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Abstract

Recently Hamed H Alsulami et al introduced the notion of (a-1)-rational type contractive mappings.
They have been establish some fixed point theorems for the mappings in complete generalized met-
ric spaces. In this paper, we introduce the notion of some fixed points theorems for a,-1)-common
rational type mappings on generalized metric spaces with application to fractional integral equations
and give a common fixed point result about fixed points of the set-valued mappings.
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1. Introduction

You know, fixed point theory has many applications and was extended by several authors
from different views (see for example [I]-[23]). Recently Hamed H Alsulami et al introduced the
notion of (a — ¢)—rational type contractive mappings ([2]). Denote with ¥ the family of upper
semi-continuous, strictly increasing functions # : [0,00) — [0, 00) such that {¢"(t)},en converges to
0 as n — oo and ¥(t) < t for all t > 0 where 1" is the n-th iterate of ¢ and ¥ € ¥ ([2]). Let (X, d)
be a generalized metric space, T" a self-map on X, ) € ¥ and o : X x X — [0, 00) a function. Then
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T is called a (a-t))-rational type-I contraction mapping whenever o(x,y)d(Tx, Ty) < »(M;(x,y))

for all x,y € X where

d(z, Tx)d(y, Ty) d(x, Tx)d(y, Ty)
L+d(z,y) ~ 1+d(Tz,Ty)

Mi(z,y) = max{d(z,y),d(x,Tz),d(y, Ty), } (1.1)
for all z,y € X. Also, we say that T is a-admissible whenever a(z,y) > 1 = a(Tz,Ty) > 1. Also,
we say that X has the property a-regular generalized metric space if {x,} is a sequence in X such
that a(xp, zp41) > 1 for all n > 1 and z, — x, there exists a subsequence {x,, } of {z,} such that
a(x,,,xr) > 1 for all k > 1. Let (X,d) be a generalized complete metric space, T a a-admissible
and (a-1)-rational type contractive mappings on X. Suppose that there exists g € X such that
a(xg, Txg) > 1, alxg, T?19) > 1. If T is continuous or X has the property a-regular generalized
metric space, then 7" has a fixed point (see [2]; Theorems (2.1) and (2.2)). The aim of this paper is
to introduce the notion of some fixed points theorems for a,-1)-common rational type mappings on
generalized metric spaces with application to fractional integral equations. Let 2% denote the family
of all nonempty subsets of X.

2. Preliminaries
In this section, we list some fundamental definitions that are useful tool in consequent analysis.

Definition 2.1. [9/ Let X be a nonempty set and d : X x X — [0,00) satisfy the following condi-
tions, for all x,y € X and all distinct u,v € X each of which is different from x and y:

(GMS1) d(z,y) =0 if and if v =y

(GMS2) d(z,y) = d(y, x)

(GMS3) d(z,y) < d(x,u) + d(u,v) + d(v,y).
Then the map d is called a generalized metric and abbreviated as GM . Here, the pair (X,d) is called
a generalized metric space and abbreviated as GMS.

In the abave definition, if d satisfies only GMS1 and GMS2, then it is called a semi-metric (see,
e.g. [23]).

A sequence {x,} in a GMS (X,d) is GMS convergent to a limit x if and only if d(x,,x) — 0 as
n — 0.

A sequence {x,} in a GMS (X,d) is GMS Cauchy if and if for every e > 0 there exists a positive
integer N(€) such that d(x,,z,) < €, for alln > m > N(e).

A GMS (X,d) is called complete if every GMS Cauchy sequence in X is GMS convergent.

A mapping T : (X,d) — (X,d) is continuous if for any sequence {x,} in X such that d(z,,z) — 0
as n — 0o, we have d(Tx,,Txr) — 0 as n — oo.

The following assumption was suggested by Wlilson ([23]) to replace the triangle inequality with the
weakened condition.

(W) For each pair of (distinct) points u,v there is number ry, > 0 such that for every z € X, 1, <
d(u, z) +d(z,v).

Proposition 2.2. [19] Suppose that {x,} is a Cauchy sequence in a GMS (X, d) with lim,, o0 d(z,, u) =
0 where uw € X. Then lim, o d(zp, 2) = d(u, 2) for all z € X. In particular, the sequence {z,} dose
not converge to z if z # u.

Definition 2.3. Let F the family of functions f : [0,00) — R satisfy:
(i) £(0) =0 and f(t) >0 for allt € (0,+00);
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(17) f is continuous,
(1ii) f is nondecreasing on [0, +00);
() f(tr+1t2) < f(t1) + f(t2) for all t1,t2 € (0, +00).

Definition 2.4. Let (X,d) be a (GMS) and T, S : X — 2% with given multi-valued, o : X x X —
0, +00),a, : 2% x 2X — [0,+00), a.(A, B) = inf{a(a,b) : a € Ab € B}, f € F, ¢ € ¥,
D(s,Ts) = inf{d(s,z)/z € T's}, H is the Hausdorff metric and let

D(z, Ax)D(y, By) D(z, Ax)D(y, By)
1+d(z,y) = 14 H(Ax, By)

M;(Ax, By) = max{d(z,y), D(x, Azx), D(y, By), oo(2.0)

H(Az, By) = max{sup D(a, By), sup D(Az,b)}.
acAx beBy

One says that T, S are a,--common rational type-1 contractive set-valued mappings whenever
a.(Az, By) f(H(Az, By)) < ¢(f(M(Az, By))), (2.2)
A B=T orS foralx,y e X.

Definition 2.5. Let T,S : X — 2% and o : X x X — [0,+00). One says that T,S are an
a-common admissible if a(z,y) > 1= a.(Ax,By) > 1, A,B=T or S forallx,y € X.

Definition 2.6. A subset B C X s said to be an approximation if for each given y € X, there
exists z € B such that D(B,y) = d(z,y).

Definition 2.7. A set-valued mapping T : X — 2% is said to have an approzimate values in X if
Tx is an approximation for each x € X.

Definition 2.8. ([22]) A set-valued operator T : X — 2% is called order closed if for monotone
sequences x, € X and y, € Tx,, with lim,_,o, d(x,,x) =0 and lim, . d(yn,y) = 0, implies y € Tx.

Definition 2.9. Let (X,d) be a metric space. If T : X — 2% is a set-valued mapping, then v € X
is called fized point for T if and only if x € F(x). The set Fix(T) :={z € X|z € Tz} is called the
fixed point set of T'.

Definition 2.10. We say that X has the property a—reqular generalized metric space if, either
(7) {zn} is a sequence in X such that oz, xpy1) > 1 for alln and x, — x € X as n — oo, then
there ezists a subsequence {x,, } of {x,} such that a(z,, ,x) > 1 for all k. Or
(17) {x,} is a sequence in X such that a(x,1,2,) > 1 for alln and x, — x € X as n — oo, then
there ezists a subsequence {xy, } of {x,} such that o(z,x,,) > 1 for all k.

Throughout this paper we always assume that all set-valued operators have approximate values. We
have the following result. Finally, we should emphasize that throughout this paper we suppose that
all set-valued mappings on a metric space (X, d) have closed values.
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3. Main result

Now, we are ready to state and prove our main results. Fixed point theorems for order closed
set-valued mappings.

Lemma 3.1. Let (X,d) be a GMS and T, S : X — 2% are a.-tp-common rational type-I contractive
set-valued mappings. Then Fix(T) = Fixz(95).

Proof . We first show that any fixed point of 7" is also a fixed point of S and conversely. Define
a(z,y) =1 for all z,y € X. Since Fiz(T) # Fixz(S), we may assume there exists z* € X such that
z* € Fix(T), but x* ¢ Fix(S). Since D(z*, Sz*) > 0, we have

M;(Tz*, Sx*) = max{d(z*,x*), D(z*, Tx*), D(x*, Sx*)
D(z*,Tx*)D(x*,Sz*) D(x*,Ta:*)D(:L‘*,S:L‘*)} (3 1)
’ 1+d(x*,x*) ’ 1+H(Tz*,Sz*) :
= D(z*, Sz*)

and

F(Da*, 82%) < f
(F(My (T, 52%)) (3.2)
(f

This contradiction establishes that Fiz(T)
containment, and therefore Fiz(T) = Fiz(S

~—

Theorem 3.2. Let (X,d) be a complete GMS, T,S : X — 2% be a a,-1)-common rational type-
I contractive set-valued mappings and satisfies the following conditions:

(i) T, S are a,-common admissible;

(17) there exists xo € X such that

a.({xo}, Txo) > 1, .({mo}, STx0) > 1;

(1ii) X has the property a—reqular generalized metric space
Then T, S have common fixed point x* € X. Further, for each xy € X, the iterated sequence {x,}
with xop11 € Txe, and xopio € Sxopi1 converges to the common fixed point of T, S.

Proof . By lemma (3.1), we have Fiz(T) = Fiz(S). Let zo € X such that o ({zo}, Tz) > 1 and
a,({zo}, STxy) > 1. Define the sequence {x,} in X by z9,,1 € T, and xe, 1o € Sx9,.; for all
n € No. If z,,, = 75,41 for some ny > 1, then z* = z,,, are a common fixed point for 7', S. So, we can
assume that xy, ¢ Txs, and xo, 11 ¢ Sa,4 for all n € Ny. Since T', S are a,-common admissible,

we have
a(xg, 1) > a({zo}, Txo) > 1 = au(Txo, Sz1) > 15 (3.3)

a(xy, x3) > a(Txg, Sx1) > 1 = a,(Sxy, Ty) > 1. (3.4)

Inductively, we have oz, z,41) > 1 for all n € Ny. By similar arguments, since o ({zo}, STzo) > 1,
we have
a(xg, x2) > a({xo}, STxo) > 1 = au(Txo, Txa) > 1; (3.5)

a(xy, x3) > a(Txe, Tre) > 1 = au(Sxy, Sx3) > 1. (3.6)
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Inductively, we have a(x,,x,2) > 1 for all n € Ny. Without loss of generality, we may assume
that T, S : X — 2% be a a,-1)-common rational type-I contractive set-valued mappings. Consider

equation (2.1, (2.2) with x = x9, 1 and y = z9,.2. Clearly, we have

fld(zansi1, Tony2)) < f(H(Txon, Stoni1))
< a,(Txon, Stons1) f(H(Tvon, STont1))

< Y(f(M(Txon, Stoni1))),

where
MI(szn, S$2n+1) = maX{d($2n, $2n+1), D(fzn, Tﬁzn), D(I2n+1, SI2n+1)7
D(z2n,Tx2n)D(x2n41,5C2n+1) D(I2n7TI2n)D(I2n+1,SI2n+1)}
1+d(x2n,T2n+1) ) 1+D(Tx2n,ST2n+1)
= max{d(xgn, $2n+1)7 d(!)ﬁ'gn, x?n—i—l)y d<x2n+1a w2n+2)7
d(z2n,T2n+1)d(Z2n41,%2n+2) d(xzn,$2n+1)d($2n+1,$2n+2)}
14+d(z2n,22n+1) ? 14+d(z2n+1,22n+2)
= maX{d(332m l‘2n+1), d(l’2n+1, 1’2n+2)},
since
d(x2n,Tont1)d(T2nt1,%2n12) _  d(Ton,Tant1)
1+d(zon,Tant1)  1+d(@2n,T2nt1) X d($2n+17 $2n+2) S d(fL‘Qn—i—la $2n+2)
and
d(x2n,T2n+1)d(X2n41,Z2n42) _  d(T2n41,T2n42) <
1+d(xon+1,T2n+2) T 1+d(x2n+1,T2n+2) X d<x2"’ x2n+1) — d(xQ”’ $2”+1)'
If

max{d(argn, $2n+1)7 d($2n+17 $2n+2)} = d($2n+17 132n+2)-

So, in general,

fld(zany1, Tany2)) < Y(f(d(T2n11, T2n12))) < f(d(T2n41, Toni2)),

which is contradiction since d(z2,411, Z2,12) > 0. Thus

fld(zani1, Toni2)) < U(f(d(T20, Tang1)))-

Similarly,
f(d($2n, $2n+1)) < ¢(f(d(x2n—17 $2n))),

we have
Jd(@ns1, Tns2)) S O(f(d(@n, 2p41))) < -0 S P"(fd(@0, 71))),
for all n € N. From the property of ¥, we conclude that

d(l’n, anrl) < d(xnfb :Cn>7

for all n € N, it is clear that

lim d(z,41, Tpie) = 0.
n—oo

Consider equation ((2.1)), (2.2) with z = 5,1 and y = x9,,;. Clearly, we have

fd(xon, xony2)) < f(H(Szon—1,S%2p+1))
< o, (Swan_1,S%an11) f(H(STon—1, STan41))
< YP(f(Mi(Szon-1, ST2n41)))-

(3.7)

(3.8)

(3.9)
(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)
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where

M[(Sﬂfzn—b Sfl?2n+1) = max{d(xZn—la $2n+1)> D(332n—1, 5'932n—1), D(£E2n+1’ S$2n+1),
D(x2n—1,5%2n—1)D(22n+1,5C2nt1) D(x2n-1,5T2n—1)D(T2n+1,5C2n11) }
14+d(z2n—1,22n+1) ? 14+H(Sz2n—1,5T2n+1)
= maX{d(SCznfl; $2n+1), d<$2n717 ﬂfzn), d<x2n+17 332n+2),
d(T2n—1,22n)d(T2n+1,T2n+2) d(wzn—hwzn)d(ﬂﬁznﬂ,x2n+2)}
1+d(z2n—1,22n+1) ’ 1+d(z2n,T2n+2) :

(3.19)

From ([3.16) we have
d(Tan+1, Tonta) < d(Ton—1, Ton)- (3.20)

Define ay,, = d(z2y, Tant2) and by, = d(2ay,, Tan41). Then

bon—_1b bon—_1b
2n—1Y2n+1 2n—1 2n+1}‘ (321)

M;(S n—aS n = Ina n—abn—u )
I( Lop—1,0T2 +1) mx{a2 1, 92n—1 1+ ag 1 1+ ag,

If M;(Sxon_1,ST2m+1) = bap_1, Or bz{:;fz”r or bQ”I;I(IZ"“ then taking limsup as n — oo in (3.16|) and

using (3.17) and upper semi-continuity of 1) we get

0 < limsup,,_ o a2, < limsup,_,. Y(M(Szan—1,ST2m41))
= ¢(limsup,,_, ., M;(Sxon_1, ST 1)) (3.22)
=9(0) =

and hence,

lim as, = hm d(xon, Topia) = 0.
n—oo

If M;(Sxon_1,SToni1) = aon_1, then implies as, < ¥(ag,_1) < ag,—1 and similarly ag,y1 <
Y(ag,) < ag,. By induction, we get a, § ¢(an,1) < a,_1, due to the property of 1. In other words,
the sequence a,, is positive monotone decreasing, and hence, it converges to some ¢t > 0. Assume
that t > 0. Now, by , we get

t = limsup a,, = limsup ¢ (a,) = ¥(limsupa,_1) = ¥(t) < t. (3.23)

n—o0 n—oo n—o0

which is a contradiction. Therefore,

lim a, = lim d(z,,z,12) = 0. (3.24)
n—oo n—oo
Now, we shall prove that z, # xz,, for all n # m. Assume on the contrary that x,, = z,, for some
m,n € N with n # m. Since d(z,, xp11) > 0 for each p € N, without loss of generality, we may assume
that m > n+1,m = 2k and n = 2[ for k,l € N. Substitute again x = x9; = xo and y = To;11 = Togi1

in (2.1)), (2.2)) which yields

fld(za, zary1)) = fd(wok, Tari1)) < f(H(Swop—1, Tra))
S Oy (S{L‘Qk_l, T{L‘Qk)f(H(SZEQk_l, Txgk» (325)

< Y(f(Mr(Swop—1, Twor))).
where

MI(S@L@A,T%%) :max{d<x2k717x2k)aD<x2k71755€2k 1) D(ﬂf%;szk),
D(xop_1,8cak—1)D(xor,Tror) D(wop_1,5C2k_1) $2k7Tx2k)}

1+d(zok—_1,T2k) ’ 1+H(Szop_1,Txor)
= max{d(ror—1, Tor), d(Top—1, Tor), d( ok, Tor41), (3.26)
d(x2r—1,%2k)d(Tak,Taky1) d(Tok—1,22k)d(Top,Tort1) }
1+d(zop—1,T2k) ’ 1+d(@op,Tor41)

= maX{d(SUQk—l, 3321:), d(ﬂfzk, $2k+1)}-
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If M;(Swzog_1,Txor) = d(xe_1, o), then from (3.26)), implies

fd(@ar, 2a41)) < V(f(d(zop—1, 1)) < V2 (f(d(zr, T2141))). (3.27)
If on the other hand Mj(Swog_1, Txor) = d(xaek, Tokt1), then from (18) we have
Fld(a, wog1)) < O(f(d(@or, Tapar))) < 2 (f(d(wor, w2041)))- (3.28)

Using the property of ¢, the two inequalities (3.27)) and (3.28)) imply

d(war, Tor1) < d(w2r, Tor41),
which is impossible. Now, we shall prove that {z,} is a Cauchy sequence, that is,

lim d(x,, Tpex) = 0,
n—oo

for all k € N. We have already proved the cases for k = 1 and k£ = 2 in (3.16]) and (3.19)), respectively.
Take arbitrary k£ > 3. We discuss two cases.

Case 1. Suppose that k = 2m + 1, where m > 1. Using the quadrilateral inequality (GM S3), we
have

fld(zp, xni1)) < O(f(d(Tp_1,20))) < ... <P"(f(d(x,21))), for all n € Ny. (3.29)
And
fd(@n, Tntoms1)) SfJ';(Cé(ffm Tn+1)) + f()Cg(Im Tnt2)) + oo
+f(d(Tny2m; Tnromr1
< S (f(d(o, 1) (3.50)
< +§° YP(f(d(xo,21))) — 0
as n — 0o.

Case 2. Suppose that k = 2m, where m > 2. Using the quadrilateral inequality (GM S3), we have

f(d(ajna xn+2m)) S f(d(xna xn+2)) + f(d(anrQa xn+3)) + ...
+f(d(xn+2m—17 'Tn+2m))

n-+2m— 3.31
< dl@n,nsa) + Syl (o, 1) (331)
< d(xp, Tnya) + 3,5 WP (f(d(xo, 1)) — 0
as n — o0o. In both of the abave cases, we have
lim d(x,, Tpax) = 0,
n—o0o
for all £ > 3. Fix € > 0 and let n(e) € Ny such that
> W (f(d(xo, 7)) < €. (3.32)

n=n(e)

Let n,m € Ny with m > n > n(e). Using the quadrilateral inequality (GM S3), we obtain

fd(@n, zm)) < f(d(@n, Tni1)) + f(d(@ns1, Tng2)) + F(d(@ng2, Tm))
< fld(@n, Tng1)) + f(d(@ng1, Tsa)) + f(d(@ns2, Tnis))
+f(d(Tny3; Tnia)) + f(A(Tnia, 7))
S f(d(xm mn—i-l)) Tt + f(d(xm—la Im)) (3.33)
= s, fd(r, wx41)
< Yo VH(f(dlzo, 1))
< Ziin(e) P (f(d(zo, 1)) < €.
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Thus we proved that {z,} is a Cauchy sequence in the metric space (X, d). Since (X, d) is complete
metric space, there exists x* € X such that

lim d(z,,2") =0

n—oo

and condition (7i7), there exists a subsequence {z,, } of {z,} such that
ax({zon,+1},{2"}) > au(Txgy,,, Sx*) > 1 for all k. (3.34)

Thus

S f d(l’ ,xznk+1)) ( (x2nk+la Sﬂf*))
< F(d(z*, 2o 1)) + (T S2°) f(H (T, S2°))
< fld(a”, won,+1)) + (f (max{d(2en, , %), D(wan, , Ton, ),

% D(a}zn T zon )D(x*ﬁx*) D($2n Txon )D(z*vsz*) 335
(x >S ) ]{+d(mzik,x*) ’ 1:H(Tx2knk75w*) } ( )
< f(d(l’ l‘2nk+1)) + @Z)(f(max{d(x%k, l‘*), d([L‘an, xan‘H)?

d:rzn s L2n +1) (.T*,S.'E*) d(x2n »L2n +1)D(x*:sx*)
( , Sx* ) '“Hd(i%k T*) ’ 1iD(z§nk+1,Sz*) } =0

f(D(z*, Sz7))

for all k. Hence, D(z*, Sz*) = 0 and so z* € Sz*. By Lemma ({3.1)) we have z* common fixed point
of T,S. J

Corollary 3.3. Let (X, d) be a complete GMS, T : X — 2% be a a,-1p-rational type—I contractive
set-valued mappings and satisfies the following conditions:

(1) T are cv.—admissible;

(i1) there exists xy € X such that

a.({zo}, Txo) > 1, e ({xo}, T?20) > 1;

(1ii) if X has the property a-regqular generalized metric space.
Then T has fixved point x* € X. Further, for each o € X, the iterated sequence {x, } with ,.1 € Tx,
converges to the fixed point of T.

Example 3.4. Let X be a finite set defined as X = {1,2,3,4}. Defined: X x X — [0,00) as
d(1,1) =d(2,2) = d(3 3) =d(4,4) =0,

d(1,2) =d(2,1) =

d(2,3) = d(3, )—d(l 3)=4d(3,1)=1 and

d(1,4) =d(4,1) = d(2,4) = d(4,2) = d(3,4) = d(4,3) = <
The function d is not a metric on X. Indeed, note

3=d(1,2) <d(1,3)+d(3,2) =1+1=2,

that s, the triangle inequality is not satisfied. However, d is a generalized metric on X and moreover
(X,d) is a complete generalized metric space. Define T,S : X — 2% as: T1 = T2 = T3 =
{2,4},74 = {1,3} and S1 = 52 = S4 = {2,3},93 = {1,2}, o : X x X — [0,400), . = infa as
a(z,y) =1, ¢(t) = 2t and f(t) =V/t. Clearly, T, S satisfies the conditions of Theorem and has

a common fixed point x = 2.
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4. Fixed point theorems for weakly increasing set-valued mappings without order closed

In the following we provide set-valued versions of the preceding theorem. The results are related
to those in ([22]). Let X be a topological space and < be a partial order on X.

Definition 4.1. ([5]). Let A, B be two nonempty subsets of X, the relations between A and B are
definers follows:

(r1) If for every a € A, there exists b € B such that a <b, then A <; B.

(ro) If for every b € B there exists a € A, such that a < b, then A <5 B.

(rs) If A <1 B and A <5 B, then A < B.

Definition 4.2. ([20/, [10]). Let (X, <) be a partially ordered set. Two mappings f,g : X — X
are said to be weakly increasing if fr = gfr and gx < fgx hold for all x € X.

Definition 4.3. ([3]) Let (X, =) be a partially ordered set. Two mapping F,G : X — 2% are said
to be weakly increasing with respect to <y if for any x € X we have Fx <1 Gy for all y € Fx and
Gz <y Fy for all y € Gx. Similarly two maps F,G : X — 2% are said to be weakly increasing with
respect to <o if for any x € X we have Gy <o Fx for all y € Fx and Fy <9 Gx for ally € Gx.

Now we give some examples.

Example 4.4. ([3]) Let X = [1,00) and < be usual order on X. Consider two mappings F,G : X —
2% defined by Fx = [1,2%] and Gz = [1,2x] for all z € X. Then the pair of mappings F and G are
weakly increasing with respect to <o but not <y . Indeed, since

Gy =[1,2y] <2 [1,2%] = Fx for ally € Fx

and
Fy=[1,9%] <2 [1,22] = Gz for ally € Gz

so F' and G are weakly increasing with respect to <o but F2 = [1,4] £, [1,2] = G1 for 1 € F2, so F
and G are not weakly increasing with respect to <y .

Example 4.5. ([3]) Let X = [1,00) and < be usual order on X. Consider two mappings F,G : X —
2% defined by Fx = [0,1] and Gx = [x,1] for all x € X. Then the pair of mappings F and G are
weakly increasing with respect to <1 but not <o . Indeed, since

Fr=10,1] <1 [y,1] = Gy for ally € Fx

and
Gz = [z,1] <1 [0,1] = Fy for all y € Gz

so F' and G are weakly increasing with respect to <1 but G1 =1 45 0,1 = F1 for 1 € F1, so F and
G are not weakly increasing with respect to <o .

Theorem 4.6. Let (X, =,d) be a partially ordered complete GMS. Suppose that T, S : X — 2% are
set-valued mappings and satisfies the following conditions:

(i) F(H(Az, By)) < (f(My(Az, By))) for all A, B =T or S;

(i1) T and S be a weakly increasing pair on X w.r.t <y;

(i11) there exists xg € X such that {xo} <1 Txo and {xo} <1 STxo;

(iv) X has the property a—regular generalized metric space
Then T, S have common fized point x* € X. Further, for each xy € X, the iterated sequence {x,}
with xop11 € Txoy, and xon1o € SToni1 converges to the common fixed point of T, S.



254 Lotfy, Hassanzadeh Asl, Refaghat

Proof . Define the sequence z, in X by z9,,1 € Txs, and x9,12 € Sxo,,1 for all n € Ny. If
Tp = Ty for some n € Ny, then 2* = x,, is a common fixed point for 7',.S. Using that the pair of
set-valued mappings T and S is weakly increasing and by define o : X x X — [0, +00)

_ 1 ife =y
O‘(x’y)_{o ifr - v.

It can be easily shown that the sequence x,, is nondecreasing w.r.t, < i.e; and
a.({zxo}, Txo) > 1 = Jz1 € Txy, such that a(zg,x1) > 1= 29 =2 2.

Now since T" and S are weakly increasing with respect to <;, we have x; € Txy <; Sx;. Thus
there exist some xo € Sz such that x1 < x5. Again since T and S are weakly increasing with
respect to <y, we have x9 € Sx; <; Txy. Thus there exist some x3 € Txy such that zo < z3.
Continue this process, we will get a nondecreasing sequence {x,}2°, which satisfies zo,41 € Txo,
and xo,19 € Stop—1,n=20,1,2,3,--- We get

To XX X Xg =X Doy X Topyl D Toppo N0

In particular x,,, z,x are comparable for all k € N. «(z,, z,4x) > 1 for all n € Ny and by equation
and we have lim,, o d(z,, z,1x) = 0. Following the proof of Theorem , we know that
{z,} is a Cauchy sequence in the partially ordered complete GM S (X, <,d). There exists z* € X
such that lim,,_, . d(x,,2*) = 0. and condition (iv), there exists a subsequence {z,, } of {z,} such
that a(za,,+1,2%) > au(Twap,, Sz*) > 1 for all k. Thus,

f(D(", Sa%)) < fd(”, xan41)) + f(D (@2, 41, 527))
< f(d(2", 2any11)) + @u(Ton,, Sx*) f(H(Txon,, Sz7))

< f(d($*, xan-i-l)) + @/}(f(max{d(xm,ﬁ) D($2nk’Tx2nk)?

D(ZE* SZL'*) D(z2n, , Tw2n, )D(x*,S*) D(z2n, ,Tr2n,)D(z", Sx*)}))
) ) 1+d(zgnk,x*) ) 1+H(ngnk,S:E

< f(d(:lj'*, x2nk+1)) + w(f(max{d(xgnk, x ) d(x2nka Tonp+1,5

d(@Tno, 22n, +1)D(x*,Sz*)  d(z2n, ,x2n, )d(z*,Sz*)
* * 2k k k k
D(Qf ,SQE ) 1+d(Tngy, 2*) ? 1+D(w2n,+1,5%) }))

< f(D(z", Sz7))
for all k. Hence, D(z*, Sz*) = 0 and so z* € Sz*. [

(4.1)

Theorem 4.7. Let (X, =,d) be a partially ordered complete GMS. Suppose that T, S : X — 2% are
set-valued mappings and satisfies the following conditions:

(i) f(H(Az, By)) < o(f(M;(Az, By))) for all A, B =T or S;

(13)F and G be a weakly increasing pair on X w.r.t <y;

(1ii) there exists xog € X such that Txo <o {xo} and STxo <3 {zo};

(w)if X has the property a—regular generalized metric space
Then T, S have common fized point x* € X. Further, for each xy € X, the iterated sequence {x,}
with xop1 € Txo, and xo,10 € STauy1 converges to the common fixed point of T, S.

Proof . Define the sequence z, in X by x9,.1 € Txy, and 9,19 € Swo,y4q for all n € Ny. If
Tp = Ty for some n € Ny, then z* = z,, is a common fixed point for 7',.S. Using that the pair of
multi-valued mappings 7" and S is weakly increasing and by define

_ )1 ifr =y
O‘(x’”_{o ifz =y



Some fixed point theorems12 (2021) No. 1, 245-260 255

It can be easily shown that the sequence x,, is non-increasing w.r.t, < i.e; and
a(Tzo, {x0}) > 1 = Fz1 € Txy, such that a(zy,x0) > 1= 21 = x0;

Now since T" and S are weakly increasing with respect to <s, we have Sx; <5 T'xg. Thus there exist
some x9 € Swy such that x9 < x;. Again since T' and S are weakly increasing with respect to <,
we have Ty <9 Sxy. Thus there exist some x3 € Ty such that x3 < x5. Continue this process,
we will get a non-increasing sequence {z,}>°, which satisfies xon+1 € Txo, and xonio € STopi1,
n=20,1,2,3,--- We get

To Zm X1 Z X 2= -0 2 Loy & Topyl = Topgo &=

In particular x,, x, are comparable for all k € N, a(x, 1y, x,) > 1 for all n € Ny and by equation
and we have lim,,_, o d(2, 4%, x,) = 0. Following the proof of Theorem , we know
that {z,} is a Cauchy sequence in the partially ordered complete (GMS) (X, =,d). There exists
z* € X such that lim,, o, d(z,,2*) = 0. In the case, suppose that, for example, T is a order closed
multi-valued mappings then we have that lim,,_, ., d(T'z,, Tz*) = 0, which (taking n even) implies
that * € Tx*. The proof is similar when S is a order closed multi-valued mappings. Then x* is a
common fixed point of 7),.S and condition (iv), there exists a subsequence {z,, } of {z,} such that
a(x*, {xon,+1}) > a.(Sz*, Txy,, ) > 1 for all k. Thus,

f(D(Sz*,2%)) < f(D(Sz", w2n,+1)) + [(d(@20441, 7))
< 0 (S0, Twan) [ (H(S2, Ttz0,)) + F ({30, 11,5
< Y(f(max{d(z*, xay, ), D(z*, Sz*), D(l’an,Tl'gnk),

D(z*,Sz*)D(x2n, ,Tx2n, ) D(z*,Sz* )D(;c T Ton 49
1+d(z* ;2:;@) - ’ 1+H(Sx*, ;—'Jgn : k })) ( (:Ean—Q—l) )) ( )
D(x*,Sx*)d(x2n, ;oon, +1) D(z*,Sz*)d(r2n ,xQn 11)
1+d(55*7x2};k) : ’ 1+D(Sx*,x2ik+1;€ })> (d(x2nk+17 ))

< f(D(Sz",27))
for all k. Hence, D(Sz*,2*) = 0 and so z* € Sz*. [

Corollary 4.8. Let (X, =<,d) be a partially ordered complete (GMS). Suppose that T : X — 2% is
set-valued mapping and satisfies the following conditions:

(i) F(H(Tz, Ty)) < o(f(My(Tz, Ty)));

(i1) T and i, be a weakly increasing pair on X w.r.t <y;

(i11) there exists xg € X such that {xo} <1 Txo and {xo} <1 T?x0;

(1v) X has the property a—regular generalized metric space
Then T has fized point x* € X. Further, for each xo € X, the iterated sequence {x,} with x4 € Tz,
converges to the fized point of T.

Corollary 4.9. Let (X, =<,d) be a partially ordered complete (GMS). Suppose that T : X — 2% is
set-valued mappings and satisfies the following conditions:

(i) f(H(Tz,TBy)) < o(f(M;(T Az, TBy)):

(13)T and i, be a weakly increasing pair on X w.r.t <5;

(1ii) there exists xog € X such that Txo <o {xo} and STxo <o {z0};

(w)if X has the property a—regular generalized metric space
Then T has fized point x* € X. Further, for each xo € X, the iterated sequence {x,} with x,1 € Tz,
converges to fixed point of T.
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5. Coupled fixed point theorem

Recall that a function 1 : Ry — R, is said to be super-additive if n(s) + n(t) < n(s +t) for all
s,t € Ry.
It is well-known that every nondecreasing, convex function n : Ry — R, with n(0) = 0 is super-
additive; cf. Theorem in [4].

Definition 5.1. [2]] Let F': X x X — X be a mapping, where (X,d) is a metric space. We say
that (z,y) € X x X is a coupled fixed point of F if

v =F(z,y), y = F(y, ).

Note that if (z,y) is a coupled fixed point of F' then (y,x) are coupled fixed points of F' too. Our
results are based on the following simple lemma.

Lemma 5.2. [I18] Let F : X x X — X be a given mapping. Define the mapping Tr : X x X — X x X
by Tr(x,y) = (F(z,y), F(y,x)) for all (z,y) € X x X. Then, (x,y) is a coupled fized point of F if
and only if (x,y) is a fized point of Tr.

Theorem 5.3. Let (X,d) be a complete metric space and F' : X x X — X be a given mapping.
Assume there are exist nondecreasing functions 1; : [0,400) — [0,+00), i = 1,2, such that ¢ =
V1 + 1y is convez, P(0) = 0, lim, o ¥"(t) = 0 for allt > 0, a function o : X?* x X? — [0, +00)
and satisfies the following conditions:

(1) for all (z,y), (u,v) € X x X

a((z,y), (u,v)d(F(z,y), F(u,v)) < ¥1(d(z, u) + ¥a2(d(y, v));
(id) if for all (z,y), (u,v) € X x X,
a((z,y), (u,v)) 2 1= (Tr(z,y), Tr(u,v)) 2 1;
(ifi) there exists (zo,y0) € X x X such that

a((zo,v0), Tr(zo,y0)) > 1 and a(Tr(yo,x0), (Yo, o) > 1; or

(130)* there exists (zo,y0) € X x X such that

CE(TF($0,?/0), (x07y0)) Z 1 and a((yOaxU)7TF(y07x0)) Z 1)

() if {xn} and {y,} are sequences in X such that a(x,, Tni1) > 1, @(Yn, Y1) > 1, for all n,
T, > x € X, y, >y € X asn — 0o, then there are erist subsequence {xn, } of {xn} and {yn,} of
{yn} such that a(z,,,x) > 1 and oa(yn,,y) > 1 for all k; or

(0)* if {x,} and {y,} are sequences in X such that a(x,.1,2,) > 1, @(Yns1,yn) > 1, for all n,
T, > € X, y, >y € X asn — oo, then there are exist subsequence {x,, } of {xn} and {yn,} of
{yn} such that a(z,x,,) > 1 and oy, yn,) > 1 for all k.
Then, F has a coupled fized point, that is, there ezists (x*,y*) € X x X such that x* = F(z*,y*) and

y* = F(y*,z%).
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Proof . The idea consists in transporting the problem to the complete metric space (Y,d), where
Y =X x X and §((x,y), (u,v)) = d(z,u) + d(y,v), for all (z,y), (u,v) € X x X. From condition (i),
we have

a((@,y), (u, 0))d(F(z,y), F(u,v)) < Pi(d(x,u)) + 2(d(y, v)) (5.1)
and

a((v,u), (y, ))d(F(v,u), Fy,)) < ¥1(d(v,y)) + ta(d(u, z)) (5.2)
for all z,y,u,v € X. Adding (5.1) to (5.2), we get (note that ¢ is super-additive)

BEmo(Trs, Trn) < ¥1(d(§1,m)) + Y2(d(82,m2)) + Y1(d(n2, §2)) + Y2(d(n1, &1))

< wl(d<€17771> + d<7727£2>> + wQ(d(f% 772) + d(nlafl)) (5 3)
= (d(&,m) + d(m2, &2)) .
= ¥(6(&,m))
for all £ = (£1,&), n = (m,m2) € Y, where 5:Y xY — [0,400) is the function defined by
B((&1,&2)s (m,n2)) = min{a((&1, &), (01, m2)), (N2, M), (62, 61)) } (5.4)

and Tr : Y — Y is given by lemma (5.2)). Let {(z,,y,)} be a sequence in Y = X x X such that

5((xnayn)’ (xn+17yn+1)) 2 1 and (xnayn) — (ZE,y)

as n — +oo. Using the condition (iv), we obtain easily there exists a subsequence {(x,,,¥n,)} of
{(xn,yn)} such that B((zn,,Yn,), (z,y)) > 1 for all k. Then all the hypotheses of Theorem
are satisfied. We deduce the existence of a fixed point of T that gives us from Lemma the
existence of a coupled fixed point of F. [

6. Application

In this section, an existence result for a fractional integral equation

t s
St x(t),y(t)) / h (8)g(s,x(8),yES))dS7 re(0.7), (6.1)
I(c) o (A(t) = h(s))'—
where T > 0, a € (0,1) and h : [0, 7] — R. We suppose that the following conditions are satisfied.
(¢) The function f:[0,7] x R x R — R is continuous.
(73) There exists an upper semi-continuous function ; : [0, +00) — [0,4+00), i = 1,2, are nonde-
creasing functions such that ¢ = 1 + 19 is convex, 1(0) = 0, and lim,,_,, " (t) = 0 for each ¢t > 0,

y(t) =

[F(8 (), y(2) = [t ut), v(®)] < (e —u) + oy — v), (6.2)
for all (¢, z(t),y(t)) and (¢,u(t),v(t)) € [0,T] x R x R.
(447) The function & : [0,7] — R is C' and nondecreasing.
(iv)The function g : [0,7] x R x R — R is continuous and there exists a nondecreasing function
w: [0,00) — [0, 00) such that

l9(t, 2(t), y(1))] < w(l(2(t),y())]) (& x(t),y(t)) € [0,T] x R x R.
(v)There exists 1o > 0 such that

w(ro)

Ta+1) x (9(T) — g(0))* <1 (6.3)

(1(ro) + Fo)w(ro)(9(T) — g(0)))* < rol'(er + 1) and

where Fy = max{|f(¢,0,0)| : t € [0,T]}.
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Theorem 6.1. Consider fractional integral equation (6.1) with g € C([0,T] x R x R,R) is C' and
nondecreasing in the third variables. Suppose that for x > uw and y > v, we have

Ia+1)
Fo(h(t) = h(s))

Then the fractional integral equation (6.1) with the assumptions (i — v) has at least one solution
y* € C([0,T|,R).

Proof . Let X = C([0,T],R) is partially ordered if we define the following order relation in X:

0<g(t,z,y) —g(t,u,v) < (Y1(z = u) + oy —v)), (6.4)

r,ye X, z<y<ex(t) <y(t), forall t € [0,T].
It is well-known that (X, d) is a complete metric space with the metric

d(z,y) = sup [z(t) —y(t)|, =,y € C([0,T],R).

te[0,7)

Suppose {z,} is a nondecreasing sequence in X that converges to z € X. Then for every t € [0, 7],
the sequence of the real numbers

r1(t) Swot) <o Sap(t) <o

converges to x(t). Therefore, for all ¢ € I and n € N, we have z,(t) < z(t). Hence z,, < z, for all
n € N. Also, X x X is a partially ordered set if we define the following order relation in X x X :

(z,y) <, (u,v) & z(t) < u(t) and y(t) < wv(t), for all t € 0,77,

for all (z,y), (u,v) € X x X. For any z, y € X, max{x(t),u(t)} for all ¢ € [0, 7] is in X and is the
upper bound of z, u. Therefore, for every (x,y) and (u,v) € X x X max{xz(t),u(t)}, max{y(t),v(t)},
in X x X for all t € [0, T] is comparable to (z,y) and (u,v).

Define F': X x X — X by

F(z,y)(t) =

£t (1), y(1)) / W(s)9(s, 2(5). 9(3) oo atl 4 € 0,77,

(a) (h(t) = h(s))t==

Since f is nondecreasing in the second and third of its variables then F'is nondecreasing in each of
its variables.
Now, for x > u, y > v, that is, x(t) > u(t), y(t) > v(t) for all t € [0,7T]. we have

d(F(z,y), ( ) = supcior) [P, y)() = F(u, 0)(1)]
) [ K Elsea6)) g Headlal) ¢ KGatsuldals) g,y

z(t),y(t)
= SUP¢e|p, T]{ at)y ]?/ (h(t)—h(s))l- T'(a) 0~ (h(t)—h(s)T—=
< supyepo ey Jo e S) ey (9(s,2(s), y(s)) — g(s, u( ),v(s))ds}
< SUDsefo,7 {p( y % W(%@ —u) +Ya(y —v) (f(%) t(_))a - =ds} (6.5)
< supreio i T X Fiwiee (V1 (@ — u) + ¥y — v)) UMY

< SUPejo,1 {r @ * Fl(hr(g?j;()s))a x BROD (4 (2 — ) + oy — ) }
< Y (d(z, u)) + ¢a(d(y, v)).

Thus F satisfies the condition of Theorem (5.3). Now, let (z*,y*) be a coupled lower solution of the
fractional integral equation problem (6.1} . then we have z* < F(z*,y*) and y* < F(y*,z*). Then,
Theorem ([5.3) gives that F' has a umque coupled fixed point (x ( *, ) with #* = y*. Then 2*(t) is the
solution of the integral equation (6.1). O
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7. Open problem

Definition 7.1. [12] Let X # () and L. C X x X be a binary relation. If L satisfies the following
condition

dzg € X; (Vy € X,ylay) V (Vy € X, 20LY),

it is called an orthogonal set (shortly O-set). And (X, L) is called O-set. And the element xq is
called an orthogonal element.

Definition 7.2. [12] Let (X, L) be an orthogonal set (O-set). Any two elements x,y € X are said
to be orthogonally relation if x_Ly.

Definition 7.3. [12] A sequence x,, is called orthogonal sequence (Shortly O-sequence)if
(Vn € N;z,Lla,1) VvV (Vn € N;xpLa,)

Let (X,d, L) be an orthogonal metric space ((X, L) is an O-set and (X,d) is a metric space). Now,
we consider following definitions.

Definition 7.4. [12] The space X is orthogonally complete (briefly O-complete)if every cauchy O-
sequence is convergent.

Definition 7.5. [12] A map d : X x X — [0,00] is called a generalized metric on the orthogonal
set (X, L). If the following condition are satisfied:

1 d(a: y) = d(y,z) for any points x,y € X such that 1y and ylx;

d(xz,y) =0< x =y for any points x,y € X such that x Ly and yLlz;

d(z, z) (x y)+d(y, z) for any points x,y,z € X such that x Ly, yLlz and x 1z considering that
zf d(z,y) or d(y, z) = oo then d(x,y) + d(y, z) = oc.

In this case the orthogonal set X called generalized orthogonal metric space and is denoted by
(X,d,1).

II |/\ [

Definition 7.6. [16] Suppose (X, d) is a metric space and R is a relation on X. Then the triple
(X,d, R) orin brief X is called R-metric space.

Open problem (I)- Some fixed point theorems for a,-1)-common rational type mappings on general-
ized orthogonal metric spaces

Open problem (11)- Some fixed point theorems for a,-¢)-common rational type mappings on gener-
alized R-metric spaces
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