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Abstract

In this paper we discussed the concept of new triangle in Morrey spaces which is defined by using
Wilson angle and /—angle. We also discuss about some fundamental properties of a triangle in

Morrey spaces.
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1. Introduction

In Euclidean spaces, triangle has been known since 2000 years ago. The triangle and its properties
also has been written in many Euclidean spaces R?%. Suh as Lang and Murrow [5] had proven that
for any isosceles triangle, the opposite angle which induced by two sides is same. Next Aref and
Wernick [3] also proved that for any triangle in a plane apply cosine rule, sine rule, and triangle side
rule. Then, in [2] Anton and Rorres defined the triangles in inner product spaaces. That triangle
is defined by using Phythagoras angle in inner product spaces. In new research Zakir, et al [9] had
defined the triangle in normed spaces by using Wilson angle.

According to define a new triangle, we need an angle. There are some angle which defined by
some author. It is firstly start from Valentine and Wayment who have covered the Wilson angle
in normed spaces [8]. Then Milicic [6], has discussed the B—angle and g—angle in normed spaces.
Furthermore, Gunawan, et al [4] have discussed the P—angle I—angle, and also g—angle. In 2011,
again, Milicic had covered new angle in normed spaces named by the thy—angle [7].

In this paper, we will define the triangle by using Wilson angle and /—angle in Morrey spaces.
Let 1 < p < ¢ < oo, the Morrey spaces MP(R™) is a set of all the measurable function f in R" such
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that
1

_]1? (/;|f(x)|dx>;9 < 00

where B(a,r) denotes the ball centered at a € R™ having radius r > 0 and Lebesgue measure |B|[1].
Since Morrey spaces is Banach spaces, it is also normed spaces. Then, the Wilson angle and I—angle
can be applied in Morrey spaces.

Let (V,||.]]), the Wilson angle between two vectors a and b has properties [9]

HMP+HMP—H&—MF)
2[|all-f|o]

|

[ fllamp == sup |B|
B(a,r)

Zw(a,b) := arccos (

Next, let (V,].]|), the I—angle between two nonzero vectors a and b has properties [4]

Ha¥MP—Ha—HP>‘
4lall-flol

/1(a,b) := arccos ( 2)

Our result is discussed in the following section, by defining the triangle with Wilson angle and
I—angle, and also their properties will show in some theorem.

2. Triangle with Wilson Angle on Morrey Spaces

Before we start to give some properties of triangle on Morrey spaces, let we define the triangle
on Morrey spaces as definition below,

Definition 2.1. Let1 <p < q<oo. Forany f,g,h € Mb | we define a triangle A[f, g,h] is f,g,h
with f +h = g and completed with Wilson angle Zw ,(f,9), Zw,,(f.h), and Zw, ,(=f.h).

In our result, we give three properties of the tm’angqle which described in followingq theorems. The
theorem below gave the properties of cosine rule and sine rule of the triangle which contructed by
Wilson angle.

Theorem 2.2. Let 1 < p < q < co. The triangle A[f, g,h] in Morrey spaces MP(R™), cosine rule
is applied if only if the sine rules is applied.

Proof . To prove this theorem, we have to prove by two side.

115 + gl — 20
The proof from the left side, first we let cos Zw ,(f,9) = ( M M Ma ) exis ,

20 fllvez-llgll ame
then

sin? ZWME (f,9)=1-— cos? ZWM;q; (f,9)

. (Hf”i/tg + HgHi/tg - HW%@)

2 g Tl
_165(s — f)(s — g)(s — )
g ol

1 a9l ey sin L, (£, 9) = 24/s5(s = F)(s = g)(s — h) = k.
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Therefore, we got the sine rule.
For the proof of right side, first we have noted by sine rule, we obtained:

12 (£ + 1By — 12112
= £l 0 a2y [ 502 Lo, (5, )

+ Sil’l2 AWM;Z (-f, h) — Sin2 AWMp <f7 g)]

q

= Hin/lgHgH?nghH?v(g |:SiH2 AWMZ <97 h) + Sil’l2 lWMé’(_f’ h)

- Sin2 <4WM5 (g7 h) + AWM%;(_fa h’)) }
= 2K2HfHMZHgHMZ COS 4WM5(f, 9)
21| llaez gl g cos 2w, (f,9) = 1 FIlhag + gl = 12l e

From these, the cosine rule is applied. The proof is completed.[]
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In the second properties by theorem below, we discussed the triangle side rule on Morrey spaces

by cosine rule which we obtained in Theorem P.2.

Theorem 2.3. Let 1 < p < q < oco. The triangle A[f, g, h] in Morrey spaces MP(R™), cosine rule

is applied if only if triangle side rule is applied.

Proof . Since the proof is two side, we have to proof this twice. The proof from left to right is

discussed below.

112 + gl — NI,
A
912 + 1Al — 11

2l|gllae- (172l aeg

1 £l a cos 4WM5(f7 9) = 1fllmz

1Rl ag cos Zw, (g, h) = ([Pl aag

by summing (3) and (4), then we obtain the triangle rule:
1fllatg cos Zw o (F: 9) + WPl aag cOs Ly (9, 1) = N9l aep

and then it is proven.
Next, we move to proof from right to left as described below.
By equation (5) next we obtain the triangle rule there are:

1 Il = £ 1laagllgllaeg cos 2w (F,9) + 1 F g I Bllagg cos Zw, (= £, 1)
91z = 1 £1latz N9llaeg cos 2w, (£, 9) + gl ez I Bllaeg cos 2w, (9, 1)
17l = Ngllaeg 1Bllaeg cos 2w, (9, 1) + llgllaag | ollagg cos Zw g (= £, 1)

then, by eliminating (6), (7), and (8), then we also obtain the cosine rule:
171+ 912y — 21l gy €05 2, (£-) = A2

Since, the proof from two side is proven, then the proof of this theorem is complete.[]

(3)

At last, the properties of the following theorem is showed the sum of the angle of triangle on

Morrey Spaces by Wilson angle is 180° orr.
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Theorem 2.4. Let 1 < p < q < oo. If A[f,g,h] in Morrey spaces MP(R™), then AWMp(f, g) +
AWMg (f7 h) + AWMI(;(_Lﬂ h) =T.

n

Proof . (=) Let we define f(z) := || 9, g(x) := x(0,1)(|2]) f(2), and h(z) = f(x) — g(=).
By changing the variable, we have

15" g (s )l sz = llgllaee
and

5™ “h(s )l = Il aar
for all s > 0. Since

5" 1g(tr) = X0, (s|z]) f(2)
and
" h(tw) = xo,n (s]2]) f(2) = X100 (s]2]) f ().
for s > 0 and = € R", from convergence monotonicity properties of Morrey spaces, then we have
[ 1lmz = Ngllae = [[Allpg € (0, 00).

since that, we can obtained,

112 + gl — 1212,
épr(f,g)=arCCOS( R
q

2[[ Fllaezllgll vy

™
3 .

Zw, » (g, h) = arccos (

lgliZg + 1011 — 11124
2Mglne 11l

™
3 .

and

115 + 121 — gl
Zw, (= f,h) = arccos ( M M M

2017l aeg 1]l e

il
5
Eventually, the sum of these angle A[f, g, h] is

/e

T T
AWMZ(f’g) + 4WM5(97}1) + 4WM5(—f, h) = 3 + 373

=T
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3. Triangle with I-Angle on Morrey Spaces

We also discussed the triangle which constructed by I-angle. The idea for constructing this
triangle is same as the triangle by using Wilson angle. We start for the definition of triangle on
Morrey spaces by using I —angle.

Definition 3.1. Let 1 < p < ¢ < co. For any f,g,h € Mb, we define a triangle denoted by
Alf,g,h] is f, g, h which is f+h=g and completed by I—angle AIMg(f, 9), AIMg(f, h), AIMZ(—f, h).

Such as the the triangle by using Wilson angle, the triangle by using I—angle also have three

properties which described in the following theorem.

Theorem 3.2. Let 1 < p < q < oo. The triangle A[f, g, h] Morrey spaces MP(R™), cosine rule is
applied if and only if sine rule is applied.

If +9lke = I1f — 9l
Proof . Such as the Theorem @, we have to suppose that cos Z; (f,9) = 1 1

A f ezl gl
exists, then we obtained,

sin® AIMg(f, g) =1— cos® leg(ﬁ 9)
2
- <||f +9l3e —IIf - 9”3%5)

Al w9l aeg

2 2
(40 ey Nglaeg)* = (1S + 9135 = 15 = 9li2ss)
16||f||3\45||9||3\45

2 2
g gl = (15 + ol 17 — ol
M lvglolvg

2
@ gl = (15 + ol 17 — ol
4

SinlIMg(fag) =

£ llagllgllaeg sin £, (f, 9) =
=K

Therefore, we obtained the sine rule. For the proof of right side, we can look at for the sine rule,
then we have:

K2 (17 ey + llgl3ag = 1%
= 171 gl Iy [si0 21, (9. 1)
+ sin? AIMS(—f, h) — sin® LIMg(f, 9)]
= [ fIe lglhe Il e [ sin® L1,y (9:1) + sin? L1y (=f:0)
~ sin? (4,Mg (9.h) + 21, (~ 1. h)) ]
1 + gl = 1203 = 211F[laez gl aeg cos 1, (£, 9)
1+ gllie = IR0 < 20 Fllazllgll g cos Zr, (f, 9)
1f + gl = 1Rl Aeg < 41F 1 agllgllaeg cos Z1,, (f,9)

QT
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So that, the cosine rule is obtained, and it completed the proof. [
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We next to second propperties which discussed the triangle by using I-angle. It will described in

the following theorem.

Theorem 3.3. Let 1 < p < q < oo. The triangle A[f,g,h] in Morrey spaces M?(R™), the cosin

rule is applied if only if the triangle side is applied.

Proof . We have to prove by two side proof. For the left proof, let we defined f(z) :

9(x) == x|z f(z), k(z) = 2g9(x) — f(x), and h(z) = f(z) — g(x).
By changing the variable, we can get:

n
ls2g(s)llag = llgllaeg

and

n
s Th(s ) aeg = [1Pllaeg

for all s > 0. Since

sgg(t:ﬂ) = X(0,1)(8]2]) f(2) = X[1,00) (8]2]) f ().

for s > 0 and = € R™, by monotonicity convergence properties of Morrey spaces we have,

1 lae = Nlgllaz = 7l s = 1Al s € (0, 00).
Note that,
||f+g||3\45 —If —9”3\45
A f sl e
lg + Al — llg — hl2,
4”9”M§-Hh”ME

| £l smz cos Ll (fs9) = 1 fllme

1l aeg cos Z1,p (g, h) = [[Pllaeg
By summing (10) and (11), then we obtained the triangle side rule:

3
11l ag cos Z1, (f, 9) + Rl peg cos £1, (9, ) = 11 fll v
4

(1Lt €05 21, (£ ) + 1hllagg €05 21, (9, 1) = v (10)

Then we move to the right proof. From equation (?7) we get the triangle side rule:

4

11 = U laegllgllaeg cos Z1, (F, 9) + I f g 1 ell ey cos £, (= 1))
4

gl = 3z llgllveg cos 21, (£, 9) + llgll e Pl agg cos £1,, (g, 1)
4

1P1R = 5 (lgllag 1llaeg cos 1, (g, 2) + [ fllaeg 1 ellveg cos 1, (= 1)

(10)

(11)
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By eliminating (12), (13), and (14) then we obtained the cosine rule:

8
1 e + Nallieg + 1215 = SIS lagllgllag cos 1, (f: 9)

8
1 + 9l + 1205 = SIS Laez Ngllaeg cos £1,, (£, 9)
1F + gllag + 1Bl = 41 f sz llgllaeg cos 21, (f, 9)

At last, the proof on this theorem is completed.[]

The last properties of the triangle in our result is sum of angles in the triangle. Then, we had
proven that the sum of angles in the triangle by using I—angle on Morrey spaces is 180° or . It will
described in the following theorem.

Theorem 3.4. Let 1 < p < ¢ < co. If A[f,g,h] in Morrey spaces ME(R™), then £y ,(f,g) +
ZIM5<f7h) +41M2(_f7h) =T

Proof . The norms which defined in proof of throrem 3.3, we obtained
£ = lgllhe = 1klle = IR0

Note that:

/1 (F.9) ||f+9‘|3\4g —[|f - 9”3\45
1. (f,g) = arccos
Mq A fllae-llgllae

<4||f||?Mg - HhH.QM{;>
= arccos

47T,

4118 = 11 3y
= arccos
17T

31712,
= arccos
17T,

= 41.4096,

lg + 2l — llg = AlI3
Zr, (g, h) = arccos My Mi
g Allgll ez - 12 aeg

11y = 411 2y
= arccos
AT,

3£,
= arccos | —————
172,

= 138.5904,
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and

1B+ fl3e = 1h = £l
APl v -1 f 1 sz

26+ 2 — 1|~ 9l

(
( A F 1
(
(

21, p(—f,h) = arccos

= arccos

gl g~ 171
172,

471,

AT71E,,

> arccos

> arccos
=0
Therefore, the sume of the angles [f, g, h| are
L1 (F:9) + 21,y (9:0) + 21, (= f, ) = 41.4096 + 138.5904 + 0 = 180 = 7

OJ
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