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Abstract

In this paper, we prove some coupled fixed point theorems for nonlinear contraction type mappings in complete complex
valued metric spaces endowed with partial order. We support our results by establishing an illustrative example. Also
we give an application of this results to the solution of the Urysohn type integral equations.
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1 Introduction and Preliminaries

There are a lot of generalizations of the Banach contraction mapping principle in the literature. Omne of the
most interesting of them is the result of Bhaskar and Lakshmikantham [4]. Indeed they introduced the notion of
coupled fixed point. Afterwards a wide discussion on coupled fixed point theorems and it’s various generalizations and
extensions aimed the interest of many scientists because of their important role in the study of nonlinear analysis (see,
for instance, [§]-[7]). We begin by recalling some needed definitions and results. let (X, <,d) be a partially ordered
complete metric space. Further, the product space X2 = X x X has the following partial order:

(u,v) < (z,y) &z >u, y<o, foral (z,y),(u,v) € X x X.

Definition 1.1. [4] A mapping F : X x X — X is said to have the mixed monotone property if F(z,y) is monotone
non—decreasing in x and is monotone non—increasing in y, that is for any =,y € X,

vy <9 = F(x1,y) < Fag,y) for x1,20 € X,
Y1 <y2 = F(z,y2) < F(z,y1) for y1,y2 € X.
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Definition 1.2. [4] An element (x,y) € X x X is said to be coupled fixed point of the mapping F': X x X — X if
F(z,y) =z and F(y,z) = y.

Theorem 1.3. [4] Let F: X x X — X be a mapping having the mixed monotone property on X. Assume that there
exists k € [0, 1) with

d(F(z,y), F(u,v)) < = (d(z,u) +d(y,v)) foreach = <wu, y>wv. (1.1)

|

Also suppose either
(a) F' is continuous, or
(b) X has the following properties:

(¢) if a non-decreasing sequence {x,,} — = then z, < z, for all n,

(%) if a non-increasing sequence {y,} — y then y,, >y, for all n.
If there exist xg,yo € X, such that xg < F(zo,y0) and yo > F(yo,xo), then F has a coupled fixed point.

The purpose of this article is to present a version of Theorem [1.3|in the context of complex valued metric spaces.
Recently, Azam et al [3] introduced then notion of complex valued metric spaces and also presented common fixed point
theorems for mappings satisfying generalized contraction condition. Afterwards some of mathematicians investigated
fixed points in complex valued metric spaces (see [12]-[2]). We summarize in the following the basic notions and results
established in [3].

Let C be the set of complex numbers and z1, 22 € C. Define a partial order <X on C as follows:
21 3 29 < Re(z1) < Re(22), Im(z1) < Im(z2).

It follows that z; 3 2o if one of the following conditions is satisfied:

In particular, we will write 21 3 22 if 21 # 22 and one of (c1), (c2) and (c3) is satisfied and we will write z; < 2y if
only (c3) is satisfied. Note that
(1) 0 j 21 ; Zo = ‘Zl| < |22|
(2) 21 j 29,29 < 23 = 21 < 23.
(3) a,beR,a<b=az bz, forall zeC.

Definition 1.4. Let X be a nonempty set. Suppose that the mapping d : X x X — C satisfies the following
conditions:

(i) 0 2 d(z,y) for all z,y € X and d(z,y) = 0 if and only if z = y;

(ii) d(z,y) = d(y,x) for all z,y € X;

(iii) d(z,y) 2 d(x,z) + d(z,y) for all z,y,z € X.

Then d is called a complex valued metric on X and (X, d) is called a complex valued metric space.

Example 1.5. [12] Let X = C, define the mapping d : X x X — C by d(21,22) = e"*|2; — 23| where k € R. Then
(X,d) is a complex valued metric space.

Definition 1.6. Let (X, d) be a complex valued metric space.
(i) A point x € X is called interior point of a set A C X whenever there exists 0 < r € C such that

B(z,r)={y € X : d(z,y) <r} C A.

(ii) A point z € X is called a limit point of A whenever for every 0 < r € C, B(xz,r) N (A — {z}) # ¢.
(iii) A is called open whenever each element of A is an interior point of A.

(iv) A subset B C X is called closed whenever each limit point of B belongs to B.

(v) The family F = {B(z,r) : x € X,0 < r} is a sub-basis for a Hausdorff topology 7 on X.
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Definition 1.7. Let {z,}nen be a sequence in X and z € X.

(i) If for every ¢ € C, with 0 < ¢ there is ng € N such that for all n > ng, d(z,,x) < ¢, then {z,} is said to be
convergent, {x, } converges to z and x is the limit point of {x,,}. We denote this by lim,, o z, = z, or x, — z, as
n — 0o.

(ii) If for every ¢ € C with 0 < ¢ there is ng € N such that for all n > ng, d(xn, Tptm) < ¢, then {z,} is called a
Cauchy sequence in (X, d).

(iii) If every Cauchy sequence is convergent in (X, d), then (X, d) is called a complete complex valued metric space.

Lemma 1.8. Let (X, d) be a complex valued metric space and let {x,} be a sequence in X. Then {z,} converges to
z if and only if |d(zp,x)| — 0 as n — oo.

Lemma 1.9. Let (X,d) be a complex valued metric space and let {z,} be a sequence in X. Then {x,} is a Cauchy
sequence if and only if |d(zy, Tntm)| = 0 as n — oo where m € N.
Theorem 1.10. Let (X, d) be a complete complex valued metric space and S, T : X — X. If S and T satisfy

pd(z, Sx)d(y, Ty)
1+d(z,y)

d(Sz, Ty) 2 Md(z,y) +

for all z,y € X, where A, u are nonnegative real numbers with A + g < 1. Then S and T have a common fixed point.

2 Main results

Let (X, <) be a partially ordered set and d be a complex valued metric on X such that (X, d) is a complete complex
valued metric space. Also the product space X x X endowed with the following partial order:

(wv) < (2, y) &z >u, y<v

for (u,v), (z,y) € X x X.

Theorem 2.1. Let T: X x X — X has mixed monotone property on X satisfying :

I (d(xv T(J?, y))d(u7 T(u7 U)) + d(y7 T(?J? ac)d(v, T(’Uv u)) )

AT (). T(w,0)) 3 :

| >

for all (u,v) < (x,y) where A, u are nonnegative real numbers with A + 1 < 1. Also suppose either
(a) T is continuous, or
(b) X has the following properties:

(4) if a non-decreasing sequence{x, } — x then z,, <z, for all n,

(#4) if a non-decreasing sequence{y,} — y then y, >y, for all n.

If there exist xg,yo € X such that zo < T(x,yo) and yo > T'(yo,xo), then T has a coupled fixed point (z,y) in X x X.

Proof . Let zg,yo € X be such that o < T(zg,yo) and yo > T(yo,x0). We denote x1 = T'(x0,v0), y1 = T(yo,x0)
and

T%(x0,y0) = T(T(x0,90), T (Y0, 20)) = T(x1,y1) = 2
T2(y0, z0) = T(T(yo0,%0), T(%0,90)) = T (y1, 1) = y2.
Due to the mixed monotone property of T',
x9 = T%(x0,y0) = T(x1,y1) > T(x0,y0) = 71
y2 = T*(yo,z0) = T(y1,21) < T(yo, %0) = Y1.
Further for n € {1,2,---}, we let

TnJrl(IanO) = T(Tn(an yO)an(y()va)) = T(Inayn) = Tn+1
T (yo, w0) = T(T™(y0, 70), T" (%0, Y0)) = T (Yns Tn) = Yn+1-
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It is easy to check that

zo < T(w0,90) = 21 < T?(20,90) = 2 < --- < T" (20, 90) <
and yo > T(yo,z0) = y1 < T*(yo,w0) = y2 > -+ > T" " (yo,20) > -+

Letting h = r’\u), we claim that
hTL
d(T" (0, 0), T" (20, 90)) 3 7(d(ﬂfo’T($0a yo)) + d(yo, T (yo, z0)), (2.2)
hTL
(T (yo, o), T (Y0, 20)) 3 E(d(?Jo,T(yowo)) + d(x0, T (w0, y0))- (2.3)

We will prove ([2.2)) by induction. For n = 1, using x¢ < T'(x,y0) and yo > T(yo,x0), we get from (2.1f);

d(T*(0,y0), T(z0,y0)) = d(T(T (0, y0), T (40, 0)), T(0, y0))

N %(d(T(CU(J,yO)7$0) +d(T'(yo, o), %0))

+ H(d(T(anyO) T(T($0,y0) (yo,.To))d(l'o, (anyO))
2 14+ d(T(x0,Y0), o)

+ ﬁ(d(T(yO,xo) (T (yo, xo), ($07yo))d(yo7T(yo,$0))
2 1+ d(T(y0,20), yo) '

On the other hand, we have d(xg, T(zo,y0)) 3 1+ d(zo, T(x0,%0)) and d(yo, T (yo,x0)) 3 1+ d(yo, T (Y0, o)), then we
get

AT 0, 10), Tleo, ) 5 gy (AT w0, ). 70) + (T oo, ). 30)
Also
AT 0, 0), (0. 70) 5 5575 (40T 0, ), 20) + (T, 7). 0)
+ gy (AT o v0). T o, o) .

Using (2.4) and (2.5)) to obtain

d(T*(x0,40), T(x0,y0)) 3 (d(z0,T(z0,90)) + d(y0, T'(Y0, o)),

2(1-p)

d(T*(yo, w0), T (yo, z0)) 3 ﬁ

Thus (2.2) and (2.3)) are true for n = 1. Suppose that (2.2) and (2.3 are true for some n. Using T"*(xq,y0) >
T™(z0,y0) and T™* (yo, z0) < T™(yo, x0), to get

(d(yo, T(yo, x0)) + d(z0, T(x0, Y0))-

d(T™*(z0,y0), T (20, 90)) = d(T(T" (20, y0), T (40, %0)), T(T™ (20, Y0), T" (Y0, %0))
3 S (AT (o0, 90), T™ (20, 90)) + AT (yo, z0), T" (3o, o))
(d(TnH(an yo), T(T" (20, y0), T (yo, x0))d(T™ (20, yo), T(T" (w0, y0), T" (yo, 330)))

| >

_|_

1+ d(T" (20, y0), T™ (20, Y0))

<0d(T"+1(yo, 20), T(T" (yo, x0), T (20, 0))d(T" (o, x0), T(T" (o, o), T" (o, yo)))
L4 (T (yo, 70). T" (40, 70)) |

_l’_
NE N



Coupled fixed point theorems in partially ordered complex valued metric spaces with application 17

Similar relation are satisfied for d(T"™*2(yo, o), T (yo, z0)). Using (2.2)) and (2.3), we obtain

A
d(T™2(z0,90), T" " (20, 10)) = m(?(d(mo,T(o’Eo,yo)) + d(yo, T (yo, o))
hn
+ ?(d(yOaT(yOa 0) + d(zo, T(z0,%0)))
hn+1
= (d(zo, T(x0,%0)) + d(yo, T (yo, x0))-
Similarly, one can show that
hn+1

d(Tn+2 (y07 LU()), Tn+1 (y07 LL'())) r—j

5 (d(yo, T(yo, x0)) + d(z0, T(x0, Y0))-

So for any m > n,
d(T™ (0, 90), T™ (0, 40)) S d(T™ (20, 90), T™ (0, 90)) + -+ + d(T" (0, 90), T" (0, %0))

hm—l + . + hn
3 f(d(iﬁoaT(xo,yo)) + d(yo,T(yo,mo))
hn

3 m (d(xo, T(x0,Y0)) + d(yo, T(yo, xo)).

This implies that {T™(zo,yo)} is Cauchy sequence. Similarly, we can verify that {T"(yo, o)} is also Cauchy
sequence. Since X is complete metric space, there exist x,y € X such that

lim T"(xzo,y0) =2 and lim T"(yo,x0) = y. (2.6)

n—0o0 n—oo

Now we claim that T'(z,y) = = and T'(y,x) = y. We consider two cases:

Casel: The assumption (a) holds, thus given € > 0 there exists § > 0 such that

d(z,u) +d(y,v) <0 = d(T(x,y),T(u,v)) < €.

For 7 = min{e, g}, from 1) there exists ng € N such that, for n > ng

d(Tn(:L'Oa yO)vx) =1, d(Tn(yOa xO)ay) =1
Therefore

d(T(z,y),x) 3 d(T(z,y), T (x0,y0)) + d(T" (z0, 40), z)
= d(T(z,y), T(T" (0, 40), T" (0, %0))) + d(T" (0, y0), z)
<e+n 3 2e

Thus T'(z,y) = .

Case2: The assumption (b) holds. Let 0 < € < 1 be an arbitrary number and A := %, from |i there exists
ng € N such that for all n > ng, we have

d(Tn(:EOa yo)vx) = GA,d(Tn(yo,Io), y) < eA.

USil’lg Tn(3307y0) S xaTn(y()?:EO) Z ) to get
d(T(LE, y)vx) j d(T(x’y)7Tn+1(z0ay0)) + d(TnJrl(xO?yO)’x)
= d(T(z,y), T(T"™(z0,0), T" (Y0, %0)) + d(T"" (20, y0), z)
A
S AT (2o, y0), @) + §(d($7Tn($oa Yo)) + d(y,Tn(yo,zo))

LB <d(%T(fC,y))d(T"(ffo,yo)aTnH(on»yo)) + d(va(yax))d(T"(yo,xo)aT"H(Z/o,CUO))>
2 1+ d(z, T™(x0, y0)) L+ d(y, T"(yo, o)) '
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Therefore
() 2) < G+ gty T ).
Similarly
U (y.2).9) < G+ gty de T )
Thus we get
g d(T(z,y),z) < 6A1(1_+g)\) 2(111 g)(eAl(l_zA) 2(16 g)d(x,T(x,y)))
= d(T(z,y),z) < EAl(l_M)\)

This implies that T'(x,y) = . Similarly one can show that T'(y,x) =y, i.e, (x,y) is a coupled fixed point of T'. [

Corollary 2.2. Let (X, <) be a partially ordered set and d be a complex valued metric on X such that (X,d) is a

complete complex valued metric space. Suppose for some n € N, 7" : X x X — X has mixed monotone property on
X satisfying:

d(T"(z,y), T" (u,v)) T

Mo | >

(d(z,u) +d(y,v))

2 1+d(z,u) 1+d(y,v)

for all (u,v) < (x,y), where A,  are nonnegative real numbers with A 4+ 4 < 1. Also suppose either
(a) T™ is continuous, or

(b) X has the following properties:

LB (d(x,T"(w,y)d(u,T”(%v)) d(va"(yw)d(v,T”(v,U)»

(4) if a non-decreasing sequence{x, } — x then z, <z, for all n,

(9) if a non-increasing sequence{y,} — y then y, >y,
text forall n.

If there exists xo,yo € X such that zo < T™(x0,y0) and yo > T"(yo,xo) then T has a coupled fixed point (z,y) in
X x X.

Proof . By Theorem there exists (u,v) in X x X,

T"(u,v) =u, T"(v,u)=w.

It is easy to show that

T(T"(u,v), T"(v,u)) = T"+1(u, v) =TT (u,v), T(v,u)).

Thus
d(T (u,v),u) = d(T(T" (u,v), T" (v, u)), T" (u,v)) = d(T"(T(u,v), T (v, u)), T" (u, v))
A w (AT (u,v), T™"(T (u,v), T(v,u))d(u, T"(u,v))
S ST )+ T 0,0 + 5 )
L AT, u), THT (v, u), T(u, v))d(v, T"(v,u)) |

)
14+ d(T(v,u),v) >

Since d(T™ (v, u),v) =0 = d(T"(u,v),u), we get

d(T(u,v),u) 3

| >

(d(T(u,v),u) +d(T(v,u),v)).
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Similarly we can obtain
d(T'(v,u),v) 3

| >~

(d(T(v,u),v) +d(T(u,v),u)).

Therefore
)\2

d(T(U, ’U), U) j m

d(T (u, v), u).
Thus d(T'(u,v),u) = 0, also we get d(T(v,u),v) =0. 0

+ 1y

Example 2.3. Let X = {z:2 € C,0 Sz X1}, defineT: X x X — X by T'(z,y) = x consider d. : X x X — C,

as follows:
dc(xay) = |.’IJ - y| + Z|{E - y‘

Then (X, d.) is a complete complex valued metric space, also

4T, 9), T, ) 3 5 (del, ) + ey, v)

for all (z,y) < (u,v). Thus, inequality 1) satisfies with constant A\ = % and g = 0. Other conditions in Theorem

are satisfied. It follows that 7" has a coupled fixed point (0,0) in X x X.

3 Urysohn integral equations

In this section, we apply Theorem [2.1] to show the existence of solutions of the following Uryshon integral equations:

x(t) = [, K (.5, (x = y)(s))ds + g(0).
y(t) = [T K(t,s, (y — x)(s))ds + g(1). (3.1)
where t € [a,0] CR, z,y,g € C([a,b],R™), x # y and K : [a,b] X [a,b] x R™ — R™. Define the following order
<y e o) <ly@)l, t € a,b)
for all z, y € C([a,b],R™).
Theorem 3.1. Let 0 < a < b, X = C([a,b],R") and d: X x X — C is defined by
d(z,y) = ||z = ylloc VI +a2e e,

where || — y||oo = sup{|z(t) — y(t)|; t € [a,b]}. Let
b
F(u,v)(t) = F(u(t),v(t) = / K(t,s, (u—v)(s))ds.

Suppose K : [a,b] X [a,b] x R” — R™ is a mapping such that F(z(t),y(t)), F(y(t),z(t)) € X for all ¢ € [a,b] and
z, y € X, x#y. If there exist non-negative real numbers A, u with A + p < 1 such that

I1F) = Fuo) oo/ T 260 X S A(0), (0) + 5 B((o9), (1,0),

for all z, y, u,v € X with (z,y) < (u,v), where
; -1
A((z,y), (w,0)) = (& = ulloe + [ly = vlloo) VI +a2et ™ 7,

1

_lz = Fz,y) = gllocllu = F(u,0) = glloo(1 + a?)e® ten™ @
1+ (Jlz — ufloo) VI T aZeiten'a

i -1

+ Hy - F(y,l‘) - gHOOHU — F(’U,u) _ g”oo(l + a2)621tan a
1+ (ly = vlloo) VI + aZeitan"a

If there exist g, yo € X such that 290 — g < F(xo,y0) and yo — g > F(yo, o), then the integral equations ([2.1))
have a solution.

B((x,9), (u,v))
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Proof . First define T': X x X — X by

for

T(z,y) = F(z,y) +g.

Then xo < T(z0,Y0), Yo = T(yo,xo) and T is continuous. Also,

| >

AT (@), T, 0)) = [P, 9) = Fla,0) oo/ T+ a0 3 24w, p), (0) + 5B, (,0)
It follows that

d(T(x,y), T(u,v)) 3

N | >

po(d@,T(z,y)d(u, T(u,v))  dy, T(y,z)d, T(v,u))
(d(@, u) + dly, v)) + 2 ( 1+ d(z,u) 1+d(y,v) ) ’

all (z,y) < (u,v). Theorem [2.1] implies that there exists (z*,y*) € X x X such that

T(z*,y*) = xx, T(y*, xx) =y *.

That is (z*,y*) is a solution of integral equation (3.1). O
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