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Abstract

In this paper, we investigate the spectrum and fine spectrum of the upper triangular double-band
matrix A"’ on c¢s sequence space. We also determine the approximate point spectrum, the defect
spectrum and the compression spectrum of this matrix on cs.
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1. Introduction

We denote the space of all real or complex valued sequences by w. We represente bounded
variation, convergent series and absolutely summable spaces by bv, cs and ¢ respectively.

Let X and Y be Banach spaces and 7" : X — Y be a bounded linear operator. By R (T), we
denote the range of 7. ie., R(T)={yeY :y=Tz, x € X}.

By B (X), we denote the set of all bounded linear operator on X into itself. If X is any Banach
space and 7' € B (X) then the adjoint 7* of T is a bounded linear operator on the dual X* of X
defined by (T*f) (x) = f(Tx), for all f € X* and x € X. We need some basic concepts which are
given in [I1] as follows:

Let X # {0} be a complex normed space, where 6 is the zero element and 7' : D (T) — X is a
linear operator with domain D (7') C X. With T, we associate the operator T\ = T — AI, where A is
a complex number and [ is the identity operator on D (T'). If T) has an inverse which is linear, we
denote it by T} 1 that is, Ty V= (T - I )_1 and we call it the resolvent operator of T. A regular
value A of T is a complex number such that
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(R1) T' ex1sts
(R2) T is bounded,
(R3) Ty ! is defined on a set which is dense in X.

By p (T X)) we denote the resolvent set of 7' It is a set of all regular values A of T'. Its complement
o(T,X) = C— p(T,X) in the complex plane C is called the spectrum of 7. Furthermore, the
spectrum o (7, X) is partitioned into three disjoint sets as follows:

The point spectrum o,(T; X) is the set of all A € C such that 7, ' does not exist. The element
of o, (T, X) is called eigenvalue of 7.

The continuous spectrum o,(T; X) is the set of all A € C such that T} ' exists and satisfies (R3)
but not (R2), that is, T) ' is unbounded.

The residual spectrum o,.(T; X) is the set of all A € C such that T} ' exists but does not satisfy
(R3), that is, the domain of T} ' is not dense in X.

To avoid trivial misunderstandings, we can say that some of the sets defined above, may be
empty. This is an existence problem, which shall have to discuss. Indeed, it is well known that
o.(T,X) =0, (T, X) =@ and the spectrum o (T, X) consists of only the set o, (T, X) in the finite
dimensional case.

From Goldberg [9], if X is a Banach space and 7' € B (X), then there are three possibilities for
R(T) and T

(4) R(T)

(B) R(T)

(C) R(T

and

1) T~ exists and is continuous

( 7
(2) T—! exists but is discontinuous,
3) T~! does not exist.

(

ZET=x,
£ X

Applying Goldberg [9] classification to T}, we have the following possibilities;
(A) T, is surjective,

(B) R(Th) # R(Th) = X,

(C) R(T)) # X.

and

(1) Ty is injective and T} * is continuous.

(2) Ty is injective and T} ' is discontinuous.

(3) T} is not injective.

If these possibilities are combined in all possible ways, nine different states are created. These
are labelled by: Ay, Ay, A3, By, Bo, B3, C1,Cy and Cj. If A is a complex number such that T € A; or
T\ € By, then A is in the resolvent set p (7, X') of T on X. The other classifications give rise to the
fine spectrum of 7. We use A\ € Byo (T, X)) means the operator T\ € By, i.e., R(T)\) # R(T\) = X
and T} is injective but T} 'is discontinuous, similarly others. Following Appell et. al. [4], we define
the three more subdivisions of the spectrum as follows:

Let T be a bounded linear operator in a Bancah space X, we call a sequence (z) in X as a Weyl
sequence for T"if ||zx|| = 1 and || Tzx|| — 0 as k — oo. In what follows, the sets are called

oap (T, X) = {\ € C: there exists a Weyl sequence for T'— AI'} the approximate point spectrum
of T

o5 (T, X) ={\ € C:T — A is not surjective}, the defect spectrum of T
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We can write spectrum as a form of subdivision of two subspectra given (not necessarily disjoint)
o (T,X) =04 (T, X)Uos (T, X).
There is another spectrum o, (7, X) = {)\ eC:R(T-XN)#X } which is called the compres-

sion spectrum of 7. Then we have another property such as o (T, X) = 04, (T, X) U o (T, X).
From the definitions which are given above the subdivisions spectrum are illustrated in the Table
1.

Proposition 1.1 [4] Spectra and subspectra of an operator " € B (X) and its adjoint T* €
B (X*) have some relationships given as follows:

(a) o, (T*, X*) = 00, (T, X) .

(b) 04y (T*, X*) =05 (T, X).

(c) o5 (T*, X*) = 04y (T, X) .

Lemma 1.2 [9] T has a dense range if and only if 7% is one to one.

Lemma 1.3 [9] T" has a bounded inverse if and only if 7 is onto.

We know that cs = {x = (x,) € w:lim, > x; exists} is a Banach space with the norm ||z , =

" 7
trianglular matrix A" on the sequence space cs. Also we examine the approximate point spectrum,
the defect spectrum and the compression spectrum on cs. If we take v, = r and up = s we obtain
the matrix representation of the operator U (r,s) which were given in [I2]. Hence our results are
a generalization of results which were given in [I2]. The fine spectrum of the difference operator
A over the sequence spaces ¢, and bv,, (1 < p < 00) is studied by Akhmedov and Basar in [I] and
[2]. Also Bagar and Altay have determined the fine spectrum of the difference operator A over the
sequence spaces ¢g, ¢ and £,, (0 < p < 1) in [5] and [3]. The fine spectrum of the operator A,, over
the sequence space ¢y has been examined by Fathi and Lashkaripour in [7]. They also studied the
fine spectrum of generalized upper triangular double band matrices A" and A" over the sequence
(1 in [§]. Some other authors studied spectrum and fine spectrum of various matrix operators (see

(6], [10], [13]).

sup,, . The main purpose of this paper determines the spectrum and fine spectrum of the upper

1 2 3

T)\_lea:ists and T)\_lemists and T;ldoes

it 1s bounded it is not bounded not exist
A€o, (T,X)
A R(T — ) A€ p(T,X) X € 0w (T, X)
A€o (T,X) A€o, (T,X)
B|R(T-M\)=X A€ p(T,X) A€oy (T,X) A€o, (T,X)
)\EO'(;(T,X) )\EUg(T,X)
A€o, (T,X) A€o, (T,X)

A€o (T, X) ! LA
- ’ A€oy (T,X) A€o, (T,X)
C|R(T-M)#X ;\66;75(5;7);)) Aeos (T, X) Aeos (T, X)
oA A€o, (T, X) A€ oe (T,X)

Table 1. Subdivisions of spectrum of a linear operator
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2. Main Results

The upper triangular double-band matrices A" is defined
A%y = A" (ZL’n) = (Unxn + un+1$n+1)2020 :

Then, it is easy to verify that the double-band matrices A"’ can be represented by the matrix,

Vo Uy 0 0 0
0 V1 U2 0 0
0 0 V2 U3 0
0 0 0 wv3 wug

(ug) is a sequence of positive real numbers such that uy # 0 for each k € N with u = limy_,o uy #
0 and (vg) is either constant or strictly decreasing sequence of positive real numbers with v =
limy oo v # 0, and vy < u + v.

Theorem 2.1 The operator A"’ :
sup (f] + ).

cs — cs is a bounded linear operator and [[A"™|p, <

Proof.

<

oo
E VpTg + Up41Tp41 +

oo o
E VT E Uk+1T k41
k=0 k=0 k=0

< sup fug] [lle, + sup fuel ll2le, = sup (joi] + fuel) [l2]lcs -

|A™ ()] =

Thus A" 5(es) < sup (Joel + Jus])

k
Theorem 2.2 Let Ly = {/\ eC:|A=v|=u, Y ]I (%) < oo}. Then the inclusion

k =1

{AeC:|]A—v| <u}UL; Co, (A", cs) holds.

Proof. Firstly we suppose v = (v;) is a constant sequence, say, v, = v for all k. A*x = Az, for
z #0=(0,0,0,...) in ¢s, which gives

Voo + U117 = )\270
V11 + UsTy = )\$1
Voo + usrs = )\ZL’Q
UkTk + Ukt1Thy1 = ATy

If xg = 0, then x; = 0 for all k. Hence xq # 0. Solving this equations, we get
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for all n € N. Now suppose A € C with |\ —v| < u. Then

Tpa1 Up — A

Ln

lim

n—o0

= lim
n—oo

Un+1

therefore (z,,) € {1 C cs, and thus easily L; C g, (A", ¢s) is seen, consequently
{AeC:|]A—v| <u}UL; Co, (A", cs).

. - . : 2 2
Now we give an example to show this inclusion is strict. Take r, = (Z—ié) and s, = (llz—j_é) ,

k € N. These sequences provide the properties which are given in their definitions. Clearly, 0 ¢
{ANeC:|A—v|<u}. But 0 € 0, (A", cs) since there exists © = (x¢,x1,...) such that zo # 0,

71 # 0 and 2y = —Z::xk, k> 1 and

1
> " far] = fao| + |21 +4\$1|Z§ < 00.
k k=3

Theorem 2.3 o, ((A*™)",cs* = bv) = .

Proof. Suppose (vg) is a constant sequence, say, vy = v for all k. Then there exists f # 6 =
(0,0,0,...) in bv such that A" f = \f. We have

vofo = Afo
vifotufi = Af
vof1 +vafe = Afo

Vpfo—1 +oufe = A

Let f,, be the first non-zero entry of the sequence (f,,). So we get u, frn—1+vfm = Afn which implies
A = v and from the equation w11 fm + Vfme1 = A1 we get f,, = 0, which is a contradiction to
our assumption. Therefore,

op ((A™)" es) = 2.

Suppose (vy) is a strictly decreasing sequence. Consider (A*)* f = Af, for f # 0 = (0,0,0,...) in
bu, which gives above system of equations. Hence, for all A ¢ {vg, v1,vs,...} , we have v, = 0 for all
k, which is a contradiciton. So A ¢ o, ((A"*)",bv). This shows that

ap ((A"™)" [ es) C {vg, v1, va, ...}

Let A = vy, for some m. Then fo = f1 = ... = fr,-1 = 0. Now if f,, =0, then f; = 0 for all k, which
is contradiciton. Also if f,, # 0, then

Uk+1

fk+1 = fk, for all k& Z m

Um — Uk+1
and
UpU—1..- U7

k
(A= vk) (A = vp-1) (A = vg2) . (A = vl)fo B 11 mfo, k>1.

fr=
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We have
UpUp—1...Uq

L = R o ) O — o) = o)

because of vy < v + u.

| fol #0

im |fey1 — frl #0
k—o0
then we have f = (fx) ¢ bv. Thus o, ((A"™)",cs*) = 2.
Theorem 2.4 A}’ : cs — cs has a dense range for any A € C.

Proof. o, ((A")",cs*) = & hence (A" — X\I)" is one to one for all A € C and from Lemma 1.2
we have the required result.

Theorem 2.5 o, (A", cs) = @.

Proof. It is a result of Lemma 1.2 and Theorem 2.4.

Theorem 2.6 0 (A", cs) ={A € C: |\ —v| <u}.

Proof. Let y € cs and consider (A* — \I)* 2 = y. Then we have the linear system of equations

(Uo - )\) To = Yo
u o+ (11 —A)x1 = 1

Uy + (V2 — N) Ty = Yo

UpTp—1 + (g — Nz = Yk

By solving this equations, we get

- (—1)" uour .. w1y L Up—1Yk—1 LY
(g —=A) (v = A) (Vo= A) e (e =) (g =A) (01— ) veg— A
Then
Dzl <D Riclyl
k k
where )
(0 UpUp 41
R, = + + + ...
T /\‘ (vk = A) (V1 — A) ‘ (Uk = A) (V1 = A) (V2 — A) ‘

While & — oo, kal"_)\’ — ‘ﬁ < 1. For ky € N and ¢y € R we have ‘kal’“_/\ < qo for k > kq. Then,

Ry <

_m(1+qo+q§+...)

for k£ > kg4 1. Also there exist k; € N and a real number ¢; which provides ‘Uk%/\‘ < for all k& > k.

Then, R, < 131% for all & > max {ko, k1} and sup,cy R < 0o. Consequently, since
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Z EARS ZRk |yr| < sup | Rg| Z |yk| < oo,
k k k k

r € {; C bv. Hence, for u < [A —wv|, (A" — XI)" is onto and by Lemma 1.3 A“ — [ has a
bounded inverse. This means that

o (A", es) C{A e C: | A —v| <u}.
By Theorem 2.2 and Theorem 2.5, we get
AeC:|A—v|<u} Co (A" cs) C{AeC:|\—v| <u}.
Since the spectrum of any bounded operator is closed, we get

o (A", es) ={AeC:|A=v|<u}.

Theorem 2.7 0. (A", cs) ={A € C: |\ —v| =u}\L.

Proof. o (A", cs) is a disjoint union of the parts o, (A", cs), o, (A", cs) and o. (A", cs) and
so we obtain the required result.

Theorem 2.8 If |\ — v| < u, then A\ € Az (A, cs).

Proof. Let |\ —v| < u. Then by Theorem 2.2, A\ € 0, (A", ¢s) and hence A € (3). We need to
prove that A"’ — AI is surjective when |[A —v| < u. Let z = (20, 21, 22, ...) € ¢s and consider the
equation (A" — X)) x = z. Then we have the linear system of equations

(UO — /\) To+UITT = 2o
(Ul — )\) T1+ UT2 = 21
(1)2 — /\) Tro + Usrs = 29
(U = A) Tp + Up1Th11 = 2

Let xg = 0. Therefore, we obtain

(/\ — ’Ul) ()\ — ’Ug) Ce ()\ — Uk—l) 20 NI (Uk;—l — )\) Zk—2 i Zk—l'

UrUg... U UpUk—1 U,

T =
Then, Y |zx| < supgen Sk > |2k, where
k k

1

Uk+1

Vgg1 — A i (Uk+1 - )\) (Uk+2 - /\)

Uk4+1Uk+2UK+3

Sk =

+ ..

Uk+1Uk+2

for all k£ € N. Since
that y%\ < pp for all k > ko. Then, for all k > ko + 1,

%‘ — }%} < 1 as k — o0, there exist ky € N and a real number py such

1
Sk <—— (1+po+pg+-.).
| k1]



170 Ercan

Also there exist k1 € N and a real number p; such that |ﬁ\ < py for all kK > k;. Then, S;, < 12)0,

for all k& > max{ko, k1}. Thus, sup,cy Sk < 00. Therefore, Y |zx| < supgeyn Sk D, |2k| < 0o. Hence
Ic Ic

T € cs.

Corollary 2.9 Let (v;) and (ug) be constant sequences, say, v, = v and u; = w for all k, and
A —v| = u. Then A\ € Byo (A", cs).

Proof. When |A — v| = u by Theorem 2.7 we see that A € AU Bs. Also A" — [ is not surjective
and hence A € Byo (A", cs).

Corollary 2.10

(1) Oco (A", cs) = &

(17) o5 (A", cs) ={A € C: |A—v| = |u|}
(131) Oap (A", cs) ={A € C: A —v| < |ul}.

Proof.

(¢) From Proposition 1.1 (a) we have o, ((A")", cs*) = 00, (A", cs) = &.

(i) We have that o5 (A", cs) = o (A", cs) \Azo (A", ¢s) from Table 1. Hence by Theorem 2.2
and Theorem 2.8 we obtain the required result.

(¢43) From Table 1 o,, (A", cs) = o (A", cs) \A1o (A", cs) . Also

o (A" cs) = Ajo (A", cs) U Ayo (A", ¢cs) . By Theorem 2.5 Aj0 (A", cs) = &. Hence by The-
orem 2.2 o4, (A", cs) ={A € C: |A—v| < |ul}.

Corollary 2.11
() oap (A™)" 5™ 2 bv) ={A € C: |A —v| = |uf}
(i1) o5 (A)" Jes* 2 bw) ={Ae C: |\ —v| <u}.

Proof.
(i) We have o4 ((A")*,cs* 2 bv) = 05 (A", cs) = {\ € C: |A —v| = |u|} from Proposition 1.1
(b) .

(i) oy ((A"™)", es* = bv) = 04, (A", ¢s) is seen from Proposition 1.1 (c).
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