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Abstract

In this paper, we establish some new variants of the Hermite-Hadamard integral type inequalities
for functions whose nth derivatives in absolute value at certain powers are strongly n-convex.
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1. Introduction

Let I denote an interval in R and I° the interior of I. A function f : I — R is said to be convex
on [ if

flx+ A=ty <tf(x)+ (1 —-t)f(y), Vx,yel,tel0,1].

The following double inequality, for convex functions, is known in the literature as the Hermite—
Hadamard inequality.

Theorem 1.1. If f : [a,b] — R is convex on [a,b] with a < b, then

() < 5 [ s < L0LHI0 w
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With the introduction of different kinds of convexity over the years, many authors have provided
several generalizations of the Hermite-Hadamard inequality corresponding to these new classes of
functions. For some recent results related to the Hermite-Hadamard inequality, we refer the inter-
ested reader to the papers [1} 2 3], 4. [6, [8, 9l 20, 10, [16} 14}, 15, 17, 18] 19} 211 [7].

Recently Gordji et al. [12] introduced the concept of n-convexity as follows:

Definition 1.2 ([12]). A function f: I — R is said to be n-convex with respect to the bifunction
n:RxR—=R, if

fltz+ (1 —=t)y) < fly) +tn(f(x), fly), Va,yel,tel01]

Remark 1.3. If we put n(x,y) =x —y in Deﬁm’tz’on then we recover the classical definition of
convex functions.

In 2017, Awan et al. [5] extended the class of n-convex functions to the class of strongly n-convex
functions as follows:

Definition 1.4 ([5]). A function f : I — R is said to be strongly n-convex with respect to the
bifunction n : R x R — R with modulus > 0, if

flte + (1 =t)y) < fly) +tn(f(2), f(y) — pt(l = (x —y)*,  Va,yel,tel01].
Remark 1.5. Ifn(z,y) =x—y in Deﬁm’tz’on then we have the class of strongly convez functions.

In [12], the authors proved the following Hermite-Hadamard type inequality for n-convex func-
tions as follows:

Theorem 1.6. Suppose that f : I — R is an n-convex function such that n is bounded from above
on f(I) x f(I). Then for any a,b € I with a <b,

b
2 (450) - bty < 2 [ s < g+ R0, (12)

where M, is an upper bound of n on f([a,b]) x f([a,b]).

Awan et al. [5], proved the following extension of Theorem for strongly n-convex functions as
follows:

Theorem 1.7. Let f : [a,b] — R be a strongly n-conver function with modulus p > 0. If n is
bounded from above on f([a,b]) x f([a,b]), then

1(550) - 5 ooyt [ s
()

< f(a);r L (). F(b)) Z'fi(f(b%f(a))
- %(b-@?
< M+%—%(b—a)2, (1.3)

where M, is an upper bound of n on f([a,b]) x f([a,b]).
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The authors in [5] also proved the following Hermite-Hadamard type inequality for functions
whose nth derivatives are strongly n-convex.

Theorem 1.8. Let f : [ — R be an n-times differentiable strongly n-convex function on I° where
a,b € I° with a < b and f™ € Ly([a,b)). If | f™ P is strongly n-convex function with p > 1, then for
n>2 andp > 1, we have

flaj+f®) 1 S
5 —b_a/af(x)dx—

Bl
||
N

< Ol [l OO + dalalnl O P O P
~ (s~ o (14
h _ w2 deis(n) = —
where Yy (n) := n—l—l’ Py(n) = CESICED) and 3(n) = SR

For more information about the class of n-convex functions and some recent results, we refer the
interested reader to the papers [5], [11], 12} 13} (14} (15, [17]. Motivated by the above results, our goal is
to introduce some new Hermite-Hadamard integral inequalities for functions whose nth derivatives
in absolute value at some powers are strongly n-convex.

2. Main results

To prove our main results, we need the following lemmas by Zhang et al. [22].

Lemma 2.1. Let f : I — R be n-times differentiable on I°,a,b € I with a < b and n € N. If
f™Li(la,b]), then

/ - 3 L= @)+ 1))

b—a 2(k!)
= (bz(_n‘!‘)) /O 1" + (t — 1)"f™(ta + (1 — t)b)dt. (2.1)

Lemma 2.2. Let f : I — R be n-times differentiable on 1I°,a,b € I with a < b and n € N. If
f™ e Li([a,b]), then

[ + (D0 —a) Tty (atd
2h=1(k) f )(T)

:(b_ @) [/2(—t)”f(”)((1—t)a+tb)dt+

n!

_—
>,

(1—t)"f™(ta+ (1 — t)b)dt] : (2.2)

Theorem 2.3. Let f : [ — R be n-times differentiable on 1°,a,b € I with a < b and n € N. If
f™ € Li([a,b]), and |f™|7 for ¢ > 1 is strongly n-convex with modulus y > 0, then we have the
imequality

— (b—a)* M [f* D (a) + (1) fEV(B)]
b—a /f dt_ 2(k!) ‘
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< () (o

——n(If V@I 1 o)1)

b a) ) (2.3)
(n+2)(n+3))
Proof . By using Lemma , the Power mean inequality and the strong n-convexity of |f™[9, we
have
I ~ (b—a)* [f" D (a) + (1) fEV(B)]
t)dt —
b—a/af() ’; 200
(b _ a)n /1
< "4 (11— 1—t)b)|dt 2.4
<50 0(t+ ™) [ (ta+ (1 —t)b)| (2.4)

1_1

/Olt”Jr(l—t)”dt) q(/ol( + (=)™ [ (ta+ (1 —t)b }th);

1—1

<

Fn(IF @ FOO) - 1 = 00~ o))

— % (/01 "+ (1 —t)"dt)l_; (lf(">(b)!q/01 "+ (1 —t)")dt

Fa(lFO@P I OOF) [ e @ -ao- o [ ia-n o)

- () (G er s (@ o)

_2u(b—a)? )‘1’
n+2)(n+3)/) "’

where

! 2
t" 1—)"dt =
/0 + ) n+1’

1
/0 (4 (1 — 1))t = ni 1

and

/Olt(l —o(r (- 0y)ar = (n+2)2(n+3).

This completes the proof of the theorem.
O
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Theorem 2.4. Let f : I — R be n-times differentiable on I°;a,b € I with a < b and n € N. If
f™ € Li([a,b]), and |f™|? for ¢ > 1 is strongly n-convex with modulus p > 0, then we have the
imequality

(b—a)* [f* V(a) + (=) V(b))
/ Ft)dt = 2(k1)

< l;znﬁ) (njl ”(|f<n><b>|q+gn(u(’”(a)w,|f<”><b>|q)—@)q: (2:5)

1 1
where — + — = 1.
b q

b—a

Proof . By using Lemma the Holder’s inequality and the strong n-convexity of |f™ |7, we have

b—a)k 1[f(k—1)(a) + (—l)k_lf(k_l)(b)]
/ (1) dt‘ ) |

b—a

g 2(n!) /O( +(1—t))\f<”)(ta+(1—t)b)]dt

(bz(_n?))n (/01 (- t)"rdt)f (/01 £ et (1~ t)b”th);
3 ([l wn-ot) ([ o

Fan(IF @O OF) - g - 00 - @)t )

IN

IN

1

S (e t)”}”dt)’l’ (150 [ 1-deaiso@r ro0r) [
— (b — a)? /01 t(1 — t)dt)

O ([ ) (0 S o) - L= 0) g

It can easily be verified that t" + (1 —¢)" < 1 for t € [0, 1]. So, it follows that

/01 [t”+(1—t)”rdtg/olt”+(1—t)“dt=nil. 2.7)

Hence, the desired inequality follows from (2.6) and ([2.7)). This completes the proof of the theorem.
O

Q=

Theorem 2.5. Let f : [ — R be n-times differentiable on 1°,a,b € I with a < b and n € N. If
f™ e Li([a,b]), and |f™|7 for ¢ > 1 is strongly n-conver with modulus ju > 0, then we have the

imequality
1 L (DY —a) Tt L (a+D
i = R )<T>|
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= . ;!a)” (2n+1(711 + 1))1_}1 Kmlﬂn)(a”q

| W 1) b= @)+ )\
+ mn(V( )(b)| 7|f( )(a)| > - 2n+3(n+2)(n+3))

1 n+3

+ (2n+1(n + 1) ‘f(n)<b)|q + 2n+2(n + 1)(71 4 2>77<‘f(n)(a)|q> ’f(n)(b)’q>

—a)? 4 7
b —a)’(n+4) . (2.8)
273 (n 4 2)(n + 3)
Proof . By using Lemma 2.2, the Power mean inequality and the strong n-convexity of | f (”)\‘7, we
have
1 (b — a)k! a+b
dt (k=1) (2T~
i [ 10 SIC
h—
g%[/t\ﬂ ((1- ta+tb\dt+/ (L—t)" | f"(ta+( |dt]
n! 0

(o) ([er-mrora)
“(f « —t)”dt)l_;( / (-0 | + (1 —t>b>\th)1
<L % tndt)l_; (f Fr (150wl + £ @)
(1= )00 - o)t %
y ([(1—1&)%)1‘;([u—t)”(u(“( DI+ (7@ W)
)]
< O T [ ) ™ (1o |/tdt+n RGO <>|)/ e
e [ t>dt)
“( - t>“dt)1_; (e | (1= trde+a(|FO@P OO / (1t
oo’ | (1) ;]
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1 . pb—a)?(n+4) \
+mn<’f( )( )’ a‘f ( )| ) - 2”+3(n—|—2)(n+3)>

n n+3 n a n a
+ (g 1O+ g (V@I L)

u(b—a>2<n+4>)>é]

2B (n +2)(n+ 3

This completes the proof of the theorem.
O

Theorem 2.6. Let f : [ — R be n-times differentiable on I°;a,b € I with a < b and n € N. If
f™ € Li([a,b]), and |f™|7 for ¢ > 1 is strongly n-convex with modulus p > 0, then we have the

imequality
I [+ (=DFNb—a) !t iy (at+b
t)dt — (k=) [ ——
b— a/a f®) ; 2k=1(k!) / 2
1
(b—a)" 1 b (n) 1
< n a4 - ()£ ()9 2.
S Rt B AR ARG O (2.9
1 1
1% b—a 2\ ¢ n 3 n n K b—a 2\ 9
e I (Tl O T (P TACIOI) R B B CATY
6 4 6
1 1
where — + — = 1.
P q
Proof . Again, using Lemma , the Holder’s inequality and the strong n-convexity of | f(™[?, we
have
+ =DM =)y (atd
b—a / J()dt 25T () / )
< b= |) [/ t”}f(” (1—t)a+tb) \dt+/ (1=t | f™(ta+ ( 1—t)b)|dt]
n! 0

IN

(b ;!a)n [(/0% t”pdt); (/0% FAI(e = t)a—f—tb)}th);
+(f( ”pdt> </ | F™ (ta+ (1 —1)b }dt)}

2

<O [ [Foa) ([ (@ +m(iro0r )

1

(1 —t)(b— a)2>dt)q

w([a-oma)( / (5@ + (| @R )

=
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(1 —t)(b— a)2>dt) }

1 1

evae)” (1F@ [*1aeen(ifowr @) [Cear

(b — a)? /0é ' — t)dt) q

a=year)” (100 [ a ol oor) [
(b — a)? f 11— t)dt) 1

2

(b—a) (2 — )’1’ [(5 £ (@) + én(v(%)w, @)
) +( v )!q+%n(lf‘”)(a)l‘%If(")(b)lq)—M(bl—;ay)é}
o (W — ) (1r@ir+ (1 @)
- %) (If(” )1+ (17O @I 1)) - %) }

This completes the proof of the theorem.
O

i

o—
2

Remark 2.7. By substituting p = 0 in the above theorems, we obtain results for the n-convex func-
tions.
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