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Abstract

In this paper we have established fixed point theorems for dg-rectangular b-cyclic-Banach and dg-
rectangular b-cyclic-Kannan contraction mappings in dislocated quasi rectangular b-metric spaces.
We have also presented examples to support some of our results.
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1. Introduction

Now a days many generalizations of metric spaces and fixed point theorems for different types
contraction mappings in these spaces can be found in the literature of fixed point theory. Ini-
tially, metric space was generalized by Wilson[I2] by introducing the concept of quasi-metric space.
Bakhtin[2] introduced the b-metric space which is generalizes the metric spaces and established basic
fixed point theorems in it. Hitzler et al.[I0] put forth concept of dislocated metric spaces. R. George
et al.[I1] introduced notion of rectangular b-metric spaces as a generalization of both metric spaces
and b-metric spaces. They also proved analogue of Banach contraction principle and Kannan type
contraction in rectangular b-metric spaces. In the literature, many generalizations of metric spaces
are found namely dislocated b-metric space, quasi b-metric space, dislocated quasi b-metric space etc.
P.G. Golhare and C.T.Aage[13] introduced the new generalization of metric spaces namely dislocated

*Corresponding author
Email addresses: golhare@gmail.com (Pradip Golhare), caage170@gmail.com (Chintaman Aage)

Received: September 2019  Accepted: January 2020


http://dx.doi.org/10.22075/ijnaa.2020.18584.2023

174 Golhare, Aage

quasi rectangular b-metric space. We establish extensions of some well known results of fixed points
theorems of cyclic and weakly cyclic contraction mappings in dislocated quasi rectangular b-metric
spaces.

Bakhtin[2] defined the b-metric space as follows

Definition 1.1. ([2/) Let X be a non-empty set and mapping d : X x X — [0,00) satisfies:

(i) d(x,y) =0 if and only if x =y for all z,y € X,
(i) d(z,y) = d(y, z) for all 2,y € X,
(iii) there exists a real number k > 1 such that d(z,y) < k[d(z,2) + d(z,y)] for all z,y,z € X.

Then d is called b-metric on X and (X, d) is called a b-metric space with coefficient k.

Shah and Huassain[9] extended b-metric space to quasi-b-metric spaces and proved some fixed point
theorems in it. Alghamdi, Husasain and Salimi[7] defined the term b-metric-like spaces or dislocated b-
metric spaces to generalize metric-like spaces. Some of generalizations of metric spaces are mentioned
below.

Definition 1.2. ([9/) Let X be a non-empty set. Let d: X x X — [0,00) be a mapping and k > 1
be a constant such that:

(i) d(xz,y) =0=d(y,z) if and only if x =y for all z,y € X,
(i) d(r,y) < Kld(z,2) + d(z,9)] for all 25,2 € X.

Then pair (X, d) is called quasi-b-metric space.
Definition 1.3. ([7]) Let X be a non-empty set. Let d: X x X — [0,00) be a mapping and k > 1
be a constant such that:

(i) d(z,y) =0 thenz =y for all x,y € X,
(ii) d(z,y) = d(y,z) for all z,y € X,
(ili) d(x,y) < kld(x, 2) + d(z,y)] for all x,y,z € X.

Then pair (X, d) is called dislocated b-metric space.
Chakkrid and Cholatis[4] defined the concept of dislocated quasi-b-metric space as follows

Definition 1.4. ([]]) Let X be a non-empty set. Let the mapping d : X x X — [0,00) and constant
k > 1 satisfy following conditions:

(i) d(z,y) =0=d(y,x) then x =y for all x,y € X,
(ii) d(z,y) < kld(z, z) + d(z,y)] for all z,y,z € X.

Then the pair (X, d) is called dislocated quasi-b—metric space or in short dgb-metric space.

The constant k is called coefficient of space (X,d). It is clear that b-metric spaces, quasi-b-metric
spaces and b-metric-like spaces are dgb-metric spaces but converse is not true.

Example 1.5. ([§]) Let X = R" and for p > 1,d: X x X — [0,00) be defined as,
d(z,y) = [z —y[" + [z, Vz,y € X.

Then (X,d) is dgb-metric space with k = 2P > 1. But (X,d) is not b-metric space and also not
dislocated quasi metric space.



Dislocated quasi rectangular b-metric spaces... 12 (2021) No. 2, 173-191 175

Example 1.6. ([{]) Let X = R and suppose,
d(w,y) = 22 — y* + 22+ y]*,

then (X, d) is dgb-metric space with coefficient k = 2 but (X, d) is not a quasi-b-metric space. Also
(X, d) is not dislocated quasi metric space.

Definition 1.7. ([1/) Let X be a non-empty set and mapping d : X x X — [0,00) satisfies:

(i) d(xz,y) =0 if and only if x =y for all z,y € X,
(i) d(z,y) = d(y,z) for all 2,y € X,
(ili) d(x,y) < [d(z,u) + d(u,v) + d(v,y)] for all z,y € X and all distinct points u,v € X \ {x,y}.

Then d is called a rectangular metric on X and (X,d) is called a rectangular metric space.

R. George et al.([11]) defined rectangular b-metric space as follows:

Definition 1.8. ([11)]) Let X be a non-empty set and mapping d : X x X — [0,00) satisfies:
(i) d(z,y) =0 if and only if x =y for all x,y € X,
(i) d(r,y) = d(y, ) for all 7,y € X,
(iii) there exist a real number s > 1 such that d(x,y) < s[d(z,u) + d(u,v) + d(v,y)] for all x,y € X
and all distinct points u,v € X \ {x,y}.

Then d is called a rectangular b-metric on X and (X, d) is called a rectangular b-metric space with
coefficient s.

Example 1.9. ([6]) Let A={0,2},B={2:n e N} and X = AUB define d : X x X — [0,00) by

0, fz=y,
A y) = 1, ifx#yand{x,y} C A or{z,y} C B,
= y?, ifx € Aandy € B,
22, ifz € B andy € A,

then (X, d) is rectangular b-metric space with coefficient k = 3.

P.G.Golhare and C.T.Aage[I3] have defined dislocated quasi rectangular b-metric space. It is also
called as dg-rectangular b-metric space as follows

Definition 1.10. [753/ Let X be a non-empty set and mapping d : X x X — [0,00) satisfies:

(i) d(z,y) =0=d(y,z) then x =y for all x,y € X,
(i) there exist a real number k > 1 such that d(z,y) < k[d(z,u) + d(u,v) + d(v,y)] for all z,y € X
and all points u,v € X \ {x,y}.

Then d is called a dislocated quasi or dg-rectangular b-metric on X and (X,d) is called a dislocated
quasi or dq-rectangular b-metric space with coefficient k.
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Example 1.11. Let X =N, define d: X x X — [0,00) by

4o, ifx =1,y =2,
dlz,y) =43, ifr=2y=1,

5,  otherwise

where o > 0 is a constant. Then (X, d) is a dislocated quasi rectangular b-metric space with coefficient
k =3 > 1. Note that for any x € N, d(z,x) = § # 0. Therefore (X, d) is not a rectangular b-metric
space. Also d(1,2) = da # 3o = d(2,1).

Definition 1.12. [753/ An open ball B,.(x) of radius r about x in dislocated quasi rectangular b-metric
space (X, d) is
{y e X s max{ld(z,y) - d(z, )], ]d(y, ) — dl,2)[} < r}.

Definition 1.13. A subset G of a dislocated quasi rectangular b-metric space (X, d) is said to be
open if for every x € G there exists r > 0 such that B,.(x) C G.

Definition 1.14. A subset F' of a dislocated quasi rectangular b-metric space (X,d) is said to be
closed if its complement X \ F is open.

Definition 1.15. A sequence {x,} in a dislocated quasi rectangular b-metric space (X, d) is said to
be convergent to x € X if and only if lim,,_,o d(x,,x) = lim, o d(x,z,) = d(x,x). In this case, we
say that x is limit of sequence {x,}.

Proposition 1.16. FEvery subsequence of a convergent sequence in dislocated quasi rectangular b-
metric space also converges to the same limit.

Definition 1.17. Let F be a subset of dislocated quasi rectangular b-metric space (X, d). A point
x € X is said to be limit point of F if and only if for every e > 0 there exists an open ball B.(z) such
that B.(x) N F # ().

Proposition 1.18. A subset F' of a dislocated quasi rectangular b-metric space (X,d) is closed if
and only if F' contains all of its limit points.

Proposition 1.19. A subset F' of a dislocated quasi rectangular b-metric space (X,d) is closed if
and only if following statement holds:
If {x,} is a sequence of points in F converging to some x € X implies that x € F.

Definition 1.20. Let (X,d;) and (Y,dy) be two dislocated quasi rectangular b-metric spaces. A
mapping T : X — Y is said to be continuous at u € X if and only if given € > 0 there exists
d > 0 such that max{|dy(Tz, Tu) — dy(u, w)|, |do(Tu, Tx) — dy(u,u)|} < € whenever max{|d,(z,u) —
di(u,w)l, |dy(u, ) — dy(u, u)|} < 6.

Definition 1.21. A sequence {x,} in a dislocated quasi rectangular b-metric space (X, d) is called
as Cauchy sequence if and only if lim, oo d(x,,, Tpei) and im, o d(2,44, x,) exists and is finite for

all v € N.

Definition 1.22. A dislocated quasi rectangular b-metric space (X, d) is said to be complete if every
Cauchy sequence in X 1is convergent in X.



Dislocated quasi rectangular b-metric spaces... 12 (2021) No. 2, 173-191 177

2. Main Results

Definition 2.1. Let A and B be non-empty subsets of a dislocated quasi rectangular b-metric space
(X,d) with coefficient k, then a cyclic mapping T : AU B — AU B s called a dq -rectangular
b-cyclic-Banach mapping if there exists « € [0,1/k) such that

d(Tx, Ty) < ad(z, y), (2.1)
forallx € Ajy € B.

Our first result is given below.

Theorem 2.2. Let (X, d) be a complete dislocated quasi rectangular b-metric space with coefficient
k> 1 and A, B be two non-empty closed subsets of X. If T : AUB — AU B is a dq-rectangular
b-cyclic-Banach mapping then T has a unique fixed point in AN B.

Proof . We choose any arbitrary point x5 € A. Now we can find x; € B such that x; = Tx.
Similarly we can find xo € A such that x9 = Tz;. Thus we get a sequence {z,,} in X such that
x, = Tz, for all n € N. Also note that z,, € A if n is even and z,, € B if n is odd. That is {zo,}
is sequence in A and {x9,_1} is sequence in B for n € N. If for some n € N, z,,_1 = z,, then z,,
becomes fixed point of T" and we have nothing to prove. Therefore, we assume that z, 1 # x, for
all n € N. From inequality , we have

d(xp_1,2,) = d(Txp_o9,Tr, 1) < ad(x,_2,Tn1). (2.2)
Applying inequality (2.2) repeatedly, we get,
d<xn—17 xn) S Oéd(l'n_g,l‘n_l) S e S an_1d<x07 3:1)‘ (23)

Similarly,
d(xp, 20 1) < ad(Ty 14, ,) < - < a" (21, 20). (2.4)

We also assume that zy # x,, for any 2 < n € N. If not, then for some n > 2 in view of (2.3)), we
have

d(xo, Txo) = d(xp, Txy,)

d(zo, 1) = d(Tp, Tny1).
It implies that
d(zg, 1) < a"d(xg, 1),

which is a contradiction unless d(xg,x;) = 0. Thus xy = x; and xy turns out to be a fixed point of
T. So, we assume that x,, # z,, for all n # m € N. In view of (2.1)), for any n € N, we can write,

d(xp—1,Tns1) = d(Txp_o, Tx,) < ad(x,—2,T,). (2.5)
Applying (2.1)) repeatedly, we get,
d(Tp_1, Tni1) < " Hd(wg, 22). (2.6)

Similarly,
d(Tpy1, Tn1) < " Hd(wg, 20). (2.7)
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Now, we will prove that {z,} is a Cauchy sequence in X, equivalently, we will show

lim d(xy,, Tpim) = 0= lim d(2yim, Ty),
n—oo n—o0

for all n,m € N.

Case (i):

Suppose m is even i.e. m = 2i for some ¢ € N and n may be even or odd. Using

inequalities (2.3, (2.4)) and rectangular inequality, we get,

d(Tp, Trym) < K[d(2n, Tri1) + d(@pi1, Togo) + d(Tpgo, Tnyoi)]

< k[d(xm xn+1> + d<xn+la xn+2)] + K [d($n+2> »’UnJrS) + d($n+37 xn+4) + d(xn+4a $n+2i>]
< k[d(n, Tng1) + d(Tpgr, Ty)] + K’ [d(Tni2, Trys) + d(Tny3, Tnia)]

+ B d(Tnta, Tngs) + A(Tpgs, Tnge)+] + - - -

+ KM d(@n—a12i, Tn-goi) + A(Tnog40i, Tno12i)] + kA (@n-212i, Tnsoi)]

< kla"d(xo, z1) + & d(wg, 21)] + K[ d(x0, 21) + & d (w0, 21))]

+ B[ d (20, 21) + " TPd(xg, 21)] 4+ -+ KT T (20, 2) + o (20, 21)]
R R (2, )

< ka[1 + ka? + Kot + - |d(zo, 1) + ka1 + ka? + K*at + - - - |d(w0, 71)

+ ki_lOén_2+2id(.T07 $2)

1+Oé n i—1 n— %
< H — kai]lm d(zg, 1) + K a2 d(zg, 22)

(14 «)
= [1—/@’042

] ka"d(xg, v1) + " 2d(xg, 13).

Letting n — oo in last inequality above, we get,

lim d(x,, Tpim) =0,
n—o0

for all even m € N.

Case (ii):

Suppose m is odd i.e. m = 2i — 1 for some ¢ € N and n may be even or odd. Using

inequalities (2.3, (2.4) and rectangular inequality, we get,

d(mm $n+m)

Letting n —

Eld(xn, Tni1) + d(@pg1, Tpio) + d(@ny2, Tngoio1)]

kld(2n, Tnt1) + d(@ni1, Tnga)] + B2 [d(@nra, Tngs) + d(@nis, Tnga) + d(@nia, Tngoio)]

kld(xn, 2pa1) + d(@ns1, Tngo)] + K2 [d(Znga, Tnis) + d(Tnys, Tnia)]

3[d(xn+4a xn+5) + d($n+5v xn-i-ﬁ)] +-

i[d($n+2172, $n+2i71)]

kla"d(xg, 21) + " d(zg, 21)] + E*[a" 2 d(z0, 71) + o"3d(z0, 21)]

Sla"Md(wg, 11) + " Pd(wo, 11)] + - -+ K Q"2 d( (g, 1)

ka'[1+ ka® + k2ot + -+ - |d(zo, x1) + ka1 + ka® + Ko’ + - - - ]d(z0, 71)

[(1 +a)
1 — ka?

oo in last inequality above, we see that limit on the right hand side exist and is finite.

k
k
k

IN + IA + + IAIA A

IN

} ka™d(zg, x1).

Therefore, lim,, oo d(zp, T,1m) exists and is finite for all odd m € N. Thus from the case(i) and
case(ii), it follows that lim,, .. d(x,, Tpimm) exists and,

lim d(z,, Tpim) =0, Ym € N. (2.8)

n—o0
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Now, we will prove that lim, . d(Zpim,z,) = 0, for all m,n € N with m > n. We consider two
cases:

Case (a): Suppose m is even i.e. m = 2i for some ¢ € N and n may be odd or even. Then

AT, Tn) < K 72d(Tnsois Tngoiz) + K2 [d(Tni2i-2, Tnois) + A(Tni2i-3, Tnioioa)]
+ k7P d( @y 0i-as Tng2ies) + A(Tnsoios, Tniziee)] + - + k[d(Tnta, Tns1) + d(@pi1, T0)]
§ ki_204"+2i_2d(x2,.750) + ki—2 [Oén+2i_3d<£€1, :L,O) + Oén+2i_4d(l‘1, xo)]
4 ki73[an+2if4d(xl’ 330) 4 an+2if5d(x1’ 5170)] 4o
+ k[a" M d(z1, 20) + a™d(z1, 20)]

= (ka)*2a"d (29, 20) + {(ka)i_za"”_l + (ka) 2™ 2 4 (ka) a7 4 (ka)" 3ot
+ -+ (ka)a™ + (koz)a”’l}d(xl, )

< (ka)*2a"d(xq, 29) + {of"“’*1 A e A TR

+a a”—l}d(:pl, o)

= (ka)®2a"d(x9, To) + {a"[ai_l +a 4+ o o T e T+ 1]}d(:v1, o)
= (ka)*2a"d (29, 7o) + {1 — 1o a}d(xl, o)

1
i &}a”_ld(xl,xg).

a™ an—l

= (ka)*2a"d(xq, 2¢) + {

—_

e

It gives that

lim d(z,1m,z,) = 0.
n—oo
Case (b): Suppose m is odd i.e. m = 2i — 1, for some ¢ € N and n may be odd or even. Then

AT Tn) < K 72d(Tns0i1, Tproiz) + K2 [d(Tngoim0, Tnyais) + A(Tnioios, Tnsoioa)]
+ K [d(@ng2i-4, Tngaios) + A(Tni2ios, Tngzioe)] + - + k[d(Tns2, Tni1) + d(@ng1, )]
< KT d(2y, o) + K[ d (2, wo) + " (24, 0]
+ ki—B[an+2i—4d(l,17 $0) + a"+2i_5d(1‘1, $0)] + ...
+ k[ d(21, 20) + o d(1, 7))

= (ka)*2a"d(x1, 20) + {(koz)i”oﬁ“*1 + (ka) 22 4 (ka) 302 4 (ka)i3an i
+ - 4 (ko)™ + (k:oz)oz"_l}d(xl, )

< (ka)*2a"d(xy, 20) + {a”“_l 4 T2 gntie2 i3

+a" + a”fl}d(xl, xo)

= (ka)* 20" d(xy, o) + {a”[of‘l +a 4+ e e R 1]}d(a:1, o)

a™ Oénfl

= (ka)*2a"d(x1, 20) + {

I—a 1- a}d(xl’x‘))
{ Lo }a”’ld(xl, xg).

= (/{;a)%’2a”d(:ﬂ1, xg) +

—_

o
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It gives that lim,, m—eo d(Tnim, Tn) = 0. Thus from case (a) and case (b), it follows that
limy—ood(Tpim, ) =0, Yn,m € N. (2.9)

Thus from and , we conclude that lim, . d(n, Tpim) = 0 = im0 d(Tpim, Tn) =
0, Vn,m € N. Hence {z,} is a Cauchy sequence in X. Since (X,d) is a complete dislocated quasi
rectangular b-metric space, there exists some u € X such that z,, — u. In view of proposition [1.16]
subsequences {x9,} in A and {x, 1} in B also converge to u € X. As A and B are closed subsets
of X, u e AN B. We will show that u is fixed point of T'. For any given n € N, we can write,

d(u, Tu) < kld(u, z,,) + d(x, pi1) + d(Tps1, Tu)]
= kld(u, z,) + d(zp, Tni1) + d(Txp, Tu))
< kld(u, z,) + d(xp, Tpy1) + ad(x,, u)].

Letting n — oo, using fact that z,, — u and (2.6, we get d(u, Tu) = 0. Also,

d(TUa u) < k[d(TUa xn-ﬁ-l) + d(xn—i-la wn) + d(‘rna U)]
= k[d(Tu, Tx,) + d(xpi1, T0) + d(z,, u)]
< klad(u, z,) + d(Tpi1, Tn) + d(xp,, w)].
Letting n — oo, using fact that x,, — u and ({2.6)), we get d(T'u,u) = 0. Thus d(u, Tu) = 0 = d(Tu,u).
This gives that Tu = u. Hence u is fixed point of T"in X.

Now, we prove that « is unique fixed point of 7" in X. Suppose u’ be another fixed point of T" in
X. In view of (2.1)), we have

d(u,uv’) = d(Tu, Tu') < ad(u,u') < d(u,u’).

This a contradiction unless d(u,u’) = 0.
Similarly,
d(u',u) = d(Tu', Tu) < ad(u',u) < d(u',u).

This a contradiction unless d(u’, v) = 0. Thus d(u,v’) = 0 = d(v/,u). Hence u = u’. Thus uniqueness
of u is established. [J

Example 2.3. Let X = AU B where A ={0}U{2n:n € N}, B={0} U{2n —1:n € N} define
d: X xX —1[0,00) by

da, if v € B—{0} and y € A— {0},
d(z,y) =< 3a, ifv e A—{0} andy € B — {0},

Sa

°r,  Otherwise

where a > 0 is a constant. Then (X, d) is a complete dislocated quasi rectangular b-metric space with
coefficient k = g > 1. If T : X — X is defined as follows:

x—1, ifreA—{0},
Tx=<qx+1, ifreB-—{0},
0, Otherwise

then T is dg-rectangular b-cyclic- Banach contraction in complete dislocated quasi rectangular b-metric
space (X,d) and T has unique fized point t =0 € X.
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Definition 2.4. Let A and B be non-empty subsets of a dislocated quasi rectangular b-metric space
(X,d) with coefficient k, then a cyclic mapping T : AU B — AU B s called a dq -rectangular
b-cyclic-Kannan mapping if there exists v € [0,1/2k] such that

d(Tz,Ty) < ~ld(z, Tx) + d(y, Ty)], (2.10)
forallz e A,y € B.

Theorem 2.5. Let (X,d) be a complete dislocated quasi rectangular b-metric space with coefficient
k> 1 and A, B be two non-empty closed subsets of X. If T : AUB — AU B is a dq-rectangular
b-cyclic-Kannan mapping then T has a unique fized point in AN B.

Proof . We choose any arbitrary point zyg € A. Now we can find x; € B such that x; = Tx.
Similarly we can find x2 € A such that 9 = T'z;. Thus we get a sequence {z,,} in X such that
x, = Tz, for all n € N. Also note that z,, € A if n is even and z,, € B if n is odd. That is {z2,}
is sequence in A and {x, 1} is sequence in B for n € N. If for some n € N, z,, 1 = z,, then z,,
becomes fixed point of T" and we have nothing to prove. Therefore, we assume that z,_; # x, for
all n € N. From inequality , we have

d<xn—17 In) = d(TZEn_27 Txn—l) S /V[d(xn—% TITL—Q) + d(xn—la Txn—l)]
= 7[d<xn727 xnfl) + d(xnflv xn)]

This gives that
2

d<xn717 xn) < 1—d(xn727 xn71> = Oéd(xnf% ill'n,1) (211)
where o = ﬁ
Applying inequality (2.11)) repeatedly we get,
d(Tp_1,7n) < ad(Tp_9,Tp_1) < - < " d(xg, 11). (2.12)

We also assume that xg # x, for any 2 < n € N. If not, then for some n > 2 in view of ([2.12]),
we have

d(il?o, T.Qfo)
d(l’o, IL‘l)

= d(xm xn—f—l)'
It implies that
d(xg, 1) < a"d(xg, 1),

which is a contradiction unless d(xg,z;) = 0. Thus xy = x; and xy turns out to be a fixed point of
T. Hence, we assume that z,, # x,, for all n # m € N. In view of (2.10)), for any n € N, we can write

d(xp_1,2p41) = d(Txp_o, Tx,) < Yd(Th_2, TTn 2) + d(xn, Tx,)]
= Y[d(Tn—2,7n-1) + d(Tn, Try1))
< yla"2d(zy, 1) + a"d(zg, 1)]
=" [l + ®]d(zg, 1)

= Ba"?d(zo, 1),
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where 8 = 7[1 + o?]. Thus
d(xy_1,Tps1) < Ba"‘zd(xo,xl). (2.13)

In order to show {z,} is a Cauchy sequence in X, it is sufficient to show that

lim d(x,, Thim) = 0= lim d(2,im, Ts),
n—00 n—o0

for all n,m € N.
Case (i): Suppose m is even i.e. m = 2i for some i € N and n may be even or odd. Then using

inequalities (2.12), (2.13]) and rectangular inequality, we get

d(xm xn+2i) < k[d($n> xn—&-l) + d(xn+17 $n+2> + d<$n+27 xn+2i)]
< k[d(@n, Tni1) + d(@ng1, Tnra)] + K d(Tnr2; Tngs) + d(@nss, Tnra) + d(Tnga, Tgai)]
< kld(zn, Tng1) + d(Tpaa, Trya)] + K’ [d(Tni2, Trys) + d(Tny3, Tnia)]
+ B (2t Tnas) + d(Xpys, Tngg)+] + -
+ kN d(Tpr2ima, Tproiez) + A(@pyoimg, Tnyaimo)] + k' [d(@ns0i—2, Tngai)]
< k[a"d(xo, z1) + & d(wo, 21)] + K[ d(x0, 21) + " d (w0, 21)]
+ B[ d(z0, 21) + " Pd(xg, 31)] + - 4+ KT (20, 3) + o d(20, 7))
F R a2 84 (g, 1)
< ka1 + ka? + kot + - |d(zo, 1) + ka1 4+ ka? + k2ot + - - |d(x0, 71)

+ ki_lan_3+2id(x0, I2)

(14 «) n—1 i—1 n—3+2i

= [1——/<:oﬂ] ko Nd(wo, x1) + K o (w0, 2)
(1 + Oé) n—1 n—3

= {1_—]@2] ko™ d(xo, x1) + o fd(wo, w2).

Letting n — oo in last inequality above, we get

lim d(xy,, Tpim) =0,
n—oo

for all even m € N.
Case (ii): Suppose m is even i.e. m = 2i — 1 for some i € N and n may be even or odd. Using

inequalities (2.12), (2.13]) and rectangular inequality, we get

d(@n, Tni2i-1) < kld(@n, Tni1) + d(Tni1, Tnse) + d(Tni2, Tnsoioa)]
< k[d(@n, Tni1) + d(@ng1, Tos2)] + K2 d(Tnr2, Toss) + d(@ns, Toga) + d(Tnsd, Tog2i1)]
< kld(zp-1,20) + d(@p, Tnr1)] + B2 [d(@nr0, Tnss) + d(@nts, Tota)]
+ k3[d(xn+4v Tnts) + A(Tnis, Tnye)] + -
+ ki[d(g:mr% Try2i-1)]
< kla"d(zg, 21) + a" T d(zg, 71)] + E*[a" 2 d (20, 1) + " 3d (20, 21)]
+ B3 o™ d(zg, 21) + o" O d(zo, 21)] + - - + K" d(zg, 21)
< ka1 + ka® + kK’ + -+ )d(wo, 21) + ka1 + ka® + k*a* + - - - ]d(w, 1)
< [ (14 «)

1——]{3052] kanild(ilfo, SCl).
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Letting n — oo in last inequality above, we get

nh—>nc}o d(&?n, xn+m) = 07

for all odd m € N. Thus from case (i) and case (ii), it follows that for all m,n € N.

lim d(x,, Tpim) = 0. (2.14)

n,Mm—00

Now, we prove that lim,, o d(2,1m,x,) = 0 for all m,n € N. We consider two cases.
Case (a): Suppose m is even i.e. m = 2i for some ¢ € N and n may be odd or even. Then

d(anrm? xn)

It gives that

<K d(Tn2i, Togaia) + KT d(Tnr2i-2, Taroios) + d(Tng2i-s, Tniaioa)]

+ K d( 2y 2ima, Tnyaios) + A(Zngois, Tnioie)] + -+ - + K[d(Znra, Tosr) + d(Zng, 20)]
< K202y, a0) + K20 2d(a1, ) + 0" d(z1, 7o)

+ R0 E A (2, 20) + @S2, w0)] + -

+ k[a" (21, 20) + o™ d(z1, 70)]

= (ka)¥~2a"d(xs, 7o) + {(ka)i—2an+i—1 + (kQ)™2a™2  (ka)™3a™ 2 4+ (ka)i3am+i—3
+ -+ (ka)a™ + (koz)oz”_l}d(xl, 7o)

< (ka)*2a"d (w9, o) + {a"”_l 4 QT2 g2 g3

+a" + a”fl}d(xl, xo)

= (ka)*2a"d(xq, 2¢) + {oz”[o/_l +a 2+ e e R 1]}d(x1, o)

1—a 1 —a}d(xl’xo)

1
e }oz”_ld(xl, xg).

a™ an—l

= (ka)*2a"d (29, 20) + {

= (ka)*2a"d(xq, 2¢) + {

—_

o

nh_)n;() d(Tpim,xn) = 0.
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Case (b): Suppose m is odd i.e. m = 2i — 1 for some ¢ € N and n may be odd or even.
A(Tnsms Tn) < K 72d(Tpr2i1, Tngzie2) + K72 d(Tng2im2, Tng2ios) + d(Tni2i-3, Tnraia)]
+ k73 d(Tna2i-as Trngois) + Ad(Tny2ies, Tnioiog)] + - + k[d(Tny2, Tni1) + d(Tnp1, 2p)]
< K2R (2, x0) + KT (), wg) + o T2, 20)]
+ K" (g, m0) + o0 (2, 20)]
+ kla" d(zy, 20) + @™d (71, 70)]

= (ka)*2a"d(x1, 20) + {(ka)i‘zoﬂﬂ—l + (ka)2a™ 2 4 (ka)—3a™2 4 (ka) 3o i3
+oo o (ka)a” + (k?oz)oz”_l}d(xl, o)

< (ka)*2a"d(xy, 7o) + {a"“_l 4 QT2 g2 g3

+a" + " (e, 30)

= (ka)*2a"d(xy, o) + {a”[o/"l +a 4+ T e R 1]}d(a:1, o)

l—a 1 —a}d(xl’xo)

1
e }a”fld(xl, xg).

n n—1

(07 (67

= (ka)*2a"d (21, 20) + {

= (ka)*2a"d(x1, 20) + {

—_

o

It gives that

7}1_)1130 d(Tpsm, n) = 0.

Thus
lim d(z,, Tnim) = 0= lim d(z,m, Ts)
n—oo n—oo

for all n,m € N. Hence {z,} is a Cauchy sequence in X. Since (X, d) is a complete dislocated quasi
rectangular b-metric space, there exists some v € X such that x,, — u. In view of proposition [1.16|
subsequences {x9,} in A and {x9, 1} in B also converge to u € X. As A and B are closed subsets
of X, u e AN B. We claim that u is fixed point of T'. For any given n € N, we can write

d(u, Tu) < k[d(u,x,) + d(@n, Tpi1) + d(Tpg1, Tu)]
= kld(u,x,) + d(xp, Tpy1) + d(Txy,, Tu))

< ksd(u,x,) + d(zp, Tpy1) + [d(zp, Tx,) + d(u, Tu)]}

k{d u, xn + d xna anrl) + 7[d<xn7 anrl) + d(u7 TU)]},
which gives that,

1
d(u, Tu) < m{d(u, n) + (@, Tnsr) + yd(@n, xn+1)}. (2.15)
Letting n — oo, the sequence x,, — u, we get d(u,Tu) = 0. Also,

d(Tu,u) < k[d(Tu, 1) + d(@pi1, Tn) + (2, w)]

[d(Tu, Tx,) + d(xni1, ) + d(zp, u)]
{y[d(u, Tu) 4+ d(zp, Tx,)] + d(zpi1, 2,) + d(zy, u)}
{~ld(u, T0)

kS ~[d(u, Tu) + d(zp, xpi1)] + d(@pst, ) + d(zp, u)}

k
<k
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Letting n — oo, the sequence x,, — u, we get d(Tu,u) = 0. Thus d(u,Tu) = 0 = d(Tu,u). It gives
that T'u = u. Hence u is fixed point of T in X.
Note that

d(u,u) = d(Tu,Tu) < vy[d(u, Tu) + d(u, Tu)] = 2vd(u, u) < d(u,u) (2.16)

which is a contradiction unless d(u,u) = 0. Thus if u is fixed point of 7', then we have d(v,v) = 0.
Suppose ©’ be another fixed point of 7" in X. In view of (2.10]), we have

d(u,u") = d(Tu, Tu'") < ~[d(u, Tu) + d(u', Tu')]
= v[d(u,u) + d(u',u')] = 0.

Also,

d(u',u) = d(Tu', Tu) < ~[d(u, Tu") + d(u, Tu)]
yld(W' u") 4+ d(u, u)] = 0.

Thus d(u,v') = d(v',u) = 0 i.e. u=1'. uis a unique fixed point of 7. [J

Example 2.6. Let A = {0,2,1/2}, B={2:neNn>2} and X = AUB defined : X x X —
[0,00) by

~

O Bl i Wl M=

if v,y € A—{3},

if v,y € B—{3},

ifre A—{3} andy € B— {3},
ifreB—{3} andy e A— {3},
Otherwise

d(z,y) =

then (X,d) is complete dislocated quasi rectangular b-metric space with coefficient k = % > 1. If
T:X — X is defined as follows:

Ty — %, if x € A,
0, ifreB—{i}

then T is dq-rectangular b-cyclic-Kannan contraction in complete dislocated quasi rectangular b-metric
space (X,d) and T has unique fized point x = % e X.

We define,

O = {¢ : [0,00) = [0,00)|¢ is continuous, non-decreasing and ¢(«) = 0 if and only if o = 0}.
Now, we define quasi-like weak cyclic ¢—contraction in dislocated quasi rectangular b-metric space
(AU B = X, d) with coefficient k as follows:

Definition 2.7. A mapping T : AUB — AU B said to be a quasi-like weak cyclic ¢p— contraction
if,
d(Tx,Ty) < aQ(z,y) — (Q(z,y)) (2.17)

for all x,y € X, where Q(z,y) = max{d(z,y),d(Tx,z),d(y, Ty)}, 0 <a< % and ¢ € .
Theorem 2.8. Let (X, d) be a complete dislocated quasi rectangular b-metric space with coefficient

k> 1 such that X = AU B where A and B are closed subsets of X. Let T : X — X be a quasi-like
weak cyclic p— contraction. Then T has unique fixed point in X.
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Proof . We consider any arbitrary point 2o € X. Now define sequence {x,} in X such that
x, = Tz, 1 for all n € N. For an obvious reason we assume that =, ; # x, for all n € N. In the

light of inequality (2.17]), we see that,
d(.ﬁCl, %2) = d(TSC(], Tﬂ?l)
< aQ(wo, z1) — #(Q(x0, 1))
S OKQ(I'Q, xl)
< amax{d(xo, z1),d(z1,0) }.
Similarly,
d((l}g, ZEl) = d(T(L’l, T.To)
< aQ(z1,20) — P(Q(21, 20)
< aQ(z1,70)
< amax{d(z1,xg), d(xo, 1)}
Let n = max{d(z1,xo), d(zo,x1)}. Then
d(z1,x9) < am (2.18)
and
d(zq, 1) < am. (2.19)
Now consider,
d(x9, x3) = d(Tx1, Txs)
< aQ(z1, 22) — P(Q(21,22))
S OéQ(LUl, 1'2)
< amax{d(z1, zs), d(z2,21)}
< a’n. (2.20)
Similarly,
d(l’g, IL‘Q) = d(TI’Q, TIl)
< aQ(w2, 1) — H(Q(22,21))
S OéQ(QZ'Q, xl)
< amax{d(x, x1), d(z1, 2)}
< a’p. (2.21)
Applying above inequalities (2.20]) and (2.21)),repeatedly, we get,
d(2p, Tpyr) < 'y (2.22)
and
d(xpa1, T) < a’n. (2.23)
If for some n such that 2 < n € N, g = x,, then in view of (2.22)), we have
d(xo, Txo) = d(zp, Txy)

d(l‘o, xl) - d($n, 'rn—&-l)

d(zg, 1) < a™n.
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If n = d(xg,z1), then we get d(xg, 1) < a™d(xg,x1), which is a contradiction unless d(zg,x;) = 0.
And hence d(z1,x9) = 0. This yields that o = ;. And thus zy turns out to be a fixed point of
T .Therefore we assume that xg # x,, for any 2 <n € N.

Similarly,we assume that xz,, # x,,, for all n # m € N. Since, if not

d(Txg, xo) = d(Tx,, xy)
d('rlv (L’()) - d($n+1, ZEn)
d(zq1,x0) < a™.

If n = d(x1,20), then we get d(x1,z9) < a™d(xq,x0), which is a contradiction unless d(z1,x¢) = 0.
And hence d(xg, z1) = 0. This yields that o = x; and thus zy turns out to be a fixed point of T

Let 8 = max{d(xq,x¢),d(x¢,x2),n}. We claim that d(x,,z,2) < a"f and d(zp42,2,) < o™,
for all n € N. We first prove d(z,, x,12) < ™. We proceed by induction. For n =1,

d(zy,x3) = d(Tzo, T'xo)
< aQ(xg, x2) — ¢((x0, 22))
< a(xg, T2)
< amax{d(zg, x2),n, a*n}
< amax{d(zg, x2),n}
= af.

Assume that d(z,_1,7,41) < a"'3. Now consider

d(xp, Tpy2) = d(Txp—1, Txpi1)
< aQ(Tn-1,Tnt1) — P(Q(Tn-1, Tpt1))
< aQ(xn-1, Tni1)
< amax{a" B, a""
<aa"'f

=a"p.

177’ an+1n}

Thus for all n € N, we have
d(xp, Tpao) < a"p. (2.24)

Now, we prove that d(z,2,2,) < @”3. Again we proceed by induction. For n = 1,

d(xs3, 1) = d(Txs, Txo)
< aQ(w2, w0) — H(Q(x2, o))
< aQ(x2, o)
< amax{d(zs, 79), a’n, n}
< amax{d(za, ), n}

= af.
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Assume that d(z,,1,7,-1) < a"'3. Now, we consider

d(xpi0, ) = d(Txpi1, Trp 1)
< aQ(Tny1, Tno1) — H(Q(Tny1, Tpo1))
< aQ(Tni1, Tno1)
< amax{a" '8, a" 1y, a" n}
< aa" B

=a"g.

Thus, for all n € N, we have
d(xpi2,T,) < a"p. (2.25)

Now, we will prove, {z,} is a Cauchy sequence in X, we prove that lim, . d(zp, Tpim) = 0 =
limy, 00 d(Zpim, Tn), for all n,m € N. At first, we prove that lim, . d(x,, Zyim) = 0. For this
purpose, consider the following cases:

Case (i): Suppose m is even i.e. m = 2i for some ¢ € N and n may be even or odd. Using
inequalities (2.22), (2.24]) and rectangular inequality, we get

(T, Tryi) < k[d(Tn, Tny1) + d(Tngr, Tngo) + d(Tng2, Toyai)]

[ (2, Tps1) + d(Tpi1, Tog2)] + K2 [d(Tnt2, Tnts) + d(Tnss, Toga) + A(Tpia, Toioi)]
[d(2n, Tpg1) + d(Tny1, Tnga)] + k? [d(Tnt2, Tnys) + d(Tny3, Tnta)]

+ k3[d($n+4a Tnts) + A(Tnts, Tnye) ] + -

+ kN d(Tpg2ia, Tpioies) + A(@pyoimg, Tnyaimo)] + k' [d(@ns0i—2, Tngai)]

< ko™ + a" ] + E*[a" Py 4+ o)

F Ry 4 o™ 4 - - K oy 4 qnt oSy

F Rl

< ka1 +ka® + Kot + -+ ka1 + ke + K2’ + -]

4 kil

<k
<k

(1+ a)] n—1 i—1 n—3+2i
<
< [1 2 ka" " n+ k'« 15}
(1 +Oé) n—1 n—3
< [1_ka2]ka n+a" 06,

Letting n — oo in last inequality above, we get lim,, ., d(z,, Zyim) = 0, for all even m € N.
Case (ii): m is odd i.e. m = 2i — 1 for some i € N and n may be even or odd. Using inequality
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(2.22)) and rectangular inequality, we get

d(xnv xn+2i—1) < k[d(xna xn+1> + d(anrl? xn+2> + d<xn+27 $n+2i—1)]
< k[d(2n, Tng1) + d(@pi1, Toio)] + K [d(Tnso, Tnis) + d(Tnas, Tnaa) + d(Tnga, Tngoio1)]
< kld(zn-1,7n) + d(Tp, Tny1)] + K’ [d(Tni2, Trys) + d(Tny3, Tnta)]
+ Bd(2p1a, Tnys) + A Xpys, Tnge)] + - - -
+ K d(2n 42, Tny2i1)]
< k[a™n + o"y] + Ko 4+ o)
+ B[y + o) 4 - 4 Koy
< ka1 4 ka? + Ko’ + - In+ ka1 4+ ka® + K2’ + -+
< [ (1+ )
11— ka?

]ka”_ln.

Taking limit as n — oo in last inequality above, we get lim,, o d(zy, Tpim) = 0, for all odd m € N.
Thus from case (i) and case (ii), it follows that, for all m,n € N,

lim d(x,, Tpim) = 0. (2.26)

n—oo

we prove that lim,, ., d(Z,4m, x,) = 0 for all m,n € N. So, we consider two cases:
Case (a): Suppose m is even i.e. m = 2i for some i € N and n may be odd or even. Using

inequalities (2.23)), (2.25) and rectangular inequality, we get

AT, Tn) < K 72d(Tns0is Togoiz) + K2 [d(Tni2i-2, Tnoios) + A(Tnt2i-3, Tnioioa)]
+ kiig[d($n+2i,4, $n+21;5) + d(xn+2i75; $n+2176)] + -+ k[d($n+2, $n+1) + d(l’n+1, %n)]
S kif2an+2if2ﬁ 4 ki72[an+2i73n + an+2i74n]
G e N e IR
+ k[ 4+ a"n)

— (ka)¥ 20" + {(ka)ifzanﬂ'fl + (ka) 22 1 (ka) 302 4 (a)iT3an i
+ ot (ka)a” + (k;a)a”—l}n

< (ka)*2a"B + {a”H_l 4T gt g L

+a" + ot }77

= (ka)*2a"B + {a”[a“ o+ e e R 1]}7;

e et
= (ka)* 22" + { 1 i_ Z}a”’ln.

Letting n — oo, we get lim,, o d(Tpim,Tn) = 0.
Case (b): m is odd i.e. m = 2i — 1 for some i € N and n may be odd or even. Using inequality



190 Golhare, Aage

(2.23) and rectangular inequality, we get

ATy Tn) < K 72d(Xpi2i-1, Tyoio2) + k2 [d(Tni2i-2, Tnr2i-s) + A(Tntoi-3, Tni2i-a)]
+ k(2 2i-a, Tnanios) + A(Zngois, Tniaie)] + -+ - + K[d(@nra, Togr) + d( @i, 20)]
< B2y 2[Ry iy
| s N L I
+ k[ + a"n)
— (ka)2i—2ann + {(ka)i—Qan—i-i—l 4 (ka)i—Zan+i—2 4 (ka)i—3an+i—2 4 (ka)i—3an+i—3

+ -+ (ka)a™ + (ka)a”_l}n
< (ka)?~2amy + {an-i-i—l L2y g2 g i3
+a" + a"’l}n

:(mnﬂﬁa%r%%wmﬁl+a“2+~-+u+ww*mﬁl+a“2+~-+u}n
n n—1

— (ka)22an { o o }

, 1+«
— I{Z 2i—2 n { } n—1 )
(ko)™ ay + 7= a1

Letting n — oo, we get lim,, o d(Ty4m, ) = 0. Thus, from case(a) and case(b), it follows that, for
all m,n e N,
lim d(xym, z,) = 0. (2.27)

n—oo

It shows that {x,} is a Cauchy sequence in X. Since (X, d) is a complete dislocated quasi rectangular
b-metric space, there exists some u € X such that x, — u. In view of proposition [I.16], subsequences
{z2,} in A and {x9, 1} in B also converge to u € X. As A and B are closed subsets of X,
u € AN B.Since (X, d) is a complete dislocated quasi rectangular b-metric space, there exists some
u € X such that x,, — u. Now, we show that u is fixed point of T'. For any given n € N, we can
write

d(u, Tu) < kld(u, z,) + d(xn, Tna1) + d(Tpi1, Tu)]
[d(u, xn) + d(Tp, Tpgr) + d(Txy,, Tu)]

{d(u, Tp) + d(x, Tny1) + aQ(xp, u) — H(Q(xy, u))}

k
<k
Letting n — oo, using fact that z,, — u, and inequalities (2.22)), (2.23)), we get,

d(u,Tu) < kad(u, Tu),

which is a contradiction unless d(u, Tu) = 0. Also,

d(Tu,u) < k[d(Tu, xpi1) + d(@ni1, ) + d(zy, w)]
= k[d(Tu, Tx,) + d(xpi1, Tn) + d(2n, u)]
< k{aQ(u, ) = Q1 20)) + d(wnsr,20) + d(zy, w) .
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Letting n — oo, utilizing fact that z,, — u, and inequalities (2.22)), (2.23)), we get,
d(Tu,u) < kad(Tu,u).

This is a contradiction unless d(Tu,u) = 0. Hence, we get d(u,Tu) = 0 = d(T'u,u). It yields that
Tu = u. That is, u is fixed point of T" in X.
Note that,

du,u) = d(Tu, Tu) < aQ(u,u) — ¢(Q(u,u))
< aQ(u, u)
< ad(u,u) < d(u,u),

which is a contradiction unless d(u,u) = 0. Thus,in general, if v is fixed point of T' then, d(v,v) = 0.
Now, we prove that u is unique fixed point of 7" in X. Suppose, ' is another fixed point of 7" in X

such that d(u,u’) # 0 # d(u’,u). Now, in view of (2.17)), we have

d(u,v’) = d(Tu, Tu') < aQ(u,u') — ¢(Q(u,u’))
< CYQ(U, u/)
< ad(u,u').

This yields a contradiction, a > 1, unless d(u,u') = 0. Also,

du',u) = d(Tu', Tu) < aQ(u',u) — d(Q(u',u))
< @Q(ula u)
< ad(u',u) < d(u',u).

This too gives same contradiction as in previous case unless d(u’,u) = 0. Hence we must have,
d(u,u') =0=d(v,u) i.e. uw=u'. So u is a unique fixed point of 7" in X. O
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