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Abstract

In this paper, we prove the existence of a random fixed point of by using pointwise asymptotically
nonexpansive random operator and the stability resultsof two iterative schemes for random operator.
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1. Introduction and preliminaries

Random fixed point theorems are stochastic generalization of classical fixed point theorems [L, 2.
Itoh [3, 4], extended several well known fixed point theorems, i.e., for contraction, nonexpansive
and condemning, mappings to the random case. Thereafter, various stochastic aspects of Schauder’s
fixed point theorem have been studied by Sehgal and Singh [5], Papageorgiou [6], Lin [7] and many
authors. In a separable metric space, random fixed point theorems for contractive mappings were
proved by Spacek [2], Hans [1, 8, 9]. Afterwards, Beg and Shahzad [10, 11].

Definition 1.1. [12] A measurable space (A,)") is a nonempty set /\ and a o-algebra Y, that is,
a family of subsets of A\ such that -0 € > . w-Uc €. if U € > . wi-UX, U, €Y if Uy € > for all
i € N. The elements of > are called measurable sets.

Definition 1.2. [15] Let S be a Banach space and n,, : /N — S is measurable sequence.

Definition 1.3. [13] A mapping J : A x S — S is called measurable (D -measurable) if ¥ D C S,
where D is open and J ' (D) ={d: J(d)ND #0} € >
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Definition 1.4. [13] A mapping J : A x S — S is random operator, if ¥V s € S the mapping
J(0,8) : A — S is measurable.

Definition 1.5. [13] A random operator J : A x S — S is continuous if J(s,0) : A — S is
continuous, V' s € .

Definition 1.6. [13]/ A measurable mapping n: A — S is random fized point of a random operator
J:A xS = Sif J(6,n(d)) =n(d) For each 6 € /.

Definition 1.7. [14/ A Banach space is said to satisfy the Opial’s condition if for any sequence
{spn} in A, s, = s weakly) as n — oo and s # ¢ implying that

lim sup [|s,, — s|| < lim sup||s, — ||
n—00 n—00

Definition 1.8. [13] An random operator J : A x S — S is called compact random operator, if
A(r, A) is compact subset of V' where J(v, A) is the closure of J(v, A) in A.

Definition 1.9. [/ Let (A,)Y]) is called a measurable space and S be a nonempty subset of a
separable Banach space A. Let J : A x S — S be a random operator. ¥ no(0) € S, the iterative
scheme {n,(8)}.—, C M by

77n+1(5) :h(J77]TL(6))7 ’I'L:O,172,"'

where g is a measurable function. Let () be a random fized point of A. Let {n,(6)},—, C S be an
arbitrary sequence of a random variable. Set €, =|| pin1(0) — h (J, n(9)) |, if D02y €n < 00 implies
that limy, o0 11, (0) = v(0), then the iterative scheme 1,41(0) = h (J, u,(9)), is stable.

Lemma 1.10. [17] Let be a uniformly convexr Banach space, 0 < p < X\, < qg<1,¥Vn € N and let
{sn} and {c,} are two sequences of A such that lim,,_, sup ||c,|| < 7 andlim, oo || BnSn+(1=5n)cnl] =
r. Then lim, o ||sn — ¢u]| = 0.

Lemma 1.11. [18] Let {a,}, {b,} and {c,} be three sequences of nonnegative numbers and a1 <
(1+by)a, +c, YneN. If > ¢, <oo and Y>>, b, < 00, then lim,_, a, exists.
2. Main Results

Through this work we find new random condition, and we find random fixed points in Banach
spaces.

Definition 2.1. Let L be a nonempty a bounded closed convex subset of a Banach space A. A
random operator J : A X L — L is called pointwise asymptotically nonexpansive random operator if

[77(8,7(8)) — (8 1(®)) || < A (n(8)) n(8) — u(3)

where n, w: AN — L, ¥V n,u € L, ne N, and {\, (n(d))} is a sequence in [0,+0c0) and A, — 1
pointwise on L.
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Definition 2.2. A random operator J is pointwise asymptotically contraction random operator if
A (0(6)) <1 and

lim A, (n(9)) =X €10,1)

n—oo

let 0, (n(0)) = max {\, (n(9)),1}, denoteT'(L) as the class of pointwise asymptotically nonexpansive a
random satisfying lim,, ., 0, (7(9)). Define (, (n(0)) = 0, (n(d))—1; its clear that lim,, . , (n(0)) =
0.

Definition 2.3. Define I',(L) as a class of all J € I'(L) such that
Y G o) <oco,  VeA, Vn(©)eL

Theorem 2.4. Let L a nonempty closed convex subset of a uniformly convexr Banach space A which
satisfies Opial’s condition and let J € T'.(L), then (I—J)(0,0) is demiclosed at zero, that is, if {n,(5)}
is a sequence in L such that n,(0) — 0(6) and lim,, . lim,,_, sup ||17n((5) —Jm ((5, 77”((5))‘ =
(1= J)(3,0(3)) =

Proof .
1) If J™(0,1,(8)) = (8) for each m € N, taking m = 1 we have J(8,7,(6)) = 9(6).

)
2) If there exists an Ny > 0 and for each m > Ny, such that J™ (5 Nn 6)) ), we have can
define a function () on A by (1,,(9)) = lim,, e sup ||7,(6) — n(d)|], n(6) € L

From 7,(6) — 9(0) and we have that
T sup 7, (6) — (@) < lisn sup [a(8) — T (5,5(6))
On other hand
lim sup {|,(8) — 7 (8, 7.(9))
= lim sup [[1,(8) = " (8,1(9)) + ™ (3,1a(9)) — 7 (5,3(9)) |
< lim sup ([[a(8) = 77 (8, (@) || + {177 (8, m(9)) = T (5,8(8)) )
< Jim sup 0, (5) = 77 (6.3,(6)) | + lim sup 0, (3(6)) 1, (5) — 90|

So we have

lim sup ||1.(8) — Jm(é,?ﬁ(é))n
< Tim sup [1(8) — 7 (5. ()| + 0 (306)) Tim sup[,(6) — 3(9)|

n—oo
Since 0 (7,(6)) =1, for each n € L and

lim lim sup ||77n — J"(8,ma(0))]| =0, Vex>0

m—r0o0 N—r 00
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4k € N, when m > ki, we have

om(Ma(8)) <14e€ VnelL

limsup |[7,,(6) — J™(8,m.(0)) || < €
Now

lim_sup|[5(8) — /™ (5.9(8))|| < e+ 1+ ¢ lim_sup|in (3) — D)

m—0o0

we have
Tim_sup [|,(8) — J™(8,0(9)) || < lim sup 1,(8) — 5(3)]
Taking ke = max{ko, k1 } and m > ko,

lim sup [1,(8) — J™(3,8(3)) || < sup [[1,(8) = ()| < lim sup [|n.(8) — T (8,3(9))]|

Which is contradiction.
Then J™(8,0(0)) = 9(8) for m € N, hence J™(8,3(8)) = d(6). O

Definition 2.5. Let L be a nonempty subset of a Banach space A, let J : /A x L — L be a random
operator, and {n,(0)} be the sequence generated by

{ m(d)eL; m:A—L
Nnt1(0) = ﬁn(é, %(5)) + (1= B,)J" (57 77n(5>)

where B, C (0,1) is a sequence bounded from 1 and 0, and denoted by (RGMI).

Theorem 2.6. Let L be a nonempty closed conver subset of a uniformly convexr separable Banach

space A which satisfies Opial’s condition.
Let J € I'.(L), and {n,(0)} be the sequence generated by Definition @ Then {n,(8)} converges
weakly to a random a fixed point of J.

Proof . For each 0(6) € RF, then

[70+1(6) —B(0)|| = ||ﬁn(77n - )
< B [l (0 ) O + (1 = fn) H (" (
>~ [ﬁn (1 _Bn>0n( ( ))} ”nn( ) 0
< 14 Gul0)] [[mn(6) — B(3) ]l

Since Y7 1 (,(9), then by Lemma

We get that lim,, . [[7,(0) — 0(0)|| = Z exists. This implies {7, ()} is bounded.
Next, we prove that lim,,_,. Hnn(é) —J" (5, nn(é)) H =0

+ (1 - ﬁn ( ((57 %(5)) - 8(6)) nn+1(6) - 6(6)”

9, nn( ) )H
QI

lim ||J™(6,7,(8)) —d(9)]| = nhﬁngo |77 (6,m(8)) — J"(8,8(5)) ||

n—oo

< lim [}, (8) ~ 3(3) = a
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And

lim {[ B, (1(6) = 8(8)) + (1 = Ba) (J"(8,ma(0)) = B(D)) || = [I1211(8) = B(@)]| = a

By Lemma , we get that lim,, ||7]n —J" (5 M (0 H =0

the sequence {n,,(9)} of bounded {nn( )} such that n; — 0(0)

for some 9(d) € L. By lim, Hnn( —J" ((5 M (8 || = (0 and Theorem @ we get that 9(0) €
RF.

Now, we show that {n,(d)} converges weakly to 9(d). Take another subsequence {1, (d)} of
{nn(0)} such that n,,,(0) — ~v(J), v(0) € L, then v(0) € RF. Now we show that () = 9(0).
Assume () # 9(d), we have

T [(9n(5) — B(6)] = lm [, (6) = 3(3) | < i [, (6) = +(0)]| = Jim 1, (8) = 4(9)]

< 1m [, (0) = 38) | = Tim [n(8) — B(O)|
This means lim,, .« |[7,(8) — 0(0)|| < lim,, s ||7.(6) — ()| which is a contraction, so we get that
v(6) =98(0). O

Definition 2.7. Let L be a nonempty subset of a Banach space A, let J : A X L — L be a random
operator, and {n,(0)} be the sequence generated by

m(d) € Ly m: A—>L
{ 1 () = Bana(8) + (1 — Ba) J™(6,7(0))
nn+1(5) = pnnn<5) 1 - pn Jn (5 :un 5 )

where {pn}, {Bn} C (0,1) are sequences bounded away from 1 and 0, and denoted by (RGII).

Theorem 2.8. Let L and A satisfies condition theorems @‘ Let J € I'.(c), and {n,(0)} generated
by definition @ Then {n,(8)} converges weakly to a random fized point of J.

Proof . For each u(6) € RF, we have

||77n+1(5) - 6(5)” = Hpn(nn 5) 6(5)) + (1 - pn) (Jn((s :un - 6(5 )”
s%mx>amua—mWWmmm—wm
< o 10 (8) = BO)| + (1 = pu)0a (3(3)) |11 (8) — ()

110 (8) = BO)| = [ B (110(8) — D)) + (1 = B) (J"(8,1a(8)) — ()]
< Ba ll1a(8) = ()| + (1 = Ba) [T (8, ma(0)) — B(3)
< B l17a(0) = B(0) | + (1 = B1) 0a (3(9)) 1 (3) — B(3)
< 0a(9(0)) [In(3) — 3(9)]

+
_|_
_|_

170+1(8) = B < pn [l120(8) = B + (1 = pa)e7 (5(9)) [Im(6) — ()|
= [1+ 1= pa) (¢2(3(0)) = 1)] [In(0) = B(0)]
= [T+ (:(3(9) = 1)] lIna(3) — D)l
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Since 02 (9(8)) — 1 = C2(3(0)) +2¢2(d(6)) and Y-, ¢2(9(8)) < oo, then Y o” (02(3(d)) — 1) <
it follows from Lemma [I.11 that lim,, . ||7.(6) — 0(0)|| = Z exists. This implies {7,(0)} is bounded.
Now

i [,44(6) = 33) | < Y [1,(8) = D)+ Jim (1= pu)e (30)) [ (5) DO

And lim,, o 0,(3(8)) = 1, where {p,} is bounded away from 0 and 1, we have lim,, . ||11,,(6) — 3(6)|| >
Z.
On other hand lim,, . || 10 (0) — ( W<z

Then lim,, o ||ptn () —0(9)|| =
Since

T (17 (8,14(6)) — B(8)|| = lim I (8.1(6)) — J" (5,0(6))
< 1m0, (3(6)) [9.(6) — 3| = Z

n—oo

And
T [ (7(8) — 3(6)) + (1~ 8,) (" (8.0,(8)) — D) | = limn [}, (6) — B(3)]| = Z

By Lemma , we get that lim,, ||77n((5) — J"((S, nn((S)) H = 0. Theorem @, we get that 9(0) €
RF.
Now, we prove that {7,(d)} converges weakly to 9(d). Take another subsequence {7, ()} of
{nn(0)} such that 7,,,(0) — ~v(J), v(0) € L, then v(0) € RF. Now we show that () = 9(0).
Assume ~(0) # 9(9), we have

T [7(8) = 86| = Tim 17, () = 30)] < i [, (6) = 7(3)| = Lmn [l (5) = (O)]
< T 17, (6) = 3O)] = lim 1ma(8) — 5(0)]
This means lim, o [|7,(5) — 0(9)]| < limy,—e0 ||70(6) — (5)|| which is a contraction, so we get that
1(6) = 3(6). O
Theorem 2.9. Let L, A and n,,1(0) satisfies conditions Theorem , let J € I't(L) and J" be a

compact random operator. Then the iterative scheme on (RGMI) is stable.

Proof . Let {a,(d)} be an arbitrary sequence such that » >~ ¢, < co. For each v(§) € RF, since
J is a pointwise, we have

lans1(8) - @m
@ns1(0) = (Ban(8) + (1= B) 7" (8, 4n(8))) + Bucn(6) + (1 = B) J" (6, n(8)) = 56
Bcn(8) + (1= )| 7" (8,00 (6)) — ()|

< 6+ Bal|an(8) + (1= 8] 77 (5, 0 (9)) — 3()|

< e+ [14G(0)][|an(d) = 30)|
Since Y%, ¢, (8(6 )) < 00 and 1%, €, < 00, 50 with Lemma [L.11], we have {a,,(d)} is bounded and

lim,, 00 Hozn(5 — )H = 7.

<€+




Stability and convergence theorems of pointwise asymptotically nonexpansive random operator ...
Volume 12, Issue 1, Winter and Spring 2021,119-127 125

On the other hand,

lim
n—0o0

T (6, 0a(6)) = 3(0)

< lim o, (7(5))

n—oo

0, (8) ~0(6)| < 2

And

B (n(8) = B(8)) + (1= ) (" (6, 00(9)) = 0(6)) || = 2

lim
n—oo

By Lemma , we have lim,,_,
operator, 3 {a,,(0)} of {a,(§)} and a 3(J) € A such that lim,,_,, ‘

an(0) = J" (v, an(d H 0 because of J" being a compact random

(8, cun, (6)) — 5(5)( —0

< lim

n—oo

+ lim

n—oo

lim
n—oo

By Theorem , we have that 0(0) € RF.
Since lim, o ||, (8) — 8(0)|| = Z, thus lim, o0 o, (8) = 8(6). O

00, (6) = 36

0 (6) = I (6,00, (9))

T, (8) — 6(5)” —0

Theorem 2.10. Let L, A and n,41(5) satisfies conditions Theorem , let J€T'.(L) and J" be a
compact random operator. Then the iterative scheme on (RGII) is stable.

Proof . Let {a,(0)} be an arbitrary sequence such that Y > ¢, < oo. For each v(§) € RF. It
follows that

i (8) = 30)| =

n1(8) = 9(J, n(8)) + g(J, an(8)) — 5(5)H <ent

h(J.0u(6)) = 3(6)

Now
(@) = 36| = [|n (@n(8) = 88) + (1 = pu)J" (8, 1 (8)) — 3()|
< pul|an(d) — O( H+1 pn) || (8, pn(9)) — H
< pu[an(8) = 3@)|| + (1 = pu) 0w (8(3)) [2a(8) — 3)|
pin(8) = 86) | = || B (0a(8) = B0)) + (1 = ) (7 (5, an<6>>—6<6>>\
< B an(@) = 8(0)|| + (1 = 8)||7" (6, n(8)) — 3(5) |
< B[ n(8) = 80| + (1 = Bu)ea (3(9)) an<6>—6<é>)
Sgn( (8))||an(8) — 65”
Now

@ (8) = 90) | < en - [14 00 (000))° - 1]
< et [14+(G(00)" + 26,300 >>}

e

0, () ~ 8(0)
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Since -7 ¢, (9(8)) < oo and Y7, €, < 00, s0 by Lemma we get that {,(d)} is bounded and
there exists lim,,_, Han(é) — 5(5)“ = Z and lim,,_, 0p (3(5)) = 1 we have lim,,_,, ‘ i (8) —

H
un(é)—?)(é)H < Z then limy, . Hg(J, 0 (6)) —6(5)” <7

ZJmmﬁm‘mxa—awﬂ}:Z.Hnmmmﬁ
Z = Jim [Joner(6) = 806)| < Jim e+ Jimn lo(7.00(9)) ~0(6)]| < 2

Which is contradiction, so lim,,_, ‘ n(0) — 7(6)” =7

Since
Tim ‘J”(é, 0 (6)) — 6(5)“ < lim gn(ﬁ(é))‘ an(6) — 5(5)“ <z
and
T |[6,(0n(9) = B(8) + (1= 5.).7" (5, 00(6)) =36 =l [10(6) = 50)|| = 2

By Lemma , we get that lim,, Han(é) — J”(é, an(5)) H =0
Since J" is compact random operator, 3 {ay, (6)} of {a,(0)} and a d(d) € A such that

lim ’J" (5, ani(é)) - 6(5)” —0

n—oo

lim
n—oo

By Theorem , we have that 0(J) € RF.
Since lim,, o Han(c?) - 5(5)“ = Z, thus lim,,_,o a,(9) = 9(9). O

o, (6) —6(5)’ < lim H%(a) — g (s, ani(é))‘ + lim Hw%(a) —6(5)H —0

T n—oo n—00

3. Open Problem

Study the convergence fixed point of modified the results papers [19, 20] under random operator
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