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Abstract

In this paper, firstly we show that some classical properties for Cauchy dual and Moore-Penrose
inverse of composition operators, such as complex symmetric and Aluthge transform on L?*(%).
Secondly we give a characterization for some operator classes of weak p-hyponormal via Moore-
Penrose inverse of composition operators. Finally, some examples are then presented to illustrate
that, the Moore-Penrose inverse of composition operators lie between these classes.
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1. Introduction

Let (X,X, ) be a complete o-finite measure space. For any sub-o-finite algebra A C ¥, the
L*-space L*(X, A, ui,) is abbreviated by L*(A), and its norm is denoted by ||.||s. All comparisons
between two functions or two sets are to be interpreted as holding up to a p-null set. The support
of a measurable function f is defined by o(f) = {z € X : f(z) # 0}. We denote the linear space of
all complex-valued Y-measurable functions on X by f € L°(X). Let ¢ be a non-singular measurable
transformation from X into X; that is, g o ¢! is absolutely continuous with respect to p and write
po @t < p. Let h be the Radon-Nikodym derivative du o ¢! /du. The pair (X,Y) is said to be
normal invariant if ¢(X) C ¥ and g < po ¢!, The composition operator C, : L*(X) — LX)
induced by ¢ is given by C,(f) = f o, for each f € L*(X). Here, the non-singularity of ¢
guarantees that C, is well defined. It is well known fact that for u € L°(X), the multiplication
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operator M, : L*(3) — L°(X) is bounded if and only if v € L°°(¥), and in this case, | M,| = ||u||co-

Now, by the change of variables formula; [ |f o ¢?du = [y h|f?dp, |Cyfll2 = |M s f|2 for each

f € L*(X). It follows that C, maps L?(X) boundedly into itself, if and only if h € L*(X), and
1

in this case, [|Cy|| = ||h]|& . Some other basic facts about composition operators can be found in
[17, 28, [30].

For each f € L?(X) there is a unique function in L?(.A), denoted E(f), such that, for every set
A € A of finite measure, [, fdu = [, E(f)du. E4(f) is called the conditional expectation of f with
respect to A, and E* is the conditional expectation operator. As an operator on L?*(X), E4 is the
contractive orthogonal projection onto L?(A). Take A = ¢~ }(X). So for each function f in L*(X)
there is a Y-measurable function F such that ¥~ & f = Fo . Moreover, F' is uniquely determined
in o(h) (see [7]). Therefore, even though ¢ is not invertible the expression F = (E* ) f)o o1 is
well defined. Note that domain of E* contains L*(X) U {f € L°(X) : f > 0}. For further discussion
of the conditional expectation operator see [23] and [26]. A result, Lambert and Hoover [19] shows
that the adjoint C,* of C, on L*(X) is given by C,*(f) = hE¥ ' ®)(f) o ¢~'. From this it ecasily
follows that C,*C, = M}, and C,C," = MhWEWl(Z). The product M, o ¢ of M, and C,, is called a
weighted composition operator,denoted by W, with

W fll2 = IVRE([ul?) 0 ¢~ f |2

Put J = hE(|u*)op~t. Tt follows that W is bounded on L*(X) if and only if J € L>(X) (see [19] and
also [7] for a discussion of E(-) o ¢! when ¢ is not invertible). The role of conditional expectation
operator is important in this note. We shall frequently use the following general properties of E4
and C, acting on L?(F). The proofs of these facts and some related discussions may be found in
[18, 23, 26]

P

f is an E“-measurable function, then E4(fg) = fE4(g);
If f>0then EA(f) > 0; If f > 0 then EA(f) > 0;
o(f) C o(EA(f)), for each nonnegative f € L2(%);
FA(S2) = |BAP it and only i f € L(A);
Ho(h) = X, ie. hop> 0

1)1
2)
3)
¥
)f 491 0 pp = L b D (g o o71) fdp, for all g € LA(X), A € 3
)
)
)
0

4

W f =hE? (E)(Uf)osol;
WWf =hE? E)(u?) o f;

WW* =u(ho)E¥ ®)(uf);

P(
(
(
(
(
(
E
(10) E 1 W(L2(A)) = C,(L2(A)) = {f € L*(A) : f is ¢ }(A) — measurable}.

P
P
P(5
P(6
P(7
P(8
P9
P(1

Given a complex separable Hilbert space H, let B(H) denotes the linear space of all bounded
linear operators on H. Recall that T" € B(H) has a generalized inverse if there exists an operator
S € B(H) for which T'ST = T . It is well known that 7" € B(#) has a generalized inverse if and
only if R(7T) is closed (see [10]). In general, S is not unique. The generalized inverse S is called
the Moore-Penrose inverse of T' if ST'S = S and the idempotents T'S and ST are self-adjoint. In
this case, S is unique and it is denoted by TT. Note that if U|T| is the polar decomposition of
T , then by definition, U* is a generalized inverse of U and hence has closed range. Also, since
R(U*) = N(U)L, U is isometry on R(U*). Associated with T € B(H) there is a useful related
operator T' = |T|Y2U|T|*/2, called the Aluthge transform of T, first time it was studied in [I]. It is
casy to check that U*|T*|" and |T1|2U*|T|2 are the polar decomposition and Aluthge transform of
T, respectively[33]. The Moore-Penrose inverse is designed as a measure for the invertibility of an
operator. If T'= U|T)| is invertible, then 7~ = T, U is unitary and so |T| = (T*T)"/? is invertible.



On the Cauchy dual and complex symmetric of composition operators 12 (2021) No. 2, 85-97 87

From now on, we assume that C'R(H) be the set of all bounded linear operators on H with closed
range. For other important properties of T see( [2, 3|, 10, 14 15, 22]).

To avoid tedious calculations we consider only the composition case. Suppose that C,, € B(L?*(X))
has closed range. Then h is bounded away from zero on o(h). Put S = Mx,m Cj. Then S €
h

B(L*(X)). Since a(ho ) = X, C,*C, = M, and C,C,* = My, B ) E, we have C,SC, = C,
and SC,S = S. Also it is easy to check that C,S = F and SC, = M, = (SC,)*. Hence, S is the
Moore-Penrose inverse of Cy,. Also, it is easy to check that

(Chy = C@ch,h& =M. C,,

1
hoyp

(CHCL=M, E=(M__p)°

hop

CHCL) = M.

Composition operators as an extension of shift operators are a good tool for separating weak
hyponormal classes. Classic seminormal (weighted) composition operators have been extensively
studied by Harrington and Whitley [I7], Lambert [19, 23], Singh [28], Campbell [7, 8, 9] and Stochel
[13]. In [5] and [6] some weak hyponormal classes of composition operators are studied. In those
works, examples were given which show that composition operators can be used to separate each par-
tial normality class from quasinormal through w-hyponormal. In [20] some examples were presented
to illustrate that composition operators lie between those classes. This note is a continuation of the
work done in [20]. The plan of this note is to present some characterizations of weak p-hyponormal
and weak p-paranormal classes of weighted composition operators on L?(X). We then give specific
examples illustrating these classes.

The Cauchy dual of left invertible operators is introduced in [25] as a powerful tool in the model

theory of left-invertible operators. To be precise, if T is left invertible, it easy to see that 7T is
invertible and the operator given by Lz := (T*T)~'T* is a canonical left inverse of T. The Cauchy
dual of T is then defined as

w(T) :=T(T*T)' = L%,

which is a right inverse of 7. For more details on the properties of Cauchy dual see [I1, 25, 29].
We introduce now the notion of Cauchy dual for Moore—Penrose inverse.

Definition 1.1. Let T € CR(L*(X)). The Cauchy dual T is is defined as
w(T) = T(T*T)".

This article has been organized in two sections. In section 2, we study Cauchy dual of operators
with closed range. We give several basic properties such as complex symmetry of these types of
operators with a special conjugation. In section 3, we provide necessary and sufficient conditions
for composition operators to be weak p-hyponormal and weak p-paranormal. Finally, some specific
examples is provided to illustrate the obtained results.
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2. Cauchy dual and Complex symmetric

The main goal of this section is to study the Cauchy dual of composition operators. Also we
investigate the complex symmetric for Cauchy dual of composition operators with a special conju-
gation. We start with the following results that extend the case of left invertible operators and are
easy to obtain.

Proposition 2.1. Let C, € CR(L*(X)). we have
(a) w(C,) = *5222C,, = (CL)".
(b) w(C;) = *52Cp = Cf = (w(Cy))".
(¢) w(Cp) w(Cy) = 251, w(Cy)w(Cy)* = *5222 B,
(d) w(w(Cy)) = C.

(¢) w(C) = w(C,)".

Proof .(a) we know that (T*T)" = TTT*1. So, for each f € L*(¥), we have

W(Co)f = ot f = 2eteD o p— (ctyy.

hoy
(b) We have
W(C)f = 001 CLE = Oy e B (1))

= X0 f = (W(C,))' S

(©
WCow(Co)f = FPCLE2C,f) = 250
and
ACJ(C,) f = 22D, (el ) = 20D ()

ho
(d) w(w(Cy)) = w((C})) = Cyf.

(e) By direct computations, we get that

w(Ch)f = CLC,CLf = hE(f) oo™ = Cof = (w(C))'f.
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Proposition 2.2. Let C| € CR(L*(X)). Then w(Cl) = V|w(CL)| is the polar decomposition of
w(CY), such that

N
|w(CHI(f) \/E(f)’

V() = O

—~——

N hwf o . Now turn to the computation of w(CT) and w(C}). By combining

We know that C’;

the previous results we obtain the following proposition.

Proposition 2.3. Let C§ € CR(L*(X)). Then

(a) w(C}) = 2=C,.

{/h(hoy)

(b) w(CE) = 22250 /R0 F)C,0

—~——

Corollary 2.4. Let Cl, € CR(LA()). Then w(Ch) = w(CE) if and only if E(VE) = V.

A conjugation on a Hilbert space H is an anti-linear operator S : H — H which satisfies (Sx, Sy) =
(y,x) for all z,y € H and S?* = I. An operator T' € H is said to be complex symmetric if there
exists a conjugation S on H such that T' = ST*S. The class of complex symmetric operators is
unexpectedly large. We refer the reader to [16] 21] for more details, including historical comments
and references. In the following, we show that the Cauchy dual of composition operators on L?(X)
is complex symmetric.

Proposition 2.5. Let o(h) = X, ¢*> = I, the identify transformation. If h(h o @) = 1, where
A= 1 (X2). Then w(C,) is complex symmetric.

Proof . Define S(f) = 22 Then S is conjugate linear, S? = I and for each f € L%(X), we have

Vi vy g

3

Sw(Cy)* S(f) = S(CHS(f) = S RE(S(f)) 0 ") =

h hop
_foe _
_hogp_w(ow)f
Also (f Wi
_ 9090 g
(s1.80) = | S22~ [ 2au— (g, p)

So, w(Cy) is complex symmetric. [

Corollary 2.6. Let o(h) = X, ¢* = I, the identify transformation. If h(ho ) = 1, where A =
¢ HX). Then C, is complex symmetric.
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Example 2.7. Suppose that 1 < a < oo. Let X = [+,a] , du = dz and ¥ be the Lebesgue sets.
Define the non-singular transformation ¢ : X — X by p(z) = 1. Put A= o Y(X). Then h(z) = %

and E = 1. Simple computations show that o(h) = X, ©*> = I and h(hoy) = 1. Define S(f) = j%.

It is clear that S is conjugate linear. By direct computation we get that w(Cy,) = %f(%) and
Sw(Cy)"S(f) = w(Cy)/f.
Thus w(C,) is complex symmetric operator on L*(X).
Lemma 2.8. [20] Let f € L*(2), and Af :=u(h o @)E(uf). Then for all p € (0,00),
APf = u(h? o 0)(E(u®))P E(uf).

Lemma 2.9. Let C, € CR(L*(X)). Then C§ = V|C{| is the polar decomposition of Cf. Such that
for each f € L*(%),

E(f)

==, V())=VhE(f)ey"
oy

CLI(f) =

:

Proof. Let f € L*(X). Then (CL)*Clf = M 1 E(f). Now |CI| follows from Lemma [2.8] Moreover,
%) %) 7 ©
op

by a direct calculation we get that
V(f) = VhE(f)o e

Moreover, it is easy to check that V|CE| = CI, VV*V =V and N(V) = N(CL") = N(C]). This
completes the proof. [J

In the following, we will obtain the Aluthge transformation of C, and C’;. Recall that the Aluthge
transformation of C, is defined by 6’; = |C@|%U|C§p|%. Let U|Cy| and C§ = VI|C{| be the polar
decompositions of C, and C’L respectively. Since C3(f) = hE(f) o ¢!, we obtain |C,|(f) = Vhf

and U(f) = j%. It follows that

. h
C@f:(hogo

)iC,f, fe LX)

We now turn to the computation of (C,,)! and Ch. Now, let C, € CR(L*(X)). Put

Pf = \‘VEE(JE) ot feL}%).

Then it is easy to check that P satisfy all conditions of the Moore-Penrose inverse. Thus
P = (C,)".

Now, by using Lemma 2.8 and we obtain

v 1 1 1 4 .
ol = |GYI2VICLE = Z==B(VRE(f) o ¢™).

These observations establish the following proposition.
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Proposition 2.10. Let C, € CR(L*(X)). Then the following assertions hold.
(1) Cof = (%)%wa-

(i1) Let U¢]5p| be the polar decomposition of 5;. Then

Gl () = \/hE<hf¢>% 01,
Up(f) = vh foy
ho @E(Vh)

(iii) If Cp € CR(LA(Y)), then (C) f = VAE(L:) 07",

(iv) CLf = 5= E(VRE(f) 0 o7").
3. On Some Characterization of CL

In [20] Jabbarzadeh and Azimi determined when composition operators were p-quasihyponormal,
p-paranormal and absolute p-paranormal. But in some cases composition operators can not be
separated some of these classes. In the following, we will show that Moore-Penrose inverse of
composition operators, CL, can be used to separate each partial normality class from quasinor-
mal through w-hyponormal. An operator T' € B(H) is p-quasihyponormal if for each p € (0, c0),
T*(T*T)PT > T*(TT*)PT. For all x € H, if |||T[PU|T|Pz|| > |||T|Px||?, then T is called a p-paranormal
operator and if |||T[PTz| > ||Tx|[P™!, then T is called a absolute p-paranormal operator, and T is
p-*-paranormal operator if |||T|PU*|T[Px||||z|| > |||T*|Pz||?,T is called a absolute p-*-paranormal op-
erator if |||T[PTx|| > || T*x|P™ [4, 12, 27].

Lemma 3.1. [17] The following are equivalent:
(i) Zom) € ¢~ H(2),

(i) ker(Cy) C ker(C,).

Theorem 3.2. [17] The adjoint C} is quasinormal if and only if Yoy € ¢ () and h = ho
¢ a.e., onao(h).

Theorem 3.3. Let C, € CR(L*(X)). Then C}, is quasinormal if and only if Yoy € ¢~ '(X) and
h=hoy ae., ona(h).

Proof . By definition, CL is quasinormal if and only if CL(CJ))*C’;(f) = (CL)*CLC’L(]C), for all f.
By a direct calculation we have

Yot =L gt on o
HOL) = i ECL) ono(h
11 1.

= ﬁqpf— (hogo)E(EC‘Pf) on o(h).
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Since ker(E) = R(C,)*" = ker(C}), this becomes

1 | 1.
ﬁCwE(f) = e @)E(EC@E(f)) on o(h). (3.1)
Now suppose that X,y € ¢~ 1(X) and h = hog a.e., on o(h), then by Lemma , for g € R(C,)*,
hg = C;C,f =0, and (3.1) reduce to
1 . L,
EE(C@E(]C)) = M(hiw)E<EC¢E<f>) on o(h). (3.2)

It follow that C’:L is quasinormal.

Conversely, suppose that CJ is quasinormal. Then ker(Cj) C ker(C,), then Yy C ¢ () follows
from Lemma consequently, i is o~ }(X) measurable, write o(h) = UA, with A, € ¢7'(Z) and
0 < u(Ay) < oo. Set f:=Cyxa, in (3.1), we obtain x4, = GezjX4,- Then h =hoy ono(h). O

Corollary 3.4. Let C, € CR(L*(X)). Then C} is quasinormal iff C}; is quasinormal.

Lemma 3.5. Let T € B(H) and let U|T| be its polar decomposition. Suppose p is positive real num-
ber. Then the following hold:

(i) [31] T is p-paranormal if and only if for each p € (0,00),
|T[PU*|T|*U|T|P — 2\|T|* +X*> >0, for all A > 0.
(i) [31)] T is absolute p-paranormal if and only if for each p € (0,00),

T*|T*PT — (p+ D)N|T)? +pAPtt >0, forall A >0
(iii) [32] T is p-x-paranormal if and only if for each p € (0,00),

| T|PU*|T|?PU|T|P + 2M\|T*[* + \* >0, for all real A
() [32] T is absolute p-x-paranormal if and only if for each p € (0, 00),

T*|T*T — (p+ D)N|T** + pAP™ >0, for all A >0
Theorem 3.6. [20] Let C, € L*(F). Then the following statements are equivalent.
(i) Cy is p-quasihyponormal.
(ii) Cy, is p-paranormal.
(ii) C, is p-x-paranormal.
i) C, is absolute p-paranormal.

(iv) E(h?) > hP o .
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Theorem 3.7. Let C, € CR(L*(F)). Then the following assertions on a(h) hold.
(i) C’; is p-quasihyponormal if and only if h > h o ¢,

plfl )7

h 2

(i1) Cjo is p-paranormal if and only if \/E(’f/—o%)p < E(

(iii) CY is p-x-paranormal if and only if Vh( hQOl;O“’) )P < E(—=),
h T

(iv) C’L is absolute p-paranorma if and only if h > ho o,
(v) CY is absolute p-x-paranormal if and only if h**' > (h o )(h? o ©?).
Proof . (i) It is well known that, for each f € L*(%),

(CL)CLf = My E(f), CLCLSf = Mawo .

Then by Lemma 2.8 we have, ((CL)*CL)Pf = M 1 E(f), therefore

(hog)P

(CLY (Y CLPOLF =M s E(B(f)op™)
1

TV (O (CTYR PO F —

(CL(CLCO) )»PCLf = WE(f)-

Thus C’L is p-quasihyponormal if and only if

el uchychyrct — ) chch)yciis, f=o

93

Since (X, A, pt) is a o-finite measure space, letf := x,-1p with p(¢™'B) < co. Hence, The above

inner product is non-negative if and only if

1 S S
/ s\ hog)(rog?) P emn) 09 ) = G oy Blxpm) bl 2 0

Since E(x,-1p) 0 ¢ ' = E(x, 0¢) o' = x, on o(h), by change of variable theorem the previous

integral is non-negative if and only if

1 _ 1
/WIB{WE<E<X¢_IB) o 1) — WXB}hdu > 0.

But this is equivalent to h > h o ¢ on o(h).
(ii) Let f € L*(F). Therefore by direct calculations,

E(B(EULE ) 0 )
CLPvEICLPPv|Cl f = :
(how) (hog?)p

Now by Lemma [2.10, C} is p-paranormal if and only if

EE(EE)00)  np()

(ho@)™s (ho g “ogy TN 20

{
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Put f:= x,-1p with (¢ 'B) < co. Hence, the above inner product is non-negative if and only if

1

E(XBOSD)WP
/ {E(E( hpT ) ° SD) QAE(XB ©
¢ 1B

¢) 2 _
(ho<p) (hogp) (hop)p A du =

1 2)\XB 9
T + A hdup > 0.
/{ = hogo hp } H

B(—=t1)
But this is possible if and only if 3 — % < 0, since h is a non-negative function in L*(F)
2~ (hop)P
and B is an arbitrary element of o-finite algebra F. So the proof is complete.

(iii) The proof is similar to part (ii).
(iv) Let f € L*(¥). Direct computations show that

E(E(f)op™)op
(hop)(hop?)r

By Lemma , CL is absolute p-paranormal if and only if

E(E(f)eop™l)o
(hog)(hop?)r

Put f:= x,-1p with u(¢ ' B) < co. Hence, the above inner product is non-negative if and only if

(chrIcirels =

(

E
w—@+1m%%v+pv“Jﬁzo

E(E(f)op™) oy E(f) .\, p+1 _
[;w{(howﬂhMﬁV _%p+UEZ§A*4M+}Ww—
/{W = (p D2+ pN T phdp 2 0

But this is possible if and only if
AN i=a—(p+ 1A +pAPT >0, A e0,00),

where a = (hw)p, b= %, since h is a non-negative function in L?(F) and B is an arbitrary element
of o-finite algebra F.
Since this function takes its minimum value at A = b, then

AN) >0 <= a > !

1 S 1
W(hogy = Tt
<= (hop)? <h?, ono(h)
<= (hoy) <h, on o(h).

—

So the proof is complete.
(v) The proof is similar to part (iv). O
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4. Examples

Example 4.1. Let X = (1,00) equipped with the Lebesgue measure du on the Lebesque measurable
subsets. The transformation ¢ is given by p(x) = \/x. Then h(x) = 2z, E =1, ho p(x) = 2/x.
Now, by these computations we obtain,

Cl=1, C,=f(Vx), C, =2z,
C, = Vaf(Va), (C,)f =2z, Cf=Vzf(Va),

V() = VEZS(20), [CLI(f) = j%

Accoroding to above relations, (6’;)Jr £ CL on X = (1,00).

Also Theorems ¢y and CL are not quasinormal. However by Theorem Ci, not only is
p-quasthyponormal but it is also absolute p-paranormal. Also by simple calculations, p-paranormality,
p-x-paranormality and absolute p-paranormality of C’;@ are equivalent to xP~1 > 2, 2P > 1, 2%+2 > 1,
respectively. Therefor C’JJ 18 p-x-paranormal and absolute p-paranormal, but C’:L s not p-paranormal.
However, if we change only the underlying space to X = (0,1), then by Theorem for each p >
0, CL 18 p-quasthyponormal and p-paranormal, but C’L can not be p-x-paranormal and absolute p-
paranormal.

Example 4.2. Let X = [0,1] equipped with the Lebesque measure p on the Lebesgue measurable
subsets and let ¢ : X — X s defined by

2x OSxS%,
plE)=9, o 1
—2r ;<z<1l
Then
flx)+ f(1 —2x
B(f) () = TS
4 0<z<y;
2—4 i< <
HOEE SISt
4 —4x %g:pgl,
and so h(z) =1 and for each f € L*(X)
_ fG)+f0-3)
(B(f) o ™)) = H2IE 2

Thus by Theorem C’l is in all of the above classes. Also by proposition and Lemma we
have,

cl(n) = un = @) = TEHIEZD),
CL(f) = E(B(f) o 9™,
V(f) = f(3)+f1-3)

2 Y
CLI(f) = :

flx)+ f(1 - =)
2
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Example 4.3. Let X =N, ¥ = 2V and let 1 be the counting measure. Define

1 n=1,2,
p1(n) :{

n—1 n>3,
and
1 n =1,
n =
#2(n) {n—l n > 2.
Then
2 n=1,

1 n>2, ha(n) = p(py ' (n)) = 1.

hi(n) = p(ey ' (n)) = {

Since @y 1s the identity function, then by Corollary 2.3, C,, and Cjoz are complex symmetric
operators but Cy,, and C’;l are not complex symmetric operators.

Example 4.4. Let {m,}>2, be a sequence of positive real numbers. Consider the space (*(m) =
L3N, 2N, m), where 2V is the power set of natural numbers and m is a measure on 2 defined by
m({n}) = my,. Let u = {u,}5>, be a sequence of non-negative real numbers. Let ¢ : N — N be a
non-singular measurable transformation; i.e. po @~ < u. Direct computation shows that (see [23])

D et (oth)) i

?

1
h(k) = — my; E(f)(k) =
Mk jewzl(k) Zj@P—l(@(k‘)) my;

and
Zg‘ewl(k) fim; '

I

hoplk)=—— S my (B k) =

wlk) jep™(p(k)) Zjep_l(k) i

for all non-negative sequence f = {f,}5°, € £*(m) and k € N.
By theorem C’; 18 p-quasihyponormal and absolute p-paranorma if and only if

1 1
m—k Z m; Z Z m;.

jeeit B jeeTiom)

Also, C’:[, 1s absolute p-x-paranormal if and only if

o X mptE Y m)— Y m)

jee1(k) #F) jep—1(p(k) M2 k) e 12 (k)
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