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Abstract

In this paper we studying some properties of starlike function of order A which satisfy in the condition

() 2f(2)
& TR

R( )<1—-XA+a«

for all z € U= {z:|z| < 1}, where f(z) =1+ Zakzk is analyticin U, 0 < a <2 and 0 < A < L.
k=1
Our results extend previos results given by Aghalary et al. (2009) and Wang et al.(2014).
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1. Introduction

Let X denote the class of functions f of the form
1 = &
f@) =2+ az (1.1)
k=1

which are analytic in the punctured open unit disk

U'={2:0<z] <1} =U—-{0}.
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A function f € ¥ is said to be in the class MS*(a) of meromorphically starlike functions of order «
if it satisfies the inequality

2f'(2)
f(z)

Let P denote the class of functions p given by

R( ) < —« (zeU;0<a< ).

p(z) =14+ pz*  (z€D) (1.2)

which are analytic in U and satisfy the condition
R(p(z)) >0 (z € ).

Many authors have studied analytic starlike functions. For some recent investigation, see, for example
[T, 2, B, 12], 14}, 15, 18, 19] 20, 23] and the references therein.
Wang et al. [23] introduced a new class of starlike analytic functions on U* as follows:

) A LB ey
e ) )<5/\()\—|—§)—|—§ A, ( EU)},

H(ﬁ,A)z{fGZ:?R( + 8
Where520and%<)\<1.

In [23] Wang et al. had proved that H((5,A) is a subclass of MS*(A). Also Wang et al. [22]
introduced the following subclass of H (3, \).

Let H*T (3, A) denote the subset of H(S, A) such that all functions f € H(5, ) having the following

form:

f(z)z%—Zakzk (ax = 0).
k=1

The following two lemmas can be derived from ([6], Theorem 1) (see also [7]).

Lemma 1.1. Let ! 5
1+6)\()\+§)—)\—§B>0. (1.3)

Suppose also that f € ¥ is given by (1.1)). If
> [k Bk — 1) +7]lag] <17 — 2.
k=1

where (and throughout this paper unless otherwise mentioned) the parameter «y is constrained as
follows:
p

L

— X — BA\
v BA( t3) -5

(1.4)
then f € H(B, \).

Lemma 1.2. Let f € ¥ be given by (1.1). Suppose also that v is defined by (1.4) and the condition
(1.3) holds. Then f € H*(B,\) if and only if

> [k Bk(k—1) +y)ap <1—v—28.
k=1
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Recently Wang et al. [23]proved some coefficient inequalities, neighborhoods, partial sums and
inclusion relationships for two classes H(3, A) and H* (5, \).

In Section 2, we introduced a new class of analytic starlike function. In Section 3 and Section 4,

we prove some coefficient inequalities, neighborhoods and partial sums. Our results extend previous
results given by Aghalary et al. [I] as well as by Wang et al. [23].

2. Preliminaries

In this section we introduce the notation A for the class of all functions f of the form

flz) =1+ Z apz” (2.1)

which are analytic in the open unit disk U. Let 0 < @ < 2 and 0 < A < 1 and A(a, A) denotes the
class of functions f € A and satisfies the condition

2f'(z) | 2f"(2)
éR(f(z) +a ) )<1—)\+a. (2.2)
A function f € A is said to be in the class V(a, M) if it satisfies the condition
zf'(2) 22f"(2) 1 3
%(f(z) +a ) )<1—)\+Oé<§+>\2—§)\), (2.3)

such that 0 < a <2 and 0 < A < 1. Obviously V(a, A) € A(a, ). Also suppose that A*(\) denotes
the class of functions f € A such that satisfies the following condition

R (2]{((;)) <1-A (2.4)

Obviously A(0,A) = V(0,X) = A*(A).
Given two functions f, g € A where f is given by (2.1)) and g is given by

g(z) =1+ Z b2~
k=1
The Hadamard product (or convolution) f * g is defined by
(f*9)(z) =1+ abez" := (g% f)(2).
k=1

At first we prove the following lemma.

1
Lemma 2.1. Let 0 < a < 2,0 < A< 1and f € A. Then f € V(a,\) if and only if —f €
z

a
H(1+2a’/\)'
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1 o . .
Proof . Let f € A. Then ;f € H(l n 20/)\) if and only if
CFE) (1)
2(=f(z 22(=f(z
Ul +1+a2a T <1+a2 (/\+%)+2(1i2a)_
(1) CIE)
Which is equivalent to
_ 2a \2f'(7) a  22f"(z) a 1 a B . 2a
§R<<1 720 7)) T1320 1) ) S172a M T aagem AT T T
Hence ~f € H(—"—\) if and only if
ence — T3 25" if and only i
27(2) fo”(Z)) I
R +a <l—-A+a+a(=z+AX—=A).
SERta = CRR

This ineqvality is equivalent to f € V(a, A), and completes the proof. [J

2
Remark 2.2. I[f0 < A< 1and 0 < < = and a =

: 125 then by similar method in proof of

Lemma we can prove that h € H(B,\) if and only if zh € V(l 625, A).
In order to prove our main results, we need the following useful lemma.
Lemma 2.3. (See[11]) If the function p € P is given by (1.2), then
bl <2 (keN).
A function f € A(a, ) of the from
fz)=1=> apz* (a5 >0) (2.5)
k=1
is said to be in the class A*(a, A).
3. Main Results
We start this section by the following lemmas.
Lemma 3.1. Let0 < a<2,0<A<1 and f € A is given by (2.1). If
dlak® —ak+k—qllal <v  (y=1-A+aq) (3.1)
k=1

then f € Ala, N).
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Proof . For z =re®, 0 <r <1 and 0 < 6 < 2, from (3.1)), we get

o0

Z[ak‘Q — ok + ka2 Z[ak2 — ak + k]| ag|r* Z[ak‘Q — ak + k]|ag|
k=1 k=1
<

k=1
(o)
1+ E akzk
k=1

= <7, (r—1).
The above inequalities show that f € A(a, A). O

§R o0 oo
13 13" o
k=1 k=1
Lemma 3.2. Let0<a<2and0< A<1 and f € A is given by (2.5). Then

~X

Z[ak2—ak—|—k—y]ak<7 y=(1-X+a)
k=1
if and only if f € AT (a, \) .

Proof . In view of Lemma , we need only show that f € AT (a, \) satisfies the coefficient condition.
We give f € At(a, ), so

— Z[akQ — ak + klag2"
k=1

=) <7

1-— Zakzk

k=1

R

for z=re?’, 0 <r <1and 0 <8 < 27, we have

— Z[ak‘2 — ak + klayr®

k=1

— <.
1— Z &krk
k=1
The result follows upon letting r — 1.
i[akQ — ak + klay, i[akQ — ak + klay,
k=1 < k=t <.

1%—§§:ak ——1%—j§iak
k=1 k=1

O

Lemma 3.3. Let 0 < a <2 and 0 < X < 1. Suppose also that the sequence {By}32, is defined by

By =2(1-X+a) and By = - f(ll_:;\];(—koﬁ 0 (1 + ; BZ-) (k e N). (3.2)
Then -
Bi=o(1 - Aoy [[ LUV Aba) gy (3.3)

P J+1+aj(j+1)
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Proof . By virtue of (3.2), we easily get

M+1+auh+MBH1=m1—A+®(1+§3&>

and
k—1
[k +ak(k—1)By =2(1 — X+ «) (1—1—23,-) :

We obtain that
Biy1i  k+ak(k—1)4+2(1-X+a)

B, k+1+ak(k+1)

Thus, for k > 2, so we give

By, =

By, By B At Hj+ajj—1 +2(1 - A+a)
By-1 Bxa = B JH1+aj(i+1)

and this evidently completes the proof. [J

By using induction and ({3.2]) we conclude the following proposition.
Proposition 3.4. Let 0 < a <2, 0 < X < 1 and the sequence { By} is given by (3.2]). Then

k1
B < ; (1+B) (k>2) (3.4)

Theorem 3.5. Let 0 < a <2 and 0 < A< 1. If f € A(a, \), then
la1] <2(1 =X+ a) (3.5)

and

2(1—A+a)]ﬁj+o‘j<j_1)+2(1_k+o‘) (k> 2). (3.6)

ai| < - —
& J+1+50+1)

j=1
Proof . Suppose that
z / z 22 " z
= ) A
f(z) f(2)
Then, by f € A(a, \), we know that ¢ is analytic in U, ¢(0) = 1 — A+« > 0 and R[¢g(z)] > 0. Hence

+1 - A+«

q(z) q(2)
o) =0 " Torsa

If we put

then by Lemma [2.3]
lek] <2(1 = A+ «) (k € N).
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Also
q(2)f(2) = —2f'(2) —az®f"(z) + (1 = A+ @) f(2)
and so
(Co + chzk) (1 + Zakzk) - _ Zk‘akzk _ aZk‘(k‘ — l)akzk +(1-X+a) (1 + Zakzk> )
k=1 k=1 k=1 k=1 k=1
Thus
Cot1 + 1 = —a1 + (1 — A+ a)a1
and

k

Cik+1 + CoQl+1 + Z QiCly1—5 = —(k‘ + 1)ak+1 - Ozk’(k’ + 1)ak+1 + (1 - A + oz)akﬂ (]C S N)
i=1

Therefore
la;] < 2(1 = A+ «)

and

21 -+ a)
laenl S R 1+Zal (k€ N).

Next, we define the sequence { By} as follows:

B 21— A+ «)
Bi=2(1-—XA+a) and By = FT LT okt ) 1+ZB (k € N).

Hence, by the principle of mathematical induction, we easily have
lax| < By (k € N).
By using Lemma , the conditions and are hold and this completes the proof. [
By using above theorem and Proposition we can conclude the following corollaries.

Corollary 3.6. Let 0 < a <2 and 0 < A< 1. If f € A, \),then

E+1
<1 B) (522)

where By = 2(1 — XA + ).

Corollary 3.7. Let 0 < A <1 and f € A*(N\). Then

1
] <201=2) and |aw| < %(3 —oN (k= 2).

Proof . Let a = 0 and apply Corollary 3.6l O
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4. Neighborhoods

We can see the earlier works (based upon the familiar concept of neighborhood of analytic func-
tions) by Goodman [10] and Ruscheweyh [19], and (more recently) by Altintas et al. [3], Catasg [4],
Cho et al. [5], Liu and Srivastava [15], Frasin [9], Keerthi et al. [13], Srivastava et al. [21] and Wang
etal. [24]. Let 0 < o <2and 0 < A < 1 and f € A of the from (2.1). For § > 0, we denote the
d — neighborhood of f by the notation N (f,d) and the following definition:

oo oo 2_ . .
Aﬂﬁay:{ge¢44ﬂ@::y+§:dwﬁam1§:“k akth=1+A Cﬂmﬁ-%\<5} (4.1)

k=1 k=1 N

where

1, A—a <0
”‘{1—A+a, A—a >0, (4.2)

By above definition, we now prove the following useful theorem.

Theorem 4.1. Let 0 < a <2 and 0 < A< 1. If f € A is given by (2.1) and satisfies the following

condition
[ +e

1+e¢

€N, \) (e€C:le]<0;0>0)
then

N(f,0) C Ala, N).
Proof . Suppose that

g(2) =1+ b2* € Ala, N).
k=1
Hence

) P
%(g@>+a9@) 1+ A )<a (4.3)

The condition (4.3) can be written as

() | 22
a2 )
() 292
0@ )

—1+A—a+1

<1 (z € ),
—1+A—a-1

which is equivalent to

2g'(2) + az?¢"(2) + (A — a)g(z)
() T a2g(2) + (h—a— 2)g(2)

We easily find from (4.4) that g € A(a, A) if and only if

<1 (z€U). (4.4)

2g'(2) + az?g"(2) + (A — a)g(2)
29'(2) + az2%¢"(2) + (A — a = 2)g(2)

#o0, (z€U,o0elC,o]=1)

or equivalently

1+§3k+auk—U+A—a—aw+auk—U+A—a—m

b k
A—a—ocA—a—2) w2t 70

k=1
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which is equivalent to (g * h)(z) # 0 where

- E+ak(k—1)+X—a—ofk+ak(k—1)+\—a—2]
=1 k = .
?) +chz A—a—ocA—a—2)

It follows fram (4.5) that

‘k—i—ak(k—1)+)\—a—a[k+ak(k—1)]—i—)\—a—2

o] = A—a—ocA—a—2)
o k+ak(k—1)+X—a+|o|k+ak(k—1)+ A —a—2]
h o](A = =2) = [A = q
ktak(k—1)—1+XA—a
- (lo = 1)
Ui
f+e
If fe Aand g(z) = o € Ala, A) , we deduce from (g % h)(z) # 0 that
€

(f*h)(z)#—€ (e€C:le] <d;0>0)

or equivalently,
(fxh)(2)] =4 (z€U;6 >0).

Now suppose that
q(z) = 1+dez]’C e N(f,9).

k=1

It follows from (4.1)) that

00
E dk — ak CkZ
k=1

By combining and , we can find that
(g h)(2)] = [(If + (¢ = NI« L) ()| = [(f * h)(2)| = [([g = f] = h)(2)| >0,

which implies that

“k+aklk—1)—-14+)\—«
(a— ) < 3 okt - )

U

(qxh)(z) 20 (2 € ).
Hence

q(z) € Ao, N).
Therefore N(f,0) C A(a, A) and this completes the proof. O

By taking a = 0 we can conclude the following corollary.
Corollary 4.2. Let 0 < A< 1. If f € A is given by (2.1)) satisfies the following condition

ft+e
1+e€

eN(N) (eeC:le] <6;6>0)

then
N(f,0) C A*(N).

|d]€ — ak| < 4.

281

(4.5)
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Theorem 4.3. Let f € A be given by (2.1) and define the partial sums f,(z) of f by

fa2) =14 ap*  (neN).
k=1

If
~k+ak(k—1) —
e !
k=1 U
where vy =1 — XA+« and n is given by (4.2),then
1. feAla,N);
2.

f(2) n+l+ann+1)—~v—n
gce(fn(z)) S n+l+an(n+1)—r~

fu(2) n+1l4+ann+1)—~
§R(f(z)) S n+l4+ann+1)—vy+n

Also the bounds in (4.10) and (4.11) are sharp.

Proof . First of all, we suppose that fo(z) = 1. We know that

fo+e
1+e€

and

=1e A, N).

From (4.9)), we easily find that

Lk +ak(k—1)
Ul

_fy‘ak_ol < 17

=

=1

which implies that f € N(fy,1) C A(a, A) (by virtue of Theorem [4.1]).
Next, it is easy to see that

n+l+ann+1)—~ >n—|—om(n—1)—7

>1 (neN).
n n
Therefore, we have
" n+l4+an(n+1)— - > k+ak(k—1)—
Z‘ak|+ ( ) =7 Z |ak|<z ( ) 7|ak|<1
k=1 il k=n+1 k=1 U

We now suppose that

h(z) =

n+l+ann+1)—r~ (f(z) _n+1+0zn(n+1)—7—n)
n fn(2) n+1l+ann+1)—ry

1 1) —7 —
n+1l+ann+1)—~ Z a2

N k=n+1

(4.10)

(4.11)

(4.13)
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It follows from (4.12)) and (4.13) that

n+l+ann+1)—7 &

_ n =
e — o
z n+1+ann+1)—
2-2)" || - EDZD S o
k=1 n k=n+1

which implies that R(h(z)) > 0.
Therefor, we deduce that the assertion (4.10)) holds true. Furthermore, if we put

Ui n+1
=1- 4.14
/) n+1+om(n+1)—fyz ’ (4.14)
then
1 1) =~ —
f(Z) — 1 o 77 Zn+1 n+ 1+ CYTL(?’L-'- ) ’Y 77 (|Z| — 1—)’
fn(2) n+1l+ann+1)—~ n+l4+ann+1)—r~

which implies that the bound in (4.10) is the best possible for each n € N.
Similarly, we suppose that

h(z):n+1—|—om(n+1)_7+77(fn(z) n+1+an(n+1)—~ >

7 fz) nt+l+an(n+1)—q+n

we readily get the assertion (4.10) of Theorem [4.3, The bound in (4.10)) is sharp with the extremal
function f given by (4.14).We thus complete the proof of Theorem. [J

The proof of the following theorem is similar to that of Theorem [£.3] we here choose to omit the
analogous details.

Theorem 4.4. Let f € A be given by (2.1) and define the partial sums f,(z) of f by (4.8)).If the
conditions (4.9) hold, where v =1 — X+ « and n is given by (4.2)), then

f'(2) n+l4+ann+1)—vy—(n+1)y
" (f,’l(z)> S n+1l+an(n+1)—~y (4.15)
and
fu(2) n+1+an(n+1)—n
g%<f’(2))gn—l—l—i—om(n—i—l)—rH_(n_i_l)n' (4.16)

The bounds in (4.15) and (4.16]) are sharp with the extremal function given by (4.14). Finally,

we prove the following inclusion relationship for the function class A(a, \).

Theorem 4.5. [f0 < as < a3 <2 and 0 < Ay < A\ < 1,then
A(Oél, /\1) C A(OQ, /\2)
Proof . Let f € A(ag, \). Then

) 2
%( = TG

)<1—/\1+041<1—/\2+O[1,
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which shows that f € A(ag, \2), and subsequently, we see that f € A*(\y), that is

()1

Now, by setting p = %, so that 0 < pu < 1. Therefore, we have
a1

R(EO 0D
K {% <Z}féi§) + 0&122;(:(;)) — 14X — 041} + (1 — p) {ﬁfe (%) + A2 — 1} <0,

that is, f € A(Oég, )\2) O

From Theorem and the definition of the function class AT («ay, A1), we easily get the following
inclusion relationship.

Corollary 4.6. [f0 < as < a1 <2 and 0 < Ay < A\ < 1, then
A+(Cl/1, )\1) C A+(CY2, )\2) C A*()\Q)
By virtue of Lemma |3.2] we obtain the following result.

Corollary 4.7. If f € AT («a, \), then

v
k+ak(k—1)—~

ap < (y=1=-X+a).

Fach of these inequalities is sharp, with the extremal function given by

. v
fr(z) =1+ PN — _’sz.
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