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Abstract

In the present paper, we define two subclasses £(\, «, §), X¢(a, ) of meromorphic univalent functions
and subclass Ypc(a, 5, ) of meromorphic bi-univalent functions. Furthermore, we obtain estimates
on the general coefficients |b,| (n > 1) for functions in the subclasses (A, o, ), Y¢(e, 5) and
estimates for the early coefficients of functions in subclass Xz ¢(a, 5, ) by associated subordination.
The results obtained in this paper would generalize and improve those in related works of several
earlier authors.
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1. Introduction

Let ¥ denote the class of meromorphic univalent functions f of the form

f@)=z+bm+§:%5 (1.1)

defined on the domain A = {z € C: 1 < |z| < oo}. It is well known that every function f € ¥ has
an inverse f~!, defined by

() == (z€4)
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and
f(f ' (w) =w (M < |w| < o0, M >0).
Furthermore, for f € ¥ given by (1.1)), the inverse map g = f~! has the following expansion:

=, B, bi by + bobs
—2+"‘, (M<\w\<oo). (12)

Function f € ¥ is said to be meromorphic bi-univalent, if the inverse function f~! also belongs
to 2. The class of all meromorphic bi-univalent functions will be denoted by 5.

Let U= {z € C: |z| < 1} be the open unit disk in C and let U* := U/{0} be the punctured unit
disk.

We say that f is subordinate to F' in U, written as f < F' (z € U), if and only if f(z) = F(w(2))
for some Schwarz function w(z) such that:

w(0) =0 and |w(z)| <1 (z € U).

If F'is univalent in U, then the subordination f < F'is equivalent to f(0) = F'(0) and f(U) C F(U).

Recently, many subclasses of meromorphic bi-univalent functions were introduced by researchers.
Also they obtain upper bounds for the coefficient of these subclasses. We mention refer to [2, [5] 0]
10} [TT] for the precise arguments.

In the present paper, we introduce two subclasses (A, «, 5), Y¢(, 5) of meromorphic univalent
functions and a subclass Xpc(a, 8, ) of meromorphic bi-univalent functions. Also, for functions
belonging to subclasses X(\, «, 5), Y¢(a, §), estimates on the general coefficients are obtained and
for functions belonging to subclass ¥gc(a, 5, A), estimates on the initial coefficients are found.

Moreover, the results presented would generalize recent work of Hamidi et al. [I], Panigrahi [0]
and Salehian et al. [9].

2. Lemmas

For the proofs of theorems we need the following lemmas.
Lemma 2.1. [§] Let q(z) = §1 B,z" be analytic and univalent in U and suppose that q(z) maps U
onto a convex domain. If p(z) = il A, 2" is analytic in U and satisfies the following subordination:
p(z) < q(z) (z€),
then
A, < |Bi] (n=1,2,---).

Lemma 2.2. []] Let « and (3 be real nembers such that 0 < o <1 < . The function p defined by

B—a. 1— eQﬂ%iz) z
p(z) =1+ ilog| ———— (2.1)
T

1—=2

maps the unit disk U onto the strip domain {w : o < Re(w) < }.
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Remark 2.3.
c(1—a) 00
B—a. 1— ™5 2
=1 l — | =1 nZ', 2.2
p(z) = 1+ =i log - +;pz (2:2)
where
B — . < 2nmi 1=
L= 1— ,3,&) =1,2,---). 2.3
pe=""" (1-e (n ) 2.3
Specially
. ' 1_ €2nm7((;:‘;))
lim p,= lim { —— » =2(1 — ), (2.4)
B——4o00 B—+o0 —
(B—a)i
a simple check gives us that
= 14+ (1 —2a)z
=1 2l — )2t = ——— —
e =143 201 —a)' = S (5 o)

which implies that p(z) (8 — 4+00) maps U onto the right half-plane w with Re w > «.

Lemma 2.4. [J] Let p(z) = 1 + 12 + ca2* + - -+ be a function with positive real part in U. Then,
for any complex number v,

ey — vei| < 2max{1, |1 — 2v|}.

Lemma 2.5. [/ If p € P, then |c| < 2 for each k, where P is the family of all functions p analytic
in A={zecC:1<|z| <+4oo} for which Re(p(z)) >0 wherep(z) =1+ +F +F +---.

3. Coefficient bounds for functions in (A, o, 3) and 3¢(a, 3)

In this section, we define two subclasses of meromorphic univalent and obtain the general coeffi-
cient estimates for functions in these subclasses.

Definition 3.1. Let A\, a and B be real nembers such that 0 < o < 1 < f and X\ > 1. The
meromorphic univalent function f given by (1.1)) is said to be in the class (X, «v, B), if the following
condition s satisfied:

f(2)

a < Re ()\f’(z) + (1 - )\)7) <p (z€A).

Remark 3.2. By putting A = 1, the class X(\, , ) reduces to the class ¥2(a, ) introduced and
studied by Sim et al. [10].

Theorem 3.3. Let [ given by (1.1)) be in the class L(\, o, 8) (0 <a <1<, A>1). Then

2(8 — «) . (l1—«
b, | < ((n+1)/\_1)7rsm <5_a7r) (n € N).
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Proof . Define a function g : U* — C by

o) = (D) =+ 3 b (el (3.1)
n=0

Since f € X(A, «, ), we have

a < Re{-X\2%¢'(2) + (1 = N)zg(2)} < B (2 € V). (3.2)
Let

q(z) = =A2%¢'(2) + (1 — N)zg(2) (2 € U). (3.3)
So ¢(z) is an analytic function in U such that ¢(0) = 1. Also, from and Lemma we have

q(z) = p(z) (€D, (3.4)

where p(z) is given by (2.1)). On the other hand, the function p(z) is convex in U, and has the form
p(z) =1+ ian”, (3.5)
n=1
where p,, is given by . From and , we have
q(z) =1+ i (1—(n+ 1)) b2". (3.6)
n=0

From (3.4), (3.6) and Lemma[2.1] we have
1= (n+ DA[bn] < [p1].

Therefore
|p1| 2(8 — ) : l—a
b,| < = N).
bl < T ~ (et \g=a”) PEN
]
Theorem 3.4. Let f given by (1.1]) be in the class (A, a,8) (0 <a <1< f, A>1) and p € C.
Then
26—a) . [(1—-«
by —ub?| < S L
by — pbg| < 7r(2)\_1)sm</6_0é7r) X
p(l =20 (B —a)i 1 p(1 =20 (B —a)i 1\ ypia
1 o P =Y
B {‘ 71— M2 2 Ti-xnz  2)¢

Proof . We consider functions g(z), ¢(z) and p(z) given by (3.1)), (3.3)) and (2.1]). Since ¢(2) < p(z)
(z € U), then there exists an analytic function r : U — U, with 7(0) = 0, |r(z)| < 1,z € U, such

that:

q(z) = p(r(z)). (3.7)
Next, define the function A by
1
hz) = 1) e bt (3.8)

C1—r(2)
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Since r(z) is Schwarz function, h(z) is an analytic function in U, with ~(0) = 1 and which has positive
real part in U. From (3.8)) one can derive

Ch(z)—-1 1 1 ni.
So
h(z) —1 1 1 1 1

p (W) =1+ 5]?1}1,12 + <§p1h2 - Z—lplh% + Z—lpgh%) 22 + .. (39)

By comparing the coefficients in and . we gain
1

(1= A)bo = §p1h1

and
1 1 1
(1 — 2/\)b1 = 5 <p1h2 - §p1h% + §p2h%) .

From the above equations, we have

1 1 1 L
by — bt = —— ho — —pih% + Zpoh? | — — 5 p2p?
1 ,LL 0 2(1 I 2)\) (pl 2 2p1 1 + 2p2 1) 4(1 o )\)2 lpl

o (g, L ey p(1220),
To2(1—2)) (h2 2h+2p1h 2(1 — A)?h
P 1 pa (1l —2)) 5
2(1—2A>(2 2{ PR
So
D1
bl_ungM(h’Z_l/h%)’
where
1<1_]2 (1l —2X0)

5 PR TRy p1)-

By using Lemma [2.4] we can get

p p
by — pb?| = m&—l}hz_th < ﬁmax{l,u—%/u
|1 p(l = 2X)
e 1| p — =}
(2>\_1) maX{ 7’ (1_>\) h ‘}

By substituting
—« (1-a)
P = ﬁ i (1 . 627” F—a )

™

and

ﬁ—Oé, ( 47m(1 a)>
= 1 (1—e" B ),
b2 o

in above equation we obtain the desired result. [J
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Definition 3.5. Let « and B be real nembers such that 0 < a < 1 < . The meromorphic univalent
function f given by (L.1)) is said to be in the class Xc (v, B), if the following condition is satisfied:

zf”(z)
f'(z)

Theorem 3.6. Let [ given by (1.1)) be in the class Yc(«, 3). Then

_ 1—
|bl\§6 “ sin o
s b —«

= e (e {252 (=) f o2

Proof . Define a function g : U* — C by

a<Re(1+ )<5 (z € A).

and

o) = F(O) =+ > b (3.10)
n=0
Since f € Ye(a, ), it follows that
(*9'(2))
Let
L(z) _1—%—1+261z2+6b2z3+-~ (z € ). (3.12)

Then L(z) is an analytic function in U such that L(0) = 1. So, from (3.11)) and Lemma 2.2 we
get

L(z) < p(z) (z€0), (3.13)

where p(z) is given by ({2.1). Note that the function p(z) is convex in U, and has the form

p(z) =1+ pa", (3.14)
n=1
where p,, is given by (2.3)).
If we let
L(z) =1+ 12", (3.15)
n=1

then from (3.13), (3.14), (3.15) and Lemma [2.1] we imply

1] < |pi| = 2(/3; ) gin (;:ZO (n€N). (3.16)
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Now from ({3.12)), we have
- (Z lnz”) X (—z4'(2)).
n=1

So, by comparing the coefficients of the above relation, we get

2b1:l2
and
1
bn:m[ln+1—blln,1—2b2ln,2—"‘—(n—l)bnflll].
Therefore
1
bn| < —————{|lns1| + |01||lazt| + 2|02||lp—2| - - - + (n — 1)|b—1]||!
|bn | (+1){| 1]+ b1 [Tn—1] + 2[bo|ln—2] (n = D)[bn-a ]}

|P1
T T 1+Zk|bk .

Now, in order to prove the claim of theorem, so we have to show that

Ib,| < Ip1 <1+Zk\b |) 'p” )HQ<1+|]2|> (n € N). (3.17)

We now use the mathematical induction for the proof of (3.17)). Since

[
|b1| | 2| |le|7
|p1| |p | p1
<

and

|P1 ’ |p1 | |P1 | |P1 | |P1 \ ’pl | |P1 | |p1 |
bs| < 14 |by| + 2/ RS - e By O VIR 0 B Y 1+ 20h0
|bs| 12(+\1\+!2\)_12 o5t + 5 12(+2)(+3)

It is clear that the claim holds true for n = 1,2,3. We suppose that the proposition is correct for
n < m — 1. Therefore, according to the induction hypothesis, we get

6] < m(lnp—il) (14 |b1] + 2|ba| + 3|bs| 4+ -+ -+ (m — 1) |bp_1]) <

%{1+’p—2’+{‘]§‘ (1+@)}+---+{’p—n}] (1+@) (1+m’pi‘1)H
e ) o)

Theorem 3.7. Let [ given by (1.1)) be in the class Ye(a, 8) and p € C. Then

by — pb?| < 2(64; o) sin (;:ZW) E + |u|2<67r_ o) sin (;:Zﬂ')] :

O
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Proof . We consider functions g(z), L(z) and p(z) given by (3.10), (3.12) and (2.1). Since L(z) <
p(z) (z € U), then there exists an analytic function r : U — U, with 7’(0) 0, |r(2)] <1,z € U, such

that:
L(z) = p(r(2)). (3.18)
Define the function A by

- 1222

Clearly, h is analytic in U, A(0) = 1 and Re h(z) > 0. From (3.19) one can derive

=1 +hz+he2®+---. (3.19)

h(z) —1 h? 1
r(z) = # hlz + 5 (hz - 7)2 + = (h3 hihy + Zhi’)z?’ +
So
h(z)—1 1 1 1 1
p(r(z)) =p (%) =1+ §p1h12 + (§p1h2 - Zplh? + Zpﬂl%) 2 (3.20)

1 1 1
+ (§p1h3 + 502 = pr)hahs + g(pl — 2p, +p3)h§’) 2B

By equating the corresponding coefficients in and (| -, we arrive at

1
0=-ph
2p1 1,

1

1 1
2b) = §P1h2 — ~pihi + ~poh}

4 4

and
1 1 1 3
6by = §P1h3 + §(p2 — p1)hihg + é(pl — 2pa + p3)hy.

From the above equations, we have

1 1
hi =0, b= Zpth and by = E]hhs

Hence
1 1 7
by — pub? = —pih pihi =~ -hs — Spih3
2 — MOy 12291 3 — 16 4 <3 3 4p1 2 | P1
By using Lemma [2.5 we get

p p
oo =it < 20 2 inal - B < 220 (2 |
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4. Coefficient bounds for functions in ¥z c(a, 3, A)

In this section, we introduce new subclass of meromorphic bi-univalent and find the initial coef-
ficients estimates for functions in this subclass.

Definition 4.1. Let A\, a and 3 be real nembers such that 0 < a <1 < f and A > 1. The function
[ given by (1.1)) is said to be in the class Lpc(a, B, ), if the following conditions are satisfied:

2f'(2) 2f"(2)
f(z) f'(2)

+(1—=N)(1+

feXpand a<Re()\ )><ﬁ (z € A)

and

a<m{ﬂwm”+u—wu+iﬁgh)<ﬁ(weAL

where g(w) = f~H(w).

Remark 4.2. If f € Ypc(a,5,)) and B — oo, then the function f is said to be in the class
Ts, (a, A) introduced and studied by Panigrahi [6].

If f € Epela, B,A), A =1 and  — +oo, then the function f is said to be in the meromorphic
bi-starlike of order (0 < o < 1) presented and studied by Hamidi et al. [1].

Theorem 4.3. Let f given by (1.1) be in the class Lpc(a, B, ). Then

o Smm{@wmrﬂﬁ—plr}?

. |1 1 pi
|1 Smm{Q(?)\—l)’Q(Q)\—l) )\—é—p%_pg‘*‘?pﬂ?z + [p1[?
and
! i
123 Sm 2|p2—p1|+|p1|+|p1—2p2+p3—ﬁ :

where py, pa, ps given by ([2.3).

Proof . For meromorphic function f of the form (1.1}, we have:

D
9 3
- % LA+ 2(212— 20)b1 Abg” — 3/\boblzg— 3(2—3A)by n (4.1)
and for its inverse map, g = f~! of the form (1.2)), we have:
R
L Abo  ABE—2(1 =20k Abe’ —3(2 = 30)b — 61— 20bob1 (4.2)

w w? w3
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Define functions ¢ and 1 by

G =1() and Y(w)=g(1) (zweT)

respectively. Therefore

O N R € (£ AN L O N O
A 5(2) +(1=2X) (1 2 ) )\zf(é)jL(l /\)(1+Zf,(%)), (z € UY) (4.3)

and

B N A ) A NN A I

A o(w) + (1 )\)(1 —ww’(w) ) wg(%)—l—(l A)(l—i—wg/(%)), (w e U"). (4.4)
Since f € Ypc(a, B, ), we have
LG, ) .

aSRe{ )\qb(z) + (1 )\)(1 (%) )}SB (z € ) (4.5)

and
L wy(w) 3 () (w)) "

agRe{ )\@D(w) + (1 )\)(1 w0 () )}gﬁ (w e U). (4.6)

Now, let
L #9(2) 3 ()

L(z) = -\ o02) +(1-2X) (1 ) ) (4.7)

and
L wy'(w) 3 (W ()

T(w) = -\ o(w) +(1—=X) (1 —ww’(w) ) ) (4.8)
From , , and , we get

L(2) = 1 — Abpz 4 [AD2 + 2(1 — 20)by] 2% — [Abo® — 3\boby — 3(2 — 3N\)bg] 2% 4 - - (4.9)
and

T(w) =14 Abgw + [ABZ — 2(1 — 2\)byJw? + [Abe® — 3(2 — 3\)by — 6(1 — 2X)bob Jw? + - - - (4.10)
Also, from (4.5)) and (4.6)), we get
L(z) < p(z) and T(w) < p(w) (z,w € U), (4.11)

where p(z) is given by (2.1) and has the series given by (2.2]). Also, we imply from (4.11)), there
exists two analytic functions r,s : U — U, with r(0) = 0 = s(0), |r(2)] < 1, |s(w)| < 1, z,w € U,
such that:

L(z) = p(r(z)) and T(w) = p(s(w)). (4.12)
Define functions h and k by

147(2)
C1—r(2)

14 s(w)

=1+ hiz+he2® + -+ and k(w) = T s(w)

=1+ kw+kw?+-- . (4.13)

h(z)
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Clearly, h and k are analytic functions in U, h(0) = 1 = k(0) and which have positive real part in U.

From (4.13) one can derive
h(z) — 1 h? h3

and
k(w)—1 1 1 ko, 1 kLo
_ - - _ M Z et 4.1
$(0) =y 1~ ahwt gk = )t gl — ki + et (4.15)

From ({2.2), (4.14) and (4.15)), we have

p(r(z)) =p (L> =1+ §p1h12 + (5171]12 - —p1h§ + —pzh%> 22

h(z) +1 4 4
1 5 1 1 1 I o 1 4\ 5
+ gplhl — §p1h1h2 + §p1h3 + §p2h1h2 — ZPth + §p3h1 FAN SRR (4.16)
and
k(w) —1 1 1
p(s(w)) =p (W) =1+ §p1/€1w + <§P1k2 plk’ + pzk ) w?
1 1 1 1 1 1
+ <8p1k — —plk'lkfg + plk‘g + pgk’lk’g — Zka + 8p3k’3) w3 4+ - (417)
It follows from (4.9), (4.10]), (4.16) and (4.17)) that
1
—>\b0 = iplhh (418)
2 1 Iy 1
)‘b() + 2(1 — 2)\)[)1 = §p1h2 — Zplhl + leghl, (419)
—Abo® + 3Aboby 4+ 3(2 — 3\)by =
1 4 1 1 1 1 . 1 4
§P1h1 - §p1h1h2 + §p1h3 + §p2h1h2 — 1p2h1 + §p3h17 (4.20)
1
)\bo = §p1k1, (421)
2 1 I 5, 1
)\bo — 2(1 — 2/\)b1 = §p1k‘2 — Zplkl + Zpgk?l (422)
and

Abo® — 6(1 — 2X)boby — 3(2 — 3\ )by =
1

1 1 1 1 1
gplkif - —p1k1k2 + _plkS + §p2k1k2 - szk’? + gp:*’»k:f- (4.23)

From equations (4.18) and -, we obtain

1
hy = —ky, 2M\02= P pi(h3 + k7).
Applying Lemma for the above equation, we obtain
\p1\2(1h1|2 + |k1|2) < |Z91|2
82 - A2

|bo|* <
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Now, from (4.19) and (4.22)), we get that

1 1
4)\p1(h2+k2)+8—)\( —p1)(hi + k7).

By using Lemma once again, we readily get

b =

+ _

|bo\2 < |p1| |§\72 pl‘.

Also, from (4.19)) and (4.22), we obtain
1 1 1

)‘Qbé —4(1 - 2)\)217% = Zp%h2k2 - gpl(l?l - Pz)h%(@ + k2) + 6h (p1 p2)2-

Therefore, we find that
1 1
4(1 —20)%? = T (i; P — P> —|—2p1p2) hi + 8p1k2( —P2p2 hQ)

p1
8 P2hy ( plp%f - l<:2> .

Now taking the absolute value of both sides of above equation, we obtain

41— 2P < (P g2 gk o Il + Pl (2222 — g
16 | A2 ! 2 ] D1 1
1 _
Jr§|101|2|h2| o lpzkf—kg . (4.24)
By applying Lemma [2.4] we obtain
1 — 1
<o Plka| | E—E2h2 — by s—|p1|2|k2|max{1;|2@—1|}
8 1 h
—a 1
|p1| |k2\max{1 |€2m1 DN )|} = Z|p1‘2|k2|' (4.25)
Similarly, we have
1 _
St Plhal [PP25E — | < Pl (4.26)

By applying Lemma [2.5] in equations (4.24)), (4.25) and (4.26]), we find that

pl
A2

On the other hand, by subtracting (4.22)) from (4.19)), we get

A1 = 22202 < |2 = p? — pE 4 2| + i)

1
Therefore, we get

\p1||ha — ko < 1|

by| = .
] 8[1—2\ ~ 2(2A—1)
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Next, to find the bound on by, consider the sum of (4.20) and (4.23]) with hy = —k;, we have

boby = [(h1hy + kikg)(p2 — p1) + p1(hs + ks3)). (4.27)

1
6(5) — 2)
Subtracting (4.23)) from (4.20)) with hy = —k;, we obtain

1 1
6(2 — 3)\)[)2 = 2)\53 -+ 3(3)\ — Q)bgbl + Z(pl — 2ps +p3)h:1)’ + §(h1h2 — kle)(pQ - p1)

1

By using (18) and (£27) in (E29) gives

4\ —2 A 4\ — 2 A
6(2 — 3)\)()2 == (pg _pl) ( h hQ — —]{?1]{?2) —f-pl (—h3 ]{?3)

BA—217 5A—2 BA—2"  B5A—2
1 pif 3
+Z(p1 —2py +p3 — ﬁ)hy (4.29)
Applying Lemma 2.5 once again for the coefficients hq, ho, k1 and ky,we get
ol < - [2ps =l + Il + 21— 202+ pa— 2
2| > 33\ — 2) P2 — D1 p1 p1 P2 T P3 N

0

5. Corollaries and Consequences
By putting A = 1 in Theorem we obtain the following result.
Corollary 5.1. Let f given by (1.1)) be in the class ¥%(a, 3) (0 < a <1< ). Then

|bn|§|];—1|:M sin(l_aw) (n € N).

nmw b —«

If 3 — 400 in Theorem 4.3} we obtain the following result.

Corollary 5.2. Let f(2) € X given by (1.1)) be in the class Tsy (v, A), then

1bo| < \/M A+ 20 < 2
ol <94 Y

21-a) A+ 20> 2,

11— 11— 4(1 — «)? 1-
|b1|§min{ a a (=) —|—1} a

IA—12)—1 22 T o—1
and
2(1 — a) 41— a)?
< .
wﬂ—sgA—m{1+ ¥

Remark 5.3. Corollary[5.9 provides the estimates of |bo|, |b1| and |bs| obtained previously by Salehian
et al. [9, Corollary 3.5]. Furthermore, the bounds on |by| and |bi| given in Corollary[5.9 are better
than those given by Panigrahi [6, Theorem 3.2].
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By putting A = 1 in Corollary [5.2] we obtain the following result.

Corollary 5.4. Let f(z) given by (L.1) be meromorphic bi-starlike of order a(0 < a < 1) in A.

Then ol el
ool < { 2(1(—_@?) o> ]
by gmin{(l—a),(l—oz) 4(1—a)2+1}:1—a
and

2(1

|ba] < T_O‘) [1+4(1— ).

Remark 5.5. Corollary provides the estimates of |by| and |by| obtained previously by Salehian
et al. [9, Corollary 3.5]. Also, the bound on |by| given in Corollary[5.4 is better than that given by
Hamidi et al. [1, Theorem 2]. Also we find estimate of coefficient |by| of functions in this subclass.
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