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Abstract

In this paper , we studied and introduced a new subclass of analytic univalent functions defined by
differ — integral operator . We obtain distortion bounds, extreme points , and some theorem of this
subclass .
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1. Introduction

Let RH B denoted the class of functions of the form
fe) =2+ a.a",(ne€{1,2,.}) (1)
n=2

Which are analytic and univalent functions in the unit disk: U = {2z : |z| < 1}. RHB , we define
the subclass of RH consisting of the functions defined by the form :

f(z)=2— Zanz", (a, >0,mne{l,2,..}) (2)

n=2
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Let g € RH and f € RH if
g(z) =z — anz", (b, >0,n € {1,2,..}) (3)
n=2

Then the Hadamard product or (Convolution) Defined by

o0

(f*9)(z) = 2= anbz" = (fx9)(z) (4)

n=2
Definition 1: A function f € RH is said to be in the class RH! (v, 5,0,n, A) if and only if satisfies
the condition :
AHG ()] + 001 = [Hy " f(2)])
(1= B) + zA[H " f(2)]" + 6(1 = [Hp " f(2)])

<1 (5)

where 0 < < 1,A>0,0>0,—co<pu<l,v<2ne Ry >0.
and Hy,"" is the fractional differintegral operator of order y1 (—oo < 1 < 1) (see Goyal and Prajapat
[1]). For this operator if Hy,"" : W (n) — W(n) (6), then

Hy?" f(2) = 2 — Z Ri(p,v,n)arz®, (a4, >0,n e N=1{1,2,3,..},2€U) (7)
k=n+1
where Ry(u,v,n) = G(u,v,n)M(u,v,n, k) (8) and

(1—=v)(1—p+In) D(k+ 1)1 —v+n)

G(p,v,n) = s M(p,v,m, k) = 9

L R S (R A TR T
Throughout the paper

(@) =]Ja+k—1lor=(a+1)(a+2)..(a+n+1) (10)
k=1
r
is the factorial function , or if @ > 0 , then (a), = (12L<—+)n) (11) (where I' is Euler's Gamma
a

function).
For z # 0, (1.5) may be expressed as

F'e—-v)I'2—pu+n)
HEVIf(2) = r'2—-v+n)

r2-—uv)rf@—-p+n) ,
vl w,v,n . < <0 12
F(2—I/—|—77) z 0,z (Z)v S Iy ( )

I f(2);0< <1

where Jy."" f(2) is the fractional derivative operator of order p(0 < p < 1) , while I """ f(2)is the
fractional integral operator of order —u(—oo < p < 0) introduced and studied by Saigo ([4],[5]).
It may be worth noting that, by choosing —oo < = v < 1 the operator Hy"."" f(2) becomes

Ho"f(2) = HEf(2) =T(2 = p)z"DEf(z)  (13)
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Where D! f(z) is respectively, the fractional integral operator of order —u(—oco < p < 0) and
fractional derivative operator of order (0 < p < 1) considered by Owa[3] and defined by Liouville[2].
Further if y =v =0, then

Ho"f(2) = f(2) (14)
and for y - 17 and v =1

lim HEL"f(2) = 2f () (15)

p—1-

Theorem 1: A function f € RH! (¢, 3,60,n, A) if and only if
> Rulpvmn(l+ A) = (1= A+20)ja, < (1= g (16)
n=2

where 0 < <1,A>0,0>0,—co<pu<l,v<2,nme R,y >0.
Proof . Assume that the inequality (16) holds true and let |z| = 1, we have

2 [HEP ()] + 001 — [HEPf(2)]) ‘
(1-0)+zA [H{{’Z”’” (z)] +0(1— [H()f’z”’” (z)} )

So

2[= >0y R, v, m)(n — D)anz" 2] + 030"y Ru(p, v, m)anz""")

1=+ z[A(= >, Ru(p,v,m)(n — 1)anz"=2)] 4+ 003", Ru(p, v, m)a,z""1) <1

- 220:2 Rn(ﬂv v, 77) (n - 1)anzn71 + ZZO:Q OR, (1, v, n)anzn’l

(1 - B)¢ + [_ ZZO:Q ARH(M? v, 77)(" - l)anzn_l] + (ZZO:Q HRN(:Mv v, 77)%2") <1

S, Rulp,v,m)(n — 1 — 0)a,z""!

(1=5)—=> " Ro(p,v,m) [A(n — 1) — 0] apzn! <1

> Rl v,n)(n— (146))a,z"""| <

n=2

(1=8)Y— ZR”(“’ v,n) [A(n —1) — 0] apz"*

> Bulpvin)(n = (14 0))anz"""| -

n=2

(1-8)y— Z Ro(p,v,n) [A(n — 1) — 0] ap2™!

<D Ralpvim)(n— (14 0)anlz["" = (1= B) + Y Ra(uvyn) [A(n = 1) = p] an|2|""!

n=2

WE

[|
I\

n

Since |z| =1, we get

D Ralpvim)n(l+ A) = (1= A+20)]a, < (1= B)0
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Conversely ,suppose that is in the class RH (¢, 5,0,1, A)

S [HEP ()] + 01— [HE2 f(2)])
(1-p5)+zA [Hgf’;’” (z)] +0(1— [Hgf’z”’” (z)] )

<1

For all z , we have|Re(2)| < |z| , since

5, Rt ) — 1~ )y
Re { (1= B) — 500, Ru(p, v, ) [A(n — 1) — 0] a2t } <1

Choose the value ofz on the real axis and let z — 1 we get

D Rulpvim)n(l+ A) = (1= A+20)]a, < (1= B)0

Corollary 2 : Letf € RH" (1, 3,0,n, A) then

o (1-5)
" Ruy(pv,m)n(l+ A) — (1 — A+ 20)]

Theorem 3: Let the function f defined by (2) be in the class RH* (v, 3,0,7n, A). Then

(1-p)v (1—B)v 2

R I R (R W A A GO L Sl - gravvars 75 iy e ey s T A
0<lzl=r<1 (17)

The equality in (17) is attained by the function f given by

(1—p)y 2

IO = R v+ A — (1= A+ 28]

Proof . Since the functionf defined by (2) in the RH* (¢, 3,0,n, A) , we have from theorem 1

S (1-B)w
; S R RO A) — (L= At 20)]

Thus

[e.9]

FE) =12 =) a2 < |21+ anl2[”
n=2

n=2

F)] < [zl + 27D an
n=2

fEI<r Y a

(1—pB)v 2

lf(2)] <r+ R+ A) — (1 —A+29)]r
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Similarly

o
z)| > |Z|+Zan|2|"
1f(2)] > |z] = |2 Zan
2)| Z'r—'rQZan
n=2

IO L= :

R[22+ A) —(1—A+20)]

This completes the proof .
(1-8)

Th 4: Let = d fu(z) =2— " Th is i
eorem et fi(z) =z and f,(2) =z R R0 A) —(1—A+ 20)]2 enf is in
the class RHY (¢, 3,0,n, A) if and only if can be expressed in the form f(z) =Y, 0, f,(2) where

(0> 1,37 jon=1lorl=01+> ", 05).
Proof . Assume that

= Z Unfn(z)

f(z) =01fi(z +Zanfn

B (1 =B n
z) —012+;Un <Z_ Ru(,vm)2(L+ A) — (1— A+ 20)] )

AP L ZU” A RO+ A) = (1= A+26)]

(- B :
- (Ul +ZU"> Y G A AT

n=2

Z_Z"" 2+ A) — (1— A+20)]

From theorem 1, Y, R,(u,v,n)[2(1 + A) — (1 — A+ 20)]a, < (1 — 5)1).Then

5 [t ) (- A W), (1 p)
(=) "Bl ) 21+ A) — (1= A+ 20)]

ian—l—algl
n=2

Conversely ,suppose that f € RH(vy, 3,0,n, A) implies from theorem 1

L (1- By
"= R+ A)— (1— A+ 20)]
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Setting
oo R.(u,v,m2(1+A)—(1—A+ 29)]a
" (1—B) "
L (1- ) i
" Ry( )20+ A) — (11— A+20)] "
f(z)=2z— Zanz”
f(z>zz_oo (1= F)e opz"
~ Ro(u,v,m)2(1+A) — (1 —A+20)] "
From
" R.(u,v,n)[21+ A) — (1 — A+20)]™"

(1—=B)
Ry(u,v,m[2(1+A) — (1 — A+ 20)]

1) = 2= oulz — ful2)

Zn =2 — fu(2)

f(z)=2— ZO’nZ + Zanfn(z)
f(z)=z2(1- Zan) + Zanfn(z)
f(2) = fior + ZUnfn(Z)

f(2) =Y onfal2)

This complete the proof .
Now ,we shall prove that the class RH*(v, 3,0,n, A) is closed under arithmetic mean . Let the
function f,.(r = 2,3, ...,m) define by

WE

fr(z)=2—=> an.2" (18)

Il
N

n

Theorem 5: Let the function defined f by (2) be in the classRH* (¢, 3,0,n, A) . For every (r =
2,3, ...,m) then the arithmetic mean of f,.(r =2,3,...,m) is defined by

g(2) :z—chz" , (cn>2,n>2n€eN)

n=2

1
Also belong to the class RH¥ (1, 3,0,n, A) ,where ¢, = — > ", ap.
m
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Proof . Since f, € RH!(¢, 3,0,n, A) ,then from theorem 1 we get
Y Ralpvm2(1+A) = (1 - A+20)]a, < (1= B)  (19)
n=2
> Rl v, m)[2(1+ A) — (1= A+ 26)]c,
n=2

> R vm)2(1+A) — (1 — A+20)]

1 m
E ; a'n,r]

%Z Z Rn(p“w v, 7))[2(1 + A) - (1 —A+ 20)]&7177]

by (19)

(1B
< (1- B

This complete the proof .
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