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Abstract
This paper studies a novel technique based on the use of two effective methods like modified Laplace-
variational method (MLVIM) and a new Variational method (MVIM)to solve PDEs with variable
coefficients. The current modification for the (MLVIM) is based on coupling of the Variational
method (VIM) and Laplace- method (LT). In our proposal there is no need to calculate Lagrange
multiplier. We applied Laplace method to the problem .Furthermore, the nonlinear terms for this
problem is solved using homotopy method (HPM). Some examples are taken to compare results
between two methods and to verify the reliability of our present methods.
Keywords: Homotopy method, He’s polynomials, PDEs, Laplace-Variational iteration method,

Lagrange multipliers. Introduction

1. Introduction

In recent years, applications of partial differential equations have greatly attracted several researchers
[1,2,3].Some types of differential equations such as PDEs played a fluent role in engineering and
sciences. Several methods suggested like an Explicit scheme , Spline- scheme, and decomposition
method [4,5,6] to find solutions of 4th order Partial differential equations. An evolution of the VIM is
presented [7]. Thus, homotopy-perturbation method [8]was developed to solve PDEs with nonlinear
terms. Recently, some authors have used Laplace variational method to solve several types of PDEs
[9].
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2. Modified -Variational Iteration Method for PDEs

Consider a non-homogeneous PDEs with variable coefficients of the form:

∂2u

∂t2
+ γ(x)

∂4u

∂x4
= φ(x, t), u(x, 0) = g(x),

∂u

∂t
(x, 0) = M(x) · · · (2.1)

Where, γ(x)x is a variable coefficient and the boundary conditions are

u(a, t) = µ1(x), u(b, t) = µ2(x)

∂4u

∂x4
(a, t) = µ3(x),

∂4u

∂x4
(b, t) = µ4(x)

Apply modified variational iteration method of Eq. (2.1)

uk+1(x, t) = uk(x, t) +
∫ t

0
λ(3)[

∂2uk(x, η)

∂η2
+ γ(x)

∂4ũk

∂x4
(x, 3)− Φ(x, 3)]∂3

where λ is a Lagrange multiplier (λ = ξ − t), and k denote the k − th approximation,∂ũk = 0 and
the solution is given by u = limn→∞ un.

3. Modified Laplace variational iteration method (MLVIM)

First, use Laplace transform of PDEs and multiply it with an unknown parameter. After taking
homotopy perturbation method [8] to calculate the nonlinear terms. Consider the following differ-
ential equation and take the Laplace transform , that yields: L[Mu−Nu− c] = 0 · · · (3.1)
Then λ(s){L[Mu] − L[Nu + c]} = 0. Thus, the Laplace transform of Eq(3.1) can be written
u(k+1)(s) = uk(s) + λ(s){L[Muk]− L[Nuk + c]}.
Using the inverse Laplace transform

u(k+1)(s) = uk(s) + L(−1)[λ(s){L[Muk]− L[Nuk + c]}]

Then, use homotopy method (HPM) to get the solution.

4. Comparison of Modified Variational Iteration Method (MVIM) Combined with Mod-
ified Laplace and Variations Iteration Method (MLTVIM)for solving PDEs

Here, the major goal is to present a comparative study for solving nonlinear PDEs with variable
coefficients using (MVIM ) and (MLTVIM).
Example (4.1): By using (MVIM)
Consider homogenous PDEs with variable coefficients

∂2w

∂t2
+ (

1

x
+

x4

120
)
∂4w

∂t4
= 0 1 < x < 2, t > 0 (4.1)

With initial condition w(x, 0) = 0,
∂w

∂t
(x, 0) = 1 +

x5

120
, and B.C

w((0, 50), t) = (1 +
(0.50)5

120
)sin(t), w(1, t) = (

121

120
)sin(t)

∂2w

∂x2
(
1

2
, t) =

1

6
(0.125)sin(t),

∂2w

∂x2
(1, t) =

1

6
sin(t)

By Applying Modified Variational Iteration Method to Eq.(2.3), we obtain
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w(k+1)(x, t) = w(k)(x, t) +
∫ t

0
λ(3)[

∂2wk(x, 3)

∂32
+ (

1

x
+

x4

120
)
∂4w̃

∂x4
(x, 3)]∂3, k ⩾ 0]

Suppose (λ = ξ − t), that implies

w(k+1)(x, t) = w(k)(x, t) +
∫ t

0
(ξ − t)[

∂2wk(x, 3)

∂32
+ (

1

x
+

x4

120
)
∂4w̃

∂x4
(x, 3)]∂3

Now take

w0(x, t) = w(x, t) = (1 +
x5

120
)t,

w1(x, t) = (1 +
x5

120
)t+

∫ t

0

(ξ − t)

[
(
1

x
− x4

120
)x3

]
∂3 = (1 +

x5

120
)t− (1 +

x5

120
)(
t3

3!
)

w2(x, t) = (1 +
x5

120
)t− (1 +

x5

120
)(
t3

3!
) +

∫ t

0

(ξ − t)

[
−(1 +

x5

120
) + (

1

x
− x4

120
)(x3 − x

33

3!
)

]
∂3 =

(1 +
x5

120
)(t)− (1 +

x5

120
)(
t3

3!
) + (1 +

x5

120
)(
t5

5!
)

w3(x, t) = (1 +
x5

120
)(t)− (1 +

x5

120
)(
t3

3!
) + (1 +

x5

120
)(
t5

5!
)− (1 +

x5

120
)(
t7

7!
)

wk(x, t) = (1 +
x5

120
)(t)− (1 +

x5

120
)(
t3

3!
) + (1 +

x5

120
)(
t5

5!
)− (1 +

x5

120
)(
t7

7!
) + . . .

= (1 +
x5

120
)(t− (

t3

3!
) + (

t5

5!
)− (

t7

7!
) + . . . )

Then the exact solution w(x, t) = (1 +
x5

120
)sin(t) Example (4.1) :By using (MLVIM) By using

the same previous example, and using Laplace transform in eq.(4.1)

L

[
∂2w

∂t2
+ (1 +

x4

120
)
∂4w

∂t4

]
= 0 and by multiplying the above equation with λλL

[
∂2w

∂t2
+ (

1

x
+

x4

120
)
∂4w

∂t4

]
=

0 Then ,we get w(k+1)(x, s) = w(k)(x, s) + λ(s)L

[
∂2w

∂t2
+ (1 +

x4

120
)
∂4w

∂t4

]
.

Thus, δw(k+1)(x, s) = δw(k)(x, s) + s2λ(s)w(k)(x, s). That gives λ(s) = − 1

s2
.

After putting this value of λ(s) and applying Laplace inverse, we obtain

w(k+1)(x, t) = w(k)(x, t)−
1

s2
L−1

[
1

s2
L

{
∂2wk

∂t2
+ (

1

x
+

x4

120
)
∂4wk

∂t4

}]

When ∂2wk

∂t2
= 0 k = 0, 1, 2, .Applying HPM, we get

p0 : w0(x, t) = w0(x, 0) + t
∂w

∂t
(x, 0),

p1 : w1(x, t) = −L−1

[
1

s2
L

{
(
1

x
+

x4

120
)
∂4w0

∂x4

}]
,

p2 : w2(x, t) = −L−1

[
1

s2
L

{
(
1

x
+

x4

120
)
∂4w1

∂x4

}]
,
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That yields:

w0(x, t) = (1 +
x5

120
)t,

w1(x, t) = (1 +
x5

120
)t− (1 +

x5

120
)(
t3

3!
),

w2(x, t) = (1 +
x5

120
)t− (1 +

x5

120
)(
t3

3!
) + (1 +

x5

120
)(
t5

5!
),

Therefore, we can get the result as follows:

w(x, t) = (1 +
x5

120
)(t− (

t3

3!
) + (

t5

5!
)− (

t7

7!
) + . . . ) = (1 +

x5

120
)sin(t)

5. Conclusions

A novel technique was given to build a modified method to solve PDEs with variable coefficients .
This technique is reliable, and efficient. Also, we presented a comparative study between two effective
methods like (MVIM) and (MLTVIM), that were recently developed. These techniques allow for fast
convergent series . The computations are easy and straightforward.
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