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Abstract

This paper deals with existence and local attractivity of solution of a quadratic fractional integral
equation in two independent variables. The solution space has been considered to be the Banach
space of all bounded continuous functions defined on an unbounded interval. The fundamental
tool used for the purpose is the notion of noncompactness and the celebrated Schauder fixed point
principle. Finally an example has been provided at the end in support of the result.
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1. Introduction

From the literature(see, for example[I]-[5], [6]-[7], [10]-[13], [15], [I7], [19], [20], [2I])it has been
found that over the recent couple of decades researchers contributed immensely to the theory of
integral equations but till date most of the investigations have been limited to integral equations in
one independent variable. There are many physical situations notably those of inter-reflections of
light among perfectly diffused surfaces, skin effect in electrical conductors where the theory of one
independent variable is inadequate and there is urgent need for the theory of integral equations of
higher dimension especially of two independent variables.

In this paper the following quadratic fractional integral equation involving two arguments has been
considered.

Oc’yhrlry, xy s* M f(x,y, st u(s, t))
u(z,y) = g(z,y) + // o ) Ay — )i dt ds, (1.1)
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where (z,y) € Ry x [0,b], Ry = [0,00), (8,d) € (0,1) x (0,1) is a fixed number, a,v > 0 and
['(8),T(0) denotes the gamma function.

For a« = 1, = 1 the above equation is a mixed Riemann- Liouville type integral equation which was
discussed in [1§]

2. Preliminaries

Now let us recapitulate some basic ideas regarding measure of noncompactness ([14], [9]).

Here an infinite dimensional Banach space (F, || - ||) has been considered, with the zero element
. G, ConvG symbolizes the closure and convex closure of a subset G of E, respectively. B(x,\)
denotes the closed ball centered at z and with radius A\. For our convenience let us denote B, for
the ball B(6,\). Moreover Bg to be the collection of all nonempty and bounded subsets of E and
NE to be its subfamily consisting of all nonempty and relatively compact subsets.

Definition 2.1. A mapping p: Bg — Ry is a measure of noncompactness in E if
(i) Kerpy = {G € Bg : n(G) = 0} is nonempty and ker p C Ng.
(i) G C H = pu(G) < u(H).
fii) 1(G) = ().
(iv) u(Conv G) = u(QG).
(v) WAG + (1 =N H) < \u(G)+ (1 = Nu(H) for X €]0,1].

(vi) If (G,) is a sequence of closed sets from Bg such that G,y C G, for n = 1,2,... and if
lim, o p1(Gp) = 0, then the intersection G = (.-, Gy is nonempty.

Kerp defined in (i) is called the kernel of the measure of noncompactness .

Remark 1: From the inequality u(G) < u(G,) for n = 1,2, ..., it concludes that u(G) = 0 and
thus G, € ker u. This property of the intersection set G, has been applied in our study.

The Banach space B := BC(Ry x [0,b]) with the standard norm

lullsc = sup Ju(z,y)l.
(z.9)ER s [0

has been taken for the current study. Now to define such measure, a nonempty bounded subset X of
the space BC(Ry x [0,b]) and positive numbers a and b has been fixed. Also from the earlier study
the modulus of continuity of the function, u has been denoted by w®®(u,€) on J = [0,a] x [0, ], for
ue X and € >0, i.e.,

wa’b(u7 6) = Sup{|u(x,y) - U(S,t)| 15 < Jl,t < Y, ($7y) € [Ova] X [Oab]a ‘I - 5’ < €, |y - t‘ < 6}'

In addition,
w*(X, €) = sup{w™®(u,e) : u € X},

w(X) = limw*(X, ).
and

wo(X) = lim wl®(X).

a—00
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If (z,y) is fixed number from R x [0,b], then
X(z,y) ={u(z,y) v e X},

and
diam X(.CE, y) = sup{]u(x,y) o U(Q?, y)’ SCACES X}
Lastly, the function p define on the family Bpc(r, x(o)) has been considered by the formula

u(X) = wo(X) + lim supdiam X (z,y), (2.1)

for each fixed y € [0,b]. It has been seen from the earlier literature that the capacity p is the
proportion of noncompactness in the space BC(R; X [0, b]).

Remark 2.2. The portion ker p is the group of all nonempty and bounded sets X such that functions
belonging to X are locally equicontinuous on Ry x [0,b] and the thickness of the bundle formed by
functions from X tends to zero at infinity. Those properties, will allow us to portray solutions of the
integral equation.

Now to present some significant ideas embraced in the paper, let us consider €2 to be a nonempty sub-
set of the space BC(R % [0,b]) and let R be an operator define on {2 with values in BC'(R; x [0, b]).
Then the solution of the following operator equation

u(z,y) = (Ru)(z,y), (z,y) € Ry x[0,0]. (2:2)
can be categorized into two parts.
Definition 2.3 ([8]). The solutions of equation are locally attractive if there exists a closed

ball B(ug,n) in the space BC(Ry x [0, b]) such that for arbitrary solutions u = u(z,y) and v = v(x,y)
of equation belonging to B(ug,n) N Q, we have that,

xh_)rrolo(u(x,y) —v(z,y)) =0, for each y €]0,b]. (2.3)

When the limit in is uniform with respect to the set B(ug,n) N2, solutions of equation
are said to be uniformly locally attractive (or equivalently, that solutions of are asymptotically
stable).

Definition 2.4 ([8]). The solutions u = u(z,y) of equation is said to be globally attractive if

holds for each solution v = v(x,y) of . Solutions of equation are said to be globally
asymptotically stable (or uniformly globally attractive)if condition 15 satisfied uniformly with

respect to the set €.

Clearly global attractivity imply local attractivity but the converse is not necessarily true and has
been justified later in this work.
Now we present two results which will be used in the rest of the paper.

Lemma 2.5 ([16]). Let k : Ry — Ry be a concave function with k(0) = 0. Then k is subaddi-
tive(this means that k(z1 + 22) < k(z1) + k(22) for any 21,22 € Ry.)
Lemma 2.6 ([16]). Let x: Ry — Ry be the function defined by k(z) = 2°.

(1) If a > 1 and zy, 25 € I with zo > 2z, then 2§ — 28 < a(zy — z1).

(2) If 0 < a <1 and 21,29 € I with zo > z1, then 2§ — 2 < (29 — 21)“.
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3. Main Results
(H1) The function g : Ry x [0,b] — R is continuous and bounded on J' = R, X [0, b].

(H2) The function h : J' X R — R is continuous and there exists a continuous function, m : J' — R,
such that
’h(l’,y, ’LL) - h(l‘,y, U)l < m(:zc,y) ‘u o U‘?

for any (z,y) € J' and for all u,v € R.

(H3) The function f(z,y,s,t,u(s,t)) = f:J xJ' x R — Ris continuous. In addition, there exists a
continuous function, n : J' — R, and a continuous and nondecreasing function, ¢ : R, — R,
with ¢(0) = 0 such that

[f(@y, 5.t u) = fz,y,s,t,0)] < n(z,y) ¢(lu—vl),

for all (z,y), (s,t) € J' such that s <z ;t <y and for all u,v € R.
Let us define the function f; : J' — R,

fi(2,y) = max{| f(z,y,5,£,0)|: 0<s<a,0<t<y}

The function f; is continuous on R, X [0, b].
Moreover,it has been assumed that the following conditions are satisfied:

(H4) The functions p,q,r, s : J' — R, defined by p(z,y) = m(z,y) n(z,y) %y,
q(z,y) = m(z,y) fi(z,y) 2Py,
r(z,y) = n(z,y) |h(z,y,0)] 27y"°,
s(z,y) = filz,y) [h(z,y,0)] 227y,
are bounded on J" and the functions p(z,y),r(z,y) are such that
lim, 00 p(,y) = lim, 00 7(x,y) = 0, for each fixed y € [0, 0].
In (H4), we may define the following finite constants:
P = sup{p(z,y) : (z,y) € J'},

= sup{q(z,y) : (z,y) € J'},
= sup{r(x, y): (z,y) € J'},
= sup{s(z,y) : (z,y) € J'}.

(H5) There exists a positive solution A of the inequality

gl + [PAG(N) + QA+ Rp(N\) + S] < A,

1
I'(1+ B)I(1+9)
Also,
Q<T1+8)Ir(1+56).
Suppose the operators W, U and V' defined on the space BC(R, X [0,b]) is such that:
(Wu)(z, y) = h(x Y, u (x Y)),
(UU)( ffs"‘ L1 f(x,y,s,t,u(s,t)) dtdS

(xa,Sa 1 /3 y'y t'y 1-90

(Vu)(z, )—g(fﬂ y)+(WU)( y)(Uu)(z,y).
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Lemma 3.1. The operator V transforms the ball By, in the space BC (R x[0,b]) into itself satisfying
the above assumptions(H1 — H5) where \g is a number appearing in assumption (H5). Moreover, all
solutions of equation belonging to the space BC(R, x [0,b]) are fized points of the operator V.

Proof . It is obvious from the assumptions that, the function Wu is continuous on R, x [0, b] for
any u € BC(R; x[0,b]). We will show that the same holds also for the operator U. In order to show
that, let us fix a,b > 0 and € > 0. Also suppose that 1,25 € [0,a] and y1,y, € [0, 0] are such that
|ze — x| < € and |ys — y1| < e. Without loss of generality, it is assume that 7 < 25 and y; < ys.
Then, by virtue of the above mentioned assumptions, we have

[(Uu)(2,y2) — (Uu) (@1, y1)|
"y s UY=L f(zo y,s,tu(s,t s 171 fxq y1,8,t,u(s,t))
- e {ff[ (2upstulst) _ s ey stats)] g gs

(29 —s) =P (y] —7)1-9 (25 —s) 1B (y] —1)1 -0

X 1 1 s 1 1
+ fj‘ = f(xg,yg,s,t,u(st)dt d8+ fj‘ x t'Ysa)]i(xﬁgiy%,sf’yulsg)dt dS

(@G —s™) =P (y]—t7) 13
z1 Y1

+ ff s~ 17— 1f(x2,y%7stu(st)dt ds

(:13 _sa 1 ,B t’y 1—6
< ay j}j}sa LY =1 f(xa,y2,8,t,u(s,t))—f(x1,y1,8,t,u(s,t)) |dt ds
— T(B)I'(9) 00 (25 —s)1=F (yg —t7)1=2
s 1 1 1
+ I‘(,B)’Iy‘(é) g‘bfsa_ - |f(x1,y1,s,t,u(s,t))| [(w §—s2) =B (y) —t7)1=3

ECET ;( T )i- 5] dt ds

T2 Y2

o |f (@2,y2,5,tu(5,8)) = F (22,y2,5,,0) |+ (w2,92,5,4,0)]
+ = ffS 1yy—1 {1/ (w2,y2,5 u(%_sa)l:cgﬁz@im LS (22,8 Yt ds
Zl Y1
1 Y2
a—1 1{|f (z2,y2,s,t,u(s,t))— f(z2, st())\—l—|f(;r7 ,5,6,0)[}
iy | [ oot Ut st ol unatOll g, g,
932?4
+ - B)F ffsa 1yy—1{f (22, yz’sm((;;)jsa];(l@élf’ft;g))‘ilg(m’yQ’s’t’o)‘}dt ds
- Py 211w (fesul])
<7 7 () ff (@g—so)1= ﬂ(gﬂ pyr-sdt ds
331 Y1
+ m bf g‘{sail‘[ﬂil'f(l'layla S,t,U(S,t)) - f(xlay17sat70)| + |f(x17y17 S,t,0>|}
1 1
X [(m%—sa)l BT—t)1%  (ag—s2) 1 Py]—t)1 ]dt ds
oy [ ) é(u(s )+ @ w0} gy g
+ ot J @g—5%)1-B (g3 —11)1-3 5
T1 Y1
oy s (e, Jo(luts DD+ (r2:02))
+ F(B)’IZ((S) ‘({f (12—82‘1%% B(y"/ t"/) 1(Z2,Y2 dt ds
Y1
oy s n(eyy Jo(luls DD+ (r2.02))
+ ot J Of i) By at ds
w (f.el|ulhz P y7°
= T(B+1)T(6+1)

n(ry, u T, a ) a a a )
+ epeldichinm) (0020 — { @y —a9) — a5} x {91 91’} +

M (o5 — a0 — 01) + (0 — 0) 5" — (a5 — )’
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(g — 29) {93~ (3 — 1)’}

,b 8
WP (fellul) 2P y]

<

L(B+1)T(0+1)
n(zx1, u z1, a a 0 S/ o a
+ 2o g{“l()ﬂuﬁ')lll“)(lrf&() L) {(xl - $2)By; + " (25 — xl)ﬁ + :E25(y;’ - ?/?)6}
n(fvz,yz)eﬁ(IIUIl)+f1(x27y2){ N RN S B}
— 5 —xf 3.1
+ T(1+ B)I(L+0) ry" (yg —y1)" +y)" (zy — o) (3.1)
where

w(f’b<f76; HUH> = Sup{’f(x%y% S,t,Z) - f(mbyla 37t72)| : (57t>7 (:Chyl)a (1’2,y2) € [Oaa] X [07 b]7 5 <
r1, 0 and £ < gy yo; (1o — a1 <€y — | <6 Jz < lull}

By the uniform continuity of the function f(x,y,s,t,z) on the set J x J x [—|u]l, ||u]]] we deduce
that w’(f, e |lul|) = 0 as e — 0. Let us denote

n(a,b) = max{n(z,y) : (z,y) € [0,a] x [0, b]},

fila,b) = max{fi(z,y) : (,y) € [0, a] x [0,]}.

Now, we have two distinguish cases:
Case : 0<a<1l,0<y<1
by Lemma 2, (2§ — 2¢)° < (29 — 21)%",
(Y3 = y1)7 < (y2 — 1)
and therefore, from inequality it follows
W (U, €) < a®P o7 w? (f,6ul)

F(1+5)F(1+6) s
+ n(xlyyl()l_"(_%”)a_{_léml Y1) {Eaﬁ( + y’Y ) + 6751;35}
n(z2,y2)d(lul)+f1(z 8,08 aB, o
+ 2?!112(14’5)11(14*15 2] {0257 + e*Pyl°}

a*Obwi” (f, € |lul) L 7@ )(flull) + fi(a,b)

w(Uu, €) < T+ 8)T(1 +9) L(1+ B)T(1+ )

{3e*Pp70 + 2670q*P}. (3.2)

Case 2: a>1,v>1

by Lemma 2, (5 — 2%)% < o®(zy — 2,)?

(3 —u1)” < (Y2 — )’

and therefore, from inequality (3.1]) it follows

a®Po 0w (f,65]|ul))

a,b
w*(Uu, €) < TR
i 3 (S «
4 nm yl()lfrlg;||);{£15$1 1) {aﬁeﬁ( +43°) + 0’y
n(x u T 9
RSN

a0 wi (f, ¢ ||ull) | (a,b)o(|lul) + fi(a,b)
T'(1+ B)0(1+0) T(1+ B)C(1+0)

Linking both cases (3.2)), (3.3 with the above established facts we conclude that the function Uwu is
continuous on the subset [0, a] x [0, b] for any a,b > 0. This gives the continuity of Uu on R x [0, b].
Consequently, the function Vu is continuous on Ry x [0, b].

Now, for an arbitrary function v € BC(Ry x [0,b]) and using our assumptions, for a fixed (z,y) €
R, x [0,b], we have

W (Uu, €) < {3eP7°0” + 2700~} (3.3)
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ay{|h(@.yu(x.y)) —h(@.y,0)|+|h(z,y,0)[}
|(Vu)(@,y)| < [g(z,y)| + T(B)T)
z y

sl 1 z,y,s,tu(s z,Y,S T,Y,S
X ff - {|f g(!xz;)is(a)?)ﬁ(fy('y yt'y)’?£]1)5|+‘f( Y 7t70 I}dt dS

Y
ay{m(z,y)|u(z,y)|+|h(z,y,0) s 1" n(z u(s,t)|)+f1(x,
< llgll + tmiegp rees il [ [ = st et ds

ay{m(z.y) [ull+|h(z,y.0)[Hnr(z.y)¢(lul)+f(z.y)}
< ||9|| + T(3)C(5)

s~ 47 —1dt ds
X ff (za_ga)l /J‘ (y7—t7)i= o

<+ et (e, 9)n(, 9)2 2yl () + () fr ()
2yl + (e, y) e, y, 0y 56 ([ull) + filx, y)lh(z, y, 0) 4y}

< llgll + >{p($,y)|\u\|¢(HUH) +a(@ y)|lull +r(z,y)o(lull) +s(z,y)}. (3.4

1
1+ p)I1+o
As a result, from the above inequality in view of assumption (H4), the function Vu is bounded on
R, x [0,b] and also we conclude that Vu € BC(R, x [0,b]), so from the estimate (3.4), we get
IVall < llgll + et (P lullélull) + Qllull + Ro(lul)) + S
Similarly, from the above estimate and assumption (H5), we deduce that there exists positive number
Ao such that the operator V' transforms the ball B), into itself.
Finally, the operator V' transforms the space BC'(R; x [0,b]) into itself, so second assertion of our
lemma is obvious. [

Theorem 3.2. The equation has at least one solution u = u(x,y) belonging to the space
BC(Ry % [0,b]) under the assumptions(H1 — H5). In addition, solutions of equation are

uniformly locally attractive.

Proof . Suppose let us consider a nonempty set X C B,,, where B,, is a ball in the space
BC(R; % [0,0]). Then, in virtue of assumptions (H2) — (H4) for u,v € X and for an arbitrary fixed
(z,y) € Ry x [0, b] we get |(Vu)(z,y) — (Vo)(z,y)

_ | avh(zyu(z,y)) s2= 11 (2 y s tu(s,t))
= { I‘(,B)I‘((S) ff @ —so ) B (y7—07)T- vdt ds

_ tegate) ff s ysto(si) gy g
00

xa,Sa)l ,B(y’y t'y)l )

a’y‘h(x’y u(z,y) ( ,yv 7y) I s 1t’y 1|f 7y S7t,u St) ‘
S F(ﬁ)r‘( ) ff xo‘_sa y'y try dt dS

ahz,v,
+7|(y y)l

j’wa o 1|f rystulst)—F@stosO) 3 1

(170‘—80‘)1 B(y’y t’y)l )

O%a

< amizglag)oviny) ff M nag)ous D)+ @) gy g

(@ —s) 1P (y7—17)1-

ayn(z,y){m(z,y)|v(z,y)|+|h(z,y,0) s 1¢r— 1<;$|ust
1 el &;‘mg‘ st [ oot sletsetl

Ty
2 9 ’ a 1 1 3 3
<@ m(x y)n ypo¢ Po) ff( — 1”5 yit (ﬁ)l . mmf(fgﬁj%{fsgw y)
00

“r st s aym(z,y)n(z
x diam X (z,y ff ) - ;glt Cfew)l ol ,zlg(é)ﬁz(/gz)awo¢(2po)

X T B —e)TT T TBL©)

C—x

j s2~17—14d¢t ds ayn(z,y)|h(z,y,0)|6(2po)
(=
0
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)
a—1lyy—1ldt ds
X \({‘E{‘(Z‘a_sa)l By'y t'y)l )

2p(x, p(z,
< MB—%AW(AO) T%/\oﬁb(”\o)
r(z,y) q(z,y) .
2\ d X . 3.5
T i ara et ras s g tam X @) (8:5)
Now, applying our assumptions, above estimate yields
diam (V X)(z,y) < %)\o(ﬁo\o) %/\W(Q}\o)
) 6(2)0) + WY Giam X(2,y). (3.6)
I'(1+ /)14 9) I'(1+5)I(1+9)
Also by applying assumption (H4) we have
lim supdiam (VX)(z,y) < k lim sup diam X (z,y) (3.7)

for each fixed y € [0, b],

where k= m.

It is clear from the assumption (H5), that k& < 1.

Now, let us suppose arbitrary positive numbers a,b and ¢ > 0. Also we fix an arbitrary function
u € X; xy,x9 € [0,a] and yy,y2 € [0,b] such that |xo — 21| < € and |y2 — y1| < €. Without loss of
generality, we may assume that x; < x5 and y; < y,. Then using our assumptions and obtained
estimate , when 0 < a < 1 we get

|(Vu)(22,y2) — (Vu)(z1,91)]

< lg(@2,92) = g(z1,y1)| + [(Wu) (22, y2) (Un) (w2, y2) — (Wu) (@1, 1) (Uu) (22, 32)|

u)

+ \(WU)(931,y1)(|[hf(U)(il?2Ey2) )7 gl‘(/lfu)(ﬂzl,yl)))$UU)($1, y1)|
a,b ay|n(z2,y2,u(T2,y2)) —"(Z1,y1,U(Z1,Y1

< w(g,€) + NEING

s>~ 1 Lf(x ,8,tu(s, T Ju(x a a,
x f f e sed) g s 4 il 05010 (£, € o)

+ {n(a» b)¢(Xo) + fi(a, b)H{3eb7’ + 2€°a7}]
ab ar{m(wz,y2)|u(@z,y2) —u(z1,y1) l+wi’ (he) }
< w(g,€) + TEIE) :
2 Y2

s Wn(x u(s T m(x u(z T
x [ [ St el ds 4 2R

00
% [a®P010w (N, € Ao) + {7(a, D)d(No) + fi(a, b)}{3e®BB® + 2e19q28)]

a w»P(u o )
< w*(g,€) + W(Hg{m(xz,w) (2, y2)5"53° (o)

a € a"‘ﬁ v r
+m(w2,y2) fi (22, y2)o5 Y3’} + ﬁ{”(a b)¢(Mo) + fi(a, D)}
+ e 1 b it ( f, € do) + {A(a,b)¢(Mo) + fi(a, b)}{3e* 570
+ 267a*8}]

ab Po(po)+Q , ab w?(h,e)aBb7d
< w9, €) + rrrpraen W (4 €) + Ty

x {7(a, b)3(No) + fi(a, b)} + TGS [q0dpou O (£, e; o)

+ {Aa,b)dp(No) + fi(a,b)}H{3e*P b7 + 267°a*PY], (3.8)
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Similarly, when o > 1 and obtained estimate (3.3)), we get

|(Vu) (w2, y2) — (Vu) (21, y1)]

ab Pp(Xo)+Q ab wuvb(h’e)aaﬁbwé
< w*(9,€) + rrepraan @ (U €) + TrpraTs

x {n(a,b)p(Xo) + fi(a,b)} + %m[ B3P ( £, € Ao)

+ {n(a,b)op(No) + fi(a, b)}{3ea'3b75o/3 + 2675a°‘5’y5}], (3.9)
where
wi?(hy€) = sup{|h(x2, y2, u) — h(z1, Y1, u)| © 21,22 € (0,091, 92 € [0,0];]z2 — 1] < €y2 — | <
€eu € [—)\0,)\0]},

m(a,b) = max{m(x,y) : (x,y) € [0,a] x [0,b]},
h(a,b) = max{h(z,y,0) : (x,y) € [0,a] x [0,b]}.

Now, by the uniform continuity of the function f = f(z,y,s,t,u) on J x J X [—Xg, Ao] and the
uniform continuity of the function h = h(z,y,u) on J x [=Ag, Ag], it has been concluded from both

the estimates and (| - ) that

wi(VX) < kwl’(X).

Consequently,
wo(VX) < kwy(X). (3.10)
Now linking equations (3.7)) and -, we get
p(VX) < ku(X), (3.11)

Further let us construct a nonempty, bounded, closed and convex set S, for which the sequence
(BY,) has been constructed, where By = ConvV(B),), By, = ConvV(Bj,).... . Obviously all sets of
this sequence are nonempty, bounded, convex and closed. A part from this it has been observed that
B;L;rl C B}, C By, forn =1,2,3,..... Thus, applying k < 1 and taking into account equati,
it has been concluded that lim,, ;. u(BY%,) = 0. Hence, using the axiom (vi) of Definition (2.1)), the
set S =, B is nonempty, bounded, convex and closed. However, by the remark 1, S € ker p.
In particular,

lim supdiam S(z,y) = zlggo diam S(z,y) =0, (3.12)

T—00

for each fixed y € [0,0]. It has been witnessed that the operator V' maps S into itself and also V' is
continuous on the set S.

Let us fix € > 0 and suppose u,v € S be arbitrary functions such that ||u — v|| < e. Then by linking
and V.S C S it has been derived that there exists a,b > 0 such that for an arbitrary = > a, it
follows

|(Vu)(z,y) = (Vo)(z,y)| < e (3.13)
Further, take (z,y) € J. Then, proceeding as above, we obtain

[(Vu)(z,y) - (v)( 2

aym(x,y)|u —v(x s v 1n(x u(s,t)])+f1(z,
< arm( y\ () (y)|ff ma{_say)ﬁ((lyv( t)J; @9} 1t ds

+ ealmlepley) s olintes) f f 0 totlusDsleal gy g

ay{m(z,y)n(z,y)d(Xo)+m(x,y) f1(x,y)}e s 1gv=1g¢ ds
< {m(z,y)n( yp(é)g)@) () f1(zy)} ff(xa_sa 1tﬁ(y7t L
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L(B)I(5) z@—s) =By —t7)1 =2

p(z,y)0(Xo) + q(w, y)€ p(x,y) Ao + r(x, y)(b(e) - Po(No) +Q ) P+ R 50
- TA+p)TI(1+96) 1+ p/)I(1+9) “TA+B)T(140)  TA+B8CA+6)

Now, connecting (3.13)) and (3.14) with the assumption (H4), it has been concluded that the operator
V' is a self continuous mapping from the set S into itself.

Lastly, by the classical Schauder fixed point principle, it has been concluded that V has at least one
fixed point w in the set S . Let us observe that the function u = u(z,y) is a solution of the quadratic
fractional integral equation by the Lemma .

By using Definition , we deduce that

lim (u(z,y) —v(z,y)) =0,

T—00

| ar{mlegney) ot y0)nty)}ol) ff : =17 1gp ds
00

for each fixed y € [0,b]. Consequently, equation ([1.1)) has a solution and all solutions are uniformly
locally attractive on Ry x [0, ].
O

Remark 3.3. The behavior of solution can be analysed from the fact that as S € kerp where S is a
nonempty bounded convex and closed subset, then by the remark 2 we can conclude that the thickness
of the bundle formed by solutions of equation from S tends to zero at infinity.

4. Numerical Example

Example 4.1. Consider the following quadratic fractional integral equation of fractional order:

5 x4y -+ asysu(z y // A R G u(s,t)+W)dt ds. (4.1)

2
3 F(%)F(%) 954/3 _ 34/3)1/4(y5/4 _ t5/4)1/5

where (z,y) € Ry x [0,1].
The above equation is a particular case of equation .

glz,y) = e @)

Wz, y,u) =z +y + z3ysu(z, y),

1
Ta5/3y5/3’

a=4/3,8=3/4,y=5/4,6 =4/5

flz,y,s,t,u) = e V73 Ju(s, t) +

which satisfied the assumptions of Theorem . Obviously the function g(x,y) satisfy assumption
(H1) with ||g]| =€’ =1.

Further, observe that the assumption (H2) is satisfied with m(z,y) = 2*3y*? and |h(z,y,0)| = z+y.
Moreover, from assumption (H3), we have

‘f(x7y787t7u)_f(x,y,s,t,’l])‘ Se_‘:wy’\/__\/;’.

Since

ju—vl = [V~ Vol + Vil
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, - lu — |
bes V=il = e A

i.e. |vVu — Vol < |u—vl.
Observe that the function f(x,y,s,t,u) satisfies assumption (H3) with

n(z,y) =e >,

¢()‘) = \/X7

and
1

filz,y) = f(z,y,5,t,0) = Ta5/35/3"

Also

5/3,,5/3 —bzy
€ ’

B 1
=
r(z,y) = (v + y)xye":’xy,

__rry
S(Q?,y) - 7x2/3y2/3'

p(z,y) =2y

q(z,y)

Let us observe that p(z,y) — 0 as x — 0o and P = (1/3)*/3¢75/3 = 0.030267... . It is also seen that
the function q(x,y) is constant on Ry x [0,1] and @ = 0.142857... . Let us see that r(x,y) — 0 as
r — oo and R = 2(3/10)%2e73/2 = 0.073328... . Also, we check that s(z,y) — 0 as x — oo and
S =0.22907.... .

Finally, the inequality from the assumption (H5) comes in the form

. 1
T/ o/5)

Let us write the inequality in the form:
T(7/4)T(9/5) + PX*? 4+ QX+ RAY2 + S < X T(7/4)T(9/5). (4.2)
Let us denote the left-hand side of this inequality by L(\), i.e.,
L) =T(7/4)T(9/5) + PX*? + QX + RAY? + S.

[PAY2 - QA+ RAV? + 5] <\,

Here, keeping in mind the above established values of the constants P,Q, R, S for A\ = 2, we obtain
L(2) =T(7/4)T'(9/5) + 0.08562 + 0.28572 + ....

Hence, it has been observed that A\g = 2 1s a solution of the inequality , since I'(7/4) ~ 0.9197
and I'(9/5) ~ 0.9322.
Moreover,

Q ~0.14286.. < T'(7/4)'(9/5).
Thus, on the basis of the Theorem equation has at least one solution in the space BC(R, X
[0,1]) which belongs to the ball By,. Moreover, solutions of equation are uniformly locally
attractive in the sense of Definition which means that for arbitrary solutions u(z,y) and v(z,y)
of equation belonging to B, for each fixed y € [0, 1], we have that

Tim (u(z, y) —v(2,y)) =0,

uniformly with respect to the ball By, .
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5. Conclusion

In this work we have derived the sufficient condition for the existence of solution of a quadratic
fractional integral equation in two variables on an unbounded interval. Also we have shown that the
the solutions are uniformly locally attractive. Finally, an example has been given to substantiate the
result.
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