,[

1 2
2 1

]
,

[
1 2
1 2

]
,[

2 1
1 2

]
.

By Theorem 2.9, it is clear that there are no perfect 2-colorings with the matrices

[
1 2
1 2

]
and

[
0 3
2 1

]
.

Also, from Proposition 2.8, we conclude that there are perfect 2-colorings with the other matrices.
�

Theorem 3.3. The octahedral graph has perfect 2-colorings only with the matrices

[
2 2
2 2

]
and[

0 4
2 2

]
.
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Proof . The octahedral graph is a 4-regular connected graph. Hence, a parameter matrix of a
perfect 2-coloring of it must be one of the following matrices:[

0 4
4 0

]
,

[
0 4
3 1

]
,

[
0 4
2 2

]
,

[
0 4
1 3

]
,[

1 3
3 1

]
,

[
1 3
2 2

]
,

[
1 3
1 3

]
,[

2 2
2 2

]
,

[
2 2
1 3

]
,[

3 1
1 3

]
.

By Theorem 2.10 and Collorary 2.7, it is clear that the octahedral graph may have perfect 2-colorings

only with the matrices

[
0 4
2 2

]
,

[
1 3
3 1

]
,

[
1 3
1 3

]
, and

[
2 2
2 2

]
. On the other hand, from Proposition 2.5,

it follows that there are no perfect 2-colorings with the matrix

[
1 3
1 3

]
. Also, if there existed a perfect

2-coloring with the matrix

[
1 3
3 1

]
, we would have |W | = 3, by Proposition 2.5. However, it is not

possible to find a subset of size 3 that each element have exactly one adjacent vertex in that subset.

Hence, the metrix

[
1 3
3 1

]
is not a parameter matrix. Finally, we show perfect 2-colorings of the

octahedral graph with the matrices

[
2 2
2 2

]
and

[
0 4
2 2

]
in Figure 1. �

(a) with the matrix

[
2 2
2 2

]
(b) with the matrix

[
0 4
2 2

]
Figure 1: perfect 2-colorings of the octahedral graph

Theorem 3.4. The icosahedral graph has perfect 2-colorings only with the matrices

[
0 5
1 4

]
,

[
1 4
2 3

]
,

and

[
2 3
3 2

]
.
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Proof . The icosahedral graph is a 5-regular connected graph. Hence, a parameter matrix of a
perfect 2-coloring of it must be one of the following matrices:[

0 5
5 0

]
,

[
0 5
4 1

]
,

[
0 5
3 2

]
,

[
0 5
2 3

]
,

[
0 5
1 4

]
,[

1 4
4 1

]
,

[
1 4
3 2

]
,

[
1 4
2 3

]
,

[
1 4
1 4

]
,[

2 3
3 2

]
,

[
2 3
2 3

]
,

[
2 3
1 4

]
,[

3 2
2 3

]
,

[
3 2
1 4

]
,[

4 1
1 4

]
.

By Theorem 2.10 and Corollary 2.7, it follows that the icosahedral graph can have perfect 2-colorings

with the matrices

[
0 5
1 4

]
,

[
1 4
2 3

]
, and

[
2 3
3 2

]
. Also, there exist perfect 2-colorings with the above

matrices that has been shown in Figure 2. �

(a) with the matrix

[
0 5
1 4

]
(b) with the matrix

[
1 4
2 3

]
(c) with the matrix

[
2 3
3 2

]
Figure 2: perfect 2-colorings of the icosahedral graph

Theorem 3.5. The dodecahedral graph has perfect 2-colorings with the matrices

[
2 1
1 2

]
and

[
0 3
2 1

]
.

Proof . The dodecahedral graph is a 3-regular connected graph. Hence, a parameter matrix must
be one of the following matrices: [

0 3
3 0

]
,

[
0 3
2 1

]
,

[
0 3
1 2

]
,[

1 2
2 1

]
,

[
1 2
1 2

]
,[

2 1
1 2

]
.

By Theorem 2.10 and Corollary 2.7, it is clear that there are no perfect 2-colorings of the dodecahedral

graph with the matrices

[
0 3
3 0

]
,

[
0 3
1 2

]
, and

[
1 2
2 1

]
.
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Also, by Proposition 2.5, it follows that there are no perfect 2-colorings with the matrix

[
2 1
2 1

]
.

Now, consider the mapping T : V (GP (10, 2))→ {1, 2} by T (ai) = 1 and T (bi) = 2, for i = 0, . . . , 9.

It is easy to see that the given mapping gives a perfect 2-coloring with the matrix

[
2 1
1 2

]
.

Finally, consider the mapping T : V (GP (10, 2))→ {1, 2} by

T (a5i) = T (a5i+2) = T (a5i+3) = T (b5i) = T (b5i+1) = T (b5i+4) = 2,
T (a5i+1) = T (a5i+4) = T (b5i+2) = T (b5i+3) = 1,

for i = 0, 1. It can be easily checked that the given mapping gives a perfect 2-coloring with the

matrix

[
0 3
2 1

]
. �

Finally, we summarize the results of this paper in the following table.

Graphs Parameter Matrices

The tetrahedral graph

[
0 3
1 2

]
,

[
1 2
2 1

]
The cubical graph

[
0 3
3 0

]
,

[
0 3
1 2

]
,

[
1 2
2 1

]
,

[
2 1
1 2

]
The octahedral graph

[
0 4
2 2

]
,

[
2 2
2 2

]
The icosahedral graph

[
0 5
1 4

]
,

[
1 4
2 3

]
,

[
2 3
3 2

]
The dodecahedral graph

[
2 1
1 2

]
,

[
0 3
2 1

]
Table 1: Parameter matrices of Platonic graphs.
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