
Int. J. Nonlinear Anal. Appl.
Volume 12, Special Issue, Winter and Spring 2021, 71-82
ISSN: 2008-6822 (electronic)
http://dx.doi.org/10.22075/IJNAA.2021.4845

Coefficient Bounds of m-Fold Symmetric
Bi-Univalent Functions for Certain Subclasses

Nihad Hameed Shehab a∗, Abdul Rahman S. Jumab

aDepartment of Mathematics; College of Education for Pure Sciences ;University of Anbar ;Anbar; Iraq.
bDepartment of Mathematics ;College of Education for Pure Sciences ;University of Anbar ;Anbar ; Iraq.

(Communicated by Dr.Ehsan Kozegar)

Abstract

In this article, the authors introduce two new subclasses of a class m-fold symmetric biunivalent
functions in open unit disk. Coefficient bounds for the Taylor-Maclaurin coefficients |am+1| and
|a2m+1| are are obtain . Furthermore, we solve Fekete-Szegö functional problems for functions in
F∑

,m(γ, µ, ϑ) and M∑
,m(κ, η, ϑ) . Also, several certain special improver results for the associated

classes are presented .

Keywords: Analytic functions , Bi-Univalent functions , Fekete-Szegö coefficient ,
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1. Introduction

Indicate by A the class of normalized functions satisfying the condition f(0) = f
′
(0) − 1 = 0 and

given by next Taylor expansion :

f(z) = z +
∞∑
n=2

anz
n , z ∈ D (1.1)

which are analytic in the open unit disk D = {z ∈ Cand|z| < 1}, where C is complex plane . Further,
let H indicate the class of all functions in A which are univalent in open unit disk . The Koebe one
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– Quarter Theorem [5] ensures that the image of D under every univalent function f ∈ H contains

a disk of radius
1

4
. therefore , every univalent functions f has an inverse f−1 define z = f−1(f(z))

,(z ∈ D)and

ω = f(f−1(ω)),

(
|ω| < p0(f); p0(f) >

1

4

)
(1.2)

where

f−1(ω) = ω − c2ω2 + (2c22 − c3)ω3 − (5c32 − 5c2c3 + c4)ω
4 + ... (1.3)

If both two functionsf and f−1 are univalent in D, f ∈ Ais known to be bi univalent functions.
Indicate for the class of bi-univalent functions in D by

∑
,which are normalized by (1.1) .Let f and

g be two analytic functions in D . A function f is subordinate to g if there exist } be a Schwarz
analytic function in D with }(0) = 0 and |}(z)| < 1, (z ∈ D)satisfying the following condition :

f(z) = g(}(z)) , z ∈ D

This subordination is indicate by f < g or f(z) < g(z), z ∈ D.
If the function g is univalent in , thenf < g if and only if f(0) = g(0) and f(D) ⊂ g(D) (see [20] ) .

Lewin [9] obtained a coefficient bound given by |a2| 6 1.51 for each f ∈
∑

and investigated the
class

∑
of bi-univalent functions .Thereafter, stimulated by the working of Lewin[9] , Clunie and

Brannan [3] guessing that |a2| ≤
√

2 for each f ∈
∑

.
Actully , in recent years Srivastava et al.[16] have actually enlivev the study of bi-univalent and

analytic functions, by Bulut [4] it was followed by such work, Adegani and et al.[1], Guney et al. [6],
Srivastava and Wanas [12] and other (see, for example [2, 8,13,14,15,17,18,19]) . We notice that the

class
∑

is note empty . For example , the functions z,
z

1− z
,−log(1−z)and

1

2
log

1 + z

1− z
are members

of
∑

. However, the Koebe functions is note a member of . Until now , the coefficient estimate
problem for each the following Taylor-Maclaurin coefficients |an|, (n ∈ N = {1, 2, 3, 4, . . . . . . .}, n > 3)
,for functions f ∈

∑
is as yet an open problem (see ,for specifics,[16]) .

For allf ∈ H, the function p define byp(z) = m
√
f(zm) (m ∈ N = {1, 2, 3. . . . . . })is maps and

univalent in D into region with m-fold symmetry .Afunction is called m-fold symmetric (see [10],[11])
if the condition of normalized is hold and written as the form :

f(z) = z +
∞∑
j=1

amj+1z
mj+1 , (m ∈ N = {1, 2, 3, . . . .}, z ∈ D). (1.4)

The class m-fold symmetric univalent functions indicate by Hm and which are normalized by above
series expansion (1.4) . in particular if m = 1, the function in class H are one-fold symmetric. Similar
to the notion of m-fold symmetric, one can think of the notion of m-fold symmetric biunivalent
functions in a normal way. For all positive integer m, each function f in the class

∑
creates an

m-fold symmetric biunivalent function. The normalized form of f is define as in (1.4) and f−1 is
define as follows:

g(ω) =ω − cm+1ω
m+1 + [(m+ 1)c22m+1 − c2m+1]ω

2m+1−

[
1

2
(m+ 1)(3m+ 1)c3m+1 − (3m+ 1)cm+1c2m+1]ω

3m+1 + ... (1.5)
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where g = f−1 . The class m-fold symmetric biunivalent functions denoted by
∑

m . For m = 1, the
formula (1.5) synchronized with the formula (1.3) of the class

∑
. Indicate by ς of the class function

of the form :

h(z) = 1 + h1z + h2z
2 + ... (z ∈ D)

such that

Re(h(z)) > 0 (z ∈ D).

Pommerenke [10] in see of his working, a symmetric m-fold function h in the class ς of the form

h(z) = 1 + dmz
m + d2mz

2m + d3mz
3m... (1.6)

Throughout our present investigation , it is assumed that analytic function ϑ with positive real part
in D such that ϑ(0) = 0 and and ϑ(D) is symmetric with regard to the real part . Such a function
has a series expansion of the form:

ϑ(z) = 1 + A1z + A2z
2 + A3z

3 + ..., (A1 > 0) (1.7)

Let two analytic functions t(z) and u(ω) in D with

t(0) = u(0) and max|t(z)|, |u(ω)| < 1.

Assume that

t(z) = bmz
m + b2mz

2m + b3mz
3m + ... (1.8)

u(ω) = dmω
m + d2mω

2m + d3mω
3m + ... (1.9)

Observe that

|bm| ≤ 1, |b2m| ≤ 1− |bm|2, |dm| ≤ 1, |d2m| ≤ 1− |dm|2. (1.10)

By simple computations , we have

ϑ(t(z)) = 1 + A1bmz
m + A2b2mz

2m + A2b
2
mz

2m + ..., (|z| < 1) (1.11)

ϑ(u(ω)) = 1 + A1dmω
m + A2d2mω

2m + A2d
2
mω

2m + ..., (|ω| < 1) (1.12)

In this work, two new classes of m-fold biunivalent functions are introduced for this classes and
obtain boundary for the Taylor-Maclauain coefficients |cm+1| and |c2m+1| . Also, in this two new
classes Fekete-Szegö functional problems for afunctions are presented .

2. The function class F∑
,m(γ, µ, ϑ)

Definition1. Let f(z) be a function, given in (1.4) ,be in the classF∑
,m(γ, µ, ϑ) if satisfied the

following conditions f ∈
∑

m′

(
zf

′
(z)

f(z)

)γ (
zf

′
(z) + µz2f ”(z)

(1− µ)f(z) + µzf ′(z)

)
< ϑ(z), where z ∈ D, 0 ≤ µ ≤ 1

and γ ≥ 0, and(
ωg

′
(ω)

g(ω)

)γ (
ωg

′
(ω) + µω2g”(ω)

(1− µ)g(ω) + µωg′(ω)

)
< ϑ(ω), (g(ω) = f−1(ω))

where g() be a function define by (1.5) .
Note that the particular cases of above class
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1- whenm = 1 reduce to the classes F∑
,m(γ, µ, ϑ) = F∑

,1(γ, µ, ϑ).

2- when m = 1 ,γ = 0 and µ = 0 reduce to the classes F∑
,m(γ, µ, ϑ) = F∑

,1(0, 0, ϑ)introduce to
the class starlike function [7].

3) when m = 1,γ = 0 and µ = 0 reduce to the classes F∑
,m(γ, µ, ϑ) = F∑

,1(1, 0, ϑ) introduce to
the class convex function [7].

The next Theorem prove to a class F∑
,m(γ, µ, ϑ).

Theorem1. Let f(z) be a function, define by (1.4), in the classF∑
,m(γ, µ, ϑ)Then:

|cm+1| 6
A1

√
2A1√

|[2m2(1− µ2m− µ) + 2m2(µγm+ µm+ 2γ) +m(2µ+ γ2 − γ)]A2
1 − 2m2(1 + µm+ γ)2A2|+ (1 + µm+ γ)2A1

(2.1)

and

|cm+1| 6

(m+ 1)A1

[2m2(1− µ2m− µ) + 2m2(µγm+ µm+ 2γ) +m(2µ+ γ2 − γ)]
; if |A2| 6 A1

〈
(m+ 1)[|2m2(1− µ2m− µ) + 2m2(µγm+

µm+ 2γ) +m(2µ+ γ2 − γ)A2
1 − 2m2(1 + µm+ γ)2A2|]A1 + (m+ 1)(1 + µm+ γ)2|A2|A1 〉

[2m2(1− µ2m− µ) + 2m2(µγm+ µm+ 2γ) +m(2µ+ γ2 − γ)]|2m2(1− µ2m− µ) + 2m2
; if |A2| > A1

(µγm+ µm+ 2γ) +m(2µ+ γ2 − γ)A2
1 − 2m2(1 + µm+ γ)2A2|+ (1 + µm+ γ)2A1

(2.2)

Proof . Let F∑
,m(γ, µ, ϑ). Then there is two analytic functions t : DßD and u : DßD with t(0) =

u(0) = 0 , satisfying the next conditions:(
zf

′
(z)

f(z)

)γ (
zf

′
(z) + µz2f ”(z)

(1− µ)f(z) + µzf ′(z)

)
= ϑ(t(z)), (2.3)

and (
ωg

′
(ω)

g(ω)

)γ (
ωg

′
(ω) + µω2g”(ω)

(1− µ)g(ω) + µωg′(ω)

)
= ϑ(u(ω)), (g(ω) = f−1(ω)) (2.4)

We get(
zf

′
(z)

f(z)

)γ (
zf

′
(z) + µz2f ”(z)

(1− µ)f(z) + µzf ′(z)

)
= 1 +m(1 + µm+ γ)cm+1z

m + 2m(1 + 2µm+ γ)c2m+1z
2m

−
[
m(µm+ 1)2 −m2γ(µm+ 1)− 1

2
m(γ2 − 3γ)

]
c2m+1z

2m + ... (2.5)

and(
ωg

′
(ω)

g(ω)

)γ (
ωg

′
(ω) + µω2g”(ω)

(1− µ)g(ω) + µωg′(ω)

)
= 1−m(1 + µm+ γ)cm+1ω

m − 2m(1 + 2µm+ γ)c2m+1ω
2m

+

[
m(2m+ 1)2 − µm(2m2 − µm2 + 2) + γm2(1 + µm) + 2m(1 +m) +

1

2
m(γ2 − 3γ)

]
c2m+1ω

2m + ...

(2.6)
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from (1.11),(1.12),(2,5) and (2.6), we find that

m(1 + µm+ γ)cm+1 = A1bm, (2.7)

2m(1 + 2µm+ γ)c2m+1 −
[
m(µm+ 1)2 −m2γ(µm+ 1)− 1

2
m(γ2 − 3γ)

]
c2m+1

= A1b2m + A2b
2
m (2.8)

−m(1 + µm+ γ)cm+1 = A1dm (2.9)

and

− 2m(1 + 2µm+ γ)c2m+1

+

[
m(2m+ 1)2 + γm2(1 + µm) + µm(2m2 − µm2 + 2) + 2m(1 +m) +

1

2
m(γ2 − 3γ)

]
c2m+1

= A1d2m + A2d
2
m (2.10)

From (2.7) and (2.9), we get

dm = −bm (2.11)

and

2m2(1 + µm+ γ)2c2m+1 = A2
1(b

2
m + d2m)

By adding (2.8) and (2.10) and , up on some calculations using (2.7) and (2.11), we obtain[
[2m2(1− µ2m− µ) + 2m2(µγm+ µm+ 2γ) +m(2µ+ γ2 − γ)]A2

1 − 2m2(1 + µm+ γ)2A2

]
c2m+1

= A3
1(b2m + d2m) (2.12)

Moreover, the equations (2.11) , (2.12), jointly with (1.10), yield∣∣[2m2(1− µ2m− µ) +m(γ2 + 2µ− γ)2m2(µγm+ µm+ 2γ)]A2
1 − 2m2(1 + µm+ γ)2A2

∣∣
≤ 2A3

1(1− |bm|2) (2.13)

Now, from (2.7) and (2.13), we get

|cm+1| 6
A1

√
2A1√

|[2m2(1− µ2m− µ) +m(2µ+ γ2 − γ) + 2m2(µγm+ µm+ 2γ)]A2
1 − 2m2(1 + µm+ γ)2A2|+ (1 + µm+ γ)2A1

as certain in (2.1).
Subtracting (2.10) from (2.8), and using (2.11) and (2.7), we get

µ(2m2 − µm2 + 2) + (2m+ 1) + γm(µm+ 1) + 2γ(m+ 1) +
1

2
(γ2 − 3γ)A1b2m

+

[
m2γ(µm+ 1)−m(µm+ 1)2 − 1

2
m(γ2 − 3γ)

]
A1d2m + 2(m+ 1)[1 + 2µm+ γ]2A2b

2
m

= 4m2[1 + γ + 2µm][1 + µm+ γ]c2m+1 (2.14)
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Therefore, by using equation (1.10) in (2.14) , we obtain

2m2[1 + µm+ γ][1 + µm+ γ]|c2m+1|

≤ µ(2m2 − µm2 + 2) + (2m+ 1) + γm(µm+ 1) + 2γ(m+ 1) +
1

2
(γ2 − 3γ)A1

− (2m+ 1) + µ(2m2 − µm2 + 2) + γm(µm+ 1) + 2(1 +m) +
1

2
(γ2 − 3γ)A1|bm|2

= +(1 +m)(1 + 2µm+ γ)|A2||bm|2 (2.15)

Since

|bm|2 ≤
[1 + µm+ γ]2A1√

|[2m2(1− µ2m− µ) +m(2µ+ γ2 − γ) + 2m2(µγm+ µm+ 2γ)]A2
1 − 2m2(1 + µm+ γ)2A2|+ (1 + µm+ γ)2A1

(2.16)

Up on substituting from (2.16) into (2.15), we are led easily to the asertion (2.2) of Theorem1.
In case of one-fold symmetric functions of Theorem1 we get the next results.
Corollary1. Let f(z) be a function, define by (1.4), in the clas F∑

,1(γ, µ, ϑ) . Then

|c2| 6
A1

√
2A1√

|[2(1− µ2 − µ) + 2(µγ + µ+ 2γ) + (2µ+ γ2 − γ)]A2
1 − 22(1 + µ+ γ)2A2|+ (1 + µ+ γ)2A1

and

|c3| 6

2A1

[2(1− µ2 − µ) + 2(µγ + µ+ 2β) + (2µ+ γ2 − γ)]
; if |A2| 6 A1

〈
2[|2(1− µ2 − µ) + 2(µγ + µ+ 2γ)

+(2µ+ γ2 − γ)A2
1 − 2(1 + µ+ γ)2A2|]A1 + 2(1 + µ+ γ)2|A2|A1 〉

[2(1− µ2 − µ) + 2(µγ + µ+ 2γ) + (2µ+ γ2 − γ)]|2(1− µ2 − µ) + 2(µγ + µ+ 2γ)+
; if |A2| > A1

(2µ+ γ2 − γ)A2
1 − 2(1 + µ+ γ)2A2|+ (1 + µ+ γ)2A1

Theorem2. Let f(z) be a function, define by (1.4), in the class F∑
,m(γ, µ, ϑ) . Then

|c2m+1 − λc2m+1| ≤


A1

2m(1 + 2µm+ γ)
for 0 ≤ |q(λ)| < 1

4m(1 + 2µm+ γ)

2A1|q(λ)| for |q(λ)| ≥ 1

4m(1 + 2µm+ γ)

(2.17)

where

q(λ) =
A2

1(m+ 1− 2λ)

2[2m2(1− µ2m− µ) +m(2µ+ γ2 − γ) + 2m2(µγm+ µm+ 2γ)]A2
1 − 2m2(1 + µm+ γ)2A2

c2m+1 =
A3

1(b2m + d2m)

[2m2(1− µ2m− µ) + 2m2(µm+ µmγ2 + 2γ) +m(2µ+ γ2 − γ)]A2
1 − 2m2(1 + µm+ γ)2A2

(2.18)

Subtract (2.10) from (2.8), we get

c2m+1 =
(m+ 1)A2

1(b
2
m + d2m)

4m2[1 + µm+ γ]2
+

A1(b2m − d2m)

4m[1 + 2µm+ γ]
(2.19)
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From (2.18) and (2.19), it follows that

c2m+1 − λc2m+1 = A1

[(
q(λ) +

1

4m[1 + 2µm+ γ]

)
b2m +

(
q(λ)− 1

4m[1 + 2µm+ γ]

)
d2m

]
(2.20)

where

q(λ) =
A2

1(m+ 1− 2λ)

2[2m2(1− µ2m− µ) +m(2µ+ γ2 − γ) + 2m2(µγm+ µm+ 2γ)]A2
1 − 2m2(1 + µm+ γ)2A2

Because each Ai ∈ R(real )and 1 > 0 , this implies that get the equation (2.17) .
In cases of onefold functions symmytric, Theorem2 reduecs to the next .

Corollary2. Let f(z) be a function, define by (1.4), in the class F∑
,1(γ, µ, ϑ). Then

|c3 − λc2| ≤


A1

2(1 + 2µ+ γ)
for 0 ≤ |q(λ)| < 1

4(1 + 2µ+ γ)

2A1|q(λ)| for |q(λ)| ≥ 1

4(1 + 2µ+ γ)

In Theorem2 in case λ = 1, we get the following corollary
Corollary3. Let f(z) be a function, define by (.1.4), in a classF∑

,m(γ, µ, ϑ) . Then

|c2m+1 − c2m+1| ≤


A1

2m(1 + 2µm+ γ)
for 0 ≤ |q(λ)| < 1

4m(1 + 2µm+ γ)

2A1|q(λ)| for |q(λ)| ≥ 1

4m(1 + 2µm+ γ)

In case of onefold symmyric, then Corollary3 reduecs to the next Corollary.
Corollary4. Let f(z) be a function, define by (1.4), be in the class F∑

,1(β, µ, ϑ) . Then

|c3 − c22| ≤
A1

2(1 + 2µ+ γ)

3. The function class M∑
,m(κ, η, ϑ)

Definition2. Let f(z) be a function, define by (1.4) , in a classM∑
,m(κ, η, ϑ) if satisfied next

conditions f ∈
∑

m′

(
zf

′
(z)

f(z)

)κ(
(1− η)

f(z)

z
+ ηf

′
(z)

)
< ϑ(z), where z ∈ D, 0 ≤ η and κ ≥ 0, and(

ωg
′
(ω)

g(ω)

)κ(
(1− η)

g(ω)

ω
+ ηg

′
(ω)

)
< ϑ(ω), (g(ω) = f−1(ω))

whereg(ω) be a function define by (1.5) .
Note in above definiation in case m = 1 the class M∑

,m(κ, η, ϑ) reduce by M∑
,1(κ, η, ϑ) .

Theorem3 . Let f(z) be a function , define by (1.4), in the classe M∑
,m(κ, η, ϑ) . Thens

|cm+1| 6
A1

√
2A1√

|(κm(ηm+ 2m+ 3) + (1 +m)(1 + 2ηm) +m(κ2 − 3κ))A2
1 − 2(1 +m(η + κ)2A2|+ 2(1 +m(η + κ)2A1

(3.1)
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and

|c2m+1| 6

(1 +m)A1

(1 +m)(1 + 2ηm) + 2mκ(m+ 1) +
1

2
m(κ2 − 3κ)

; ifB1 6 ψ(B1)

|(κm(ηm+ 2m+ 3) +m(κ2 − 3κ) + (1 +m)(1 + 2ηm))A2
1−

2(1 +mκ+mη)2|A1 + (κ2 − 3κ) + (1 +m)(1 + 2ηm))A3
1

(1 + 2m(η + κ))a2m+1 +

[
κm(1 + ηm) +

1

2
m(κ2 − 3κ)

]
|(κm(ηm+ 2m+ 3)+

; if |A2| > A1

m(κ2 − 3κ) + (1 +m)(1 + 2ηm))A2
1 − 2(1 +m(η + κ))2A2|+ 2(1 +m(η + κ))2A1

(3.2)

where

ψ(A1) =
2(mκ+mη + 1)2

2mκ(m+ 1) + (1 +m)(1 + 2ηm) +
1

2
m(κ2 − 3κ)

Proof . Let M∑
,m(κ, η, ϑ). Then there is two analytic functions t : D → D and u : D → D with

t(0) = u(0) = 0 , such that satisfying the next conditions:

f ∈
∑
m′

(
zf

′
(z)

f(z)

)κ(
(1− η)

f(z)

z
+ ηf

′
(z)

)
< ϑ(t(z)) (3.3)

and (
ωg

′
(ω)

g(ω)

)κ(
(1− η)

g(ω)

ω
+ ηg

′
(ω)

)
< ϑ(ω), (g(ω) = f−1(ω)) (3.4)

Since(
zf

′
(z)

f(z)

)κ(
(1− η)

f(z)

z
+ ηf

′
(z)

)
= 1 + (1 +m(η + κ))cm+1z

m + (1 + 2m(η + κ))c2m+1z
2m

+

[
κm(ηm+ 1) +

1

2
m(κ2 − 3κ)

]
c2m+1z

2m + ...

and(
ωg

′
(ω)

g(ω)

)κ(
(1− η)

g(ω)

ω
+ ηg

′
(ω)

)
== 1− (1 +m(η + κ))cm+1ω

m + (1 + 2m(η + κ))c2m+1ω
2m

+

[
(1 +m)(1 + 2ηm) + 2mκ(1 +m) +

1

2
m(κ2 − 3κ)

]
c2m+1ω

2m + ...

Now,frome (1.11) ,(1.12),(3.3) and (3.4) we obtain

(1 +mκ+mη)cm+1 = A1bm (3.5)

(1 + 2m(η + κ))c2m+1 +

[
1

2
m(κ2 − 3κ) + κm(1 + ηm)

]
c2m+1 = A1b2m+ = A2b

2
m (3.6)

− (1 +mκ+mη)cm+1 = A1dm (3.7)
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and

− (1 + 2m(η + κ))c2m+1 +

[
(1 +m)(1 + 2ηm) + 2mκ(1 +m) +

1

2
m(κ2 − 3κ)

]
c2m+1 = A1d2m + A2d

2
m

(3.8)

From (3.5) and (3.7), we get

dm = −dm (3.9)

adding (3.6) and (3.8) and up on some calculations use (3.5) and (3.9),we obtain

|(κm(ηm+ 2m+ 3) + (1 +m)(1 + 2ηm) +m(κ2 − 3κ))A2
1 − 2(1 +m(η + κ)2A2|a2m+1

= A3
1(b2m + d2m) (3.10)

Also , from (3.9) and (3.10), jointly with (1.10), implies that

|(κm(ηm+ 2m+ 3) + (1 +m)(1 + 2ηm) +m(κ2 − 3κ))A2
1 − 2(1 +m(η + κ)2A2|a2m+1 ≤ A3

1(1− |b2m|)
(3.11)

Now , from (3.5) and (3.11), conclude that

|cm+1| 6
A1

√
2A1√

|(κm(ηm+ 2m+ 3) + (1 +m)(1 + 2ηm) +m(κ2 − 3κ))A2
1 − 2(1 +m(η + κ)2A2|+ 2(1 +m(η + κ)2A1

as asserted in (3.1).
Next, subtracting (3.8) from (3.6), we find

2(1 + 2m(η + κ))c2m+1 = [(1 +m)(1 + 2ηm)−mκ(1 + ηm)− κm(1 + ηm) + 2κm(m+ 1)] c2m+1

+ A1(b2m − d2m) (3.12)

By using (1.10) and (3.5) in (3.12), if follows that

2(1 + 2m(η + κ))|c2m+1| ≤ [2κm(m+ 1) + (m+ 1)(1 + 2ηm) + κm(1 + ηm)] |c2m+1|
+ A1(|b2m| − |d2m|)

Which ,implies that in view (3.5).
By applying (3.1) in (3.13),we get (3.2).
Theorem3 is complete .

Remark: in case one-fold symmetric functions, Theorem3 which we recall as next Corollary.
Corollary5 . Let f(z) be a function , define by (1.4), be in the classe M∑

,m(κ, η, ϑ). Then

|c2| 6
A1

√
2A1√

|(κ(η + 5) + 5(1 + 2η5) + (κ2 − 3κ))A2
1 − 2(1 + η + κ)2A2|+ 2(1 + η + κ)2A1

(3.13)
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and

|c3| 6

A1

(1 + 2η) + 2κ+
1

4
m(κ2 − 3κ)

; if |A2| ≤
(1 + η + κ)2

(1 + 2η) + 2κ+
1

4
m(κ2 − 3κ)

|(κ(η + 5) + (κ2 − 3κ) + 2(1 + 2η))A2
1 − 2(1 + η + κ)2A2|A12(1 + 2η) + 4κ+

1

2
m(κ2 − 3κ)A3

1

2(1 + 2η) + 4κ+
1

2
(κ2 − 3κ)|(κ(η + 5) + (κ2 − 3κ) + 2(1 + 2η))A2

1 − 2(1 + η + κ)2A2|+ 2(1 + η + κ)2A1

;

if |A2| ≤
(1 + η + κ)2

(1 + 2η) + 2κ+
1

4
m(κ2 − 3κ)

Theorem4. Let f(z) be a function, define by (1.4), in aclass M∑
,m(κ, η, ϑ). Then

|c2m+1 − λc2m+1| ≤


A1

(1 + 2m(η + κ)) +

[
κm(ηm+ 1) +

1

2
(κ2 − 3κ)

] for 0 ≤ |q(λ)| < 1

2(1 + 2m(η + κ))

2A1|q(λ)| for |q(λ)| ≥ 1

2(1 + 2m(η + κ))
(3.14)

where

q(λ) =
A2

1(m+ 1− 2λ)

2[(κm(ηm+ 2m+ 3) + (1 +m)(1 + 2ηm) +m(κ2 − 3κ))B2
1 − 2(1 +m(η + κ))2B2]

Proof . Adding (3.6) and (3.8), we get

c2m+1 =
A3

1(b2m + d2m)

2[(κm(ηm+ 2m+ 3) + (1 +m)(1 + 2ηm) +m(κ2 − 3κ))A2
1 − 2(1 +m(η + κ))2A2]

(3.15)

Subtract (3.8) from (3.6), we get

c2m+1 =
(m+ 1)A2

1(b
2
m + d2m)

2(1 +m(η + κ))2
+

A1(b2m − d2m)

2(1 + 2m(η + κ))
(3.16)

From (3.15) and (3.16), it follows that

c2m+1 − λc2m+1 = B1

[(
q(λ) +

1

2(1 + 2m(η + κ))

)
b2m +

(
q(λ)− 1

2(1 + 2m(η + κ))

)
d2m

]
(3.17)

where

q(λ) =
A2

1(m+ 1− 2λ)

2[(κm(ηm+ 2m+ 3) + (1 +m)(1 + 2ηm) +m(κ2 − 3κ))A2
1 − 2(1 +m(η + κ))2A2]

Since all i are real and A1 > 0 , which implies the assertion (3.14) .
In case of the one- fold symmytric function , Theorem4 reduce to the next .
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Corollary6. Let f(z) be the function , define by (1.4), in a classe M∑
,m(κ, η, ϑ). Then

|c2m+1 − c2m+1| ≤


A1

(1 + 2(η + κ)) +

[
κ(1 + η) +

1

2
(κ2 − 3κ)

] for 0 ≤ |q(λ)| < 1

2(1 + 2(η + κ))

2A1|q(λ)| for |q(λ)| ≥ 1

2(1 + 2(η + κ))

In Theorem4 in case λ = 1, we get the following corollary.
Corollary7. Let f(z) be a function, define by (1.4), in a clas M∑

,m(κ, η, ϑ). Then

|c2m+1 − c2m+1| ≤


A1

(1 + 2m(η + κ)) +

[
κm(1 + ηm) +

1

2
m(κ2 − 3κ)

] for 0 ≤ |q(λ)| < 1

2(1 + 2m(η + κ))

2A1|q(λ)| for |q(λ)| ≥ 1

2(1 + 2m(η + κ))

In case of one-fold symmyric, then Corollary7 reduces to the next Corollary.
Corollary8. Let f(z) be a function, define by (1.4), in a class M∑

,m(κ, η, ϑ) . Then

|c3 − c22| ≤
A1

(1 + η(2 + κ)) +
1

2
m(κ2 + 3κ)

4. Conclusions

We conclude from this study, in the case of applying the two new classes m-fold symmetric bi
univalent to the geometric functions, it was determine |cm+1| and |c2m+1| for all class m-fold symmetric
bi-univalent , it is useful in complex analysis ,also derived the Fekete-Szegö functional problems for
functions are obtains and several many improver results for this two new classes are presented inside
new open unit disk
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[19] A. K. Wanas,S. Yalçın, Initial coefficient estimates for a new subclasses of analytic and m-fold symmetric bi-
univalent functions. Malaya Journal of Matematik (MJM), 7(3, 2019), (2019). 472-476.

[20] Q. H. Xu, Y. C. Gui, H. M. Srivastava, Coefficient estimates for a certain subclass of analytic and bi-univalent
functions. Applied Mathematics Letters, 25(6), (2012)990-994.


	Introduction
	 The function class  F, m(,,) 
	The function class  M, m(,,) 
	Conclusions

