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Abstract

The main purpose of this paper is consider Newton-Taylor polynomial solutions method in numerical
solution of nonlinear system of differential equations. We apply Newton’s method to linearize it. We
found Taylor polynomial solution of the linear form. Sufficient conditions for convergence of the
numerical method are given and their applicability is illustrated with some examples. In numerical
examples we give two benchmark sample problems and compare the proposed method by the famous
Runge-Kutta fourth-order method. These sample problems practically show some advantages of the
Newton-Taylor polynomial solutions method.
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1. Introduction

In the present paper, we consider the Newton-Taylor polynomial solutions method for a system
of nonlinear differential equations of the form

U'(t) = f(t,U(t), 0<t,
{ U(0) = Us. (1.1)
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T
where U(t) = (uy(t), ..., uq(t))"is the unknown vector of functions and Uy = (ugo), ...,uglo)) is the

known initial vector, for some d € N,
U'(t) := (uy(t), ...,u;(t))T, (1.2)
FEU®) = (L& U)o fat, UR)T, (1.3)

Here f is known function of their arguments and in this paper, lhs := rhs, means that [hs is defined
by the rhs. Also this equations have been solved by different numerical techniques. Some of these
methods are direct methods such as Runge-Kutta method [7], and some of them are applicable
when they reduces to a system of Volterra integral equations such as Newton-Product method [2],
extrapolation method [3], and another Volterra integral representations methods [I3] [6, 11, @], for
some Various f.

According to the chapter two of [§] there exists a maximal b > 0 such that the equation has a
unique solution on [0, b]. Rewrite Eq. on [0, ] as follow

{ U'(t) - f(t,U(t) =0, 0< t <D,

U(0) = Uy, (14)

We shall apply the method on (1.4)). In Section 2, we apply the Newton’s method to linearize
. A convergence analysis of Newton’s method for the problem is provided in the Subsections of
Section 2. Same convergence analysis are given in [4] for a Stefan Problem with Volterra integral
representation. Taylor polynomial solution of the linear form is obtained in Section 3. In section 4
we give an algorithm to show the applicability of the method. Finally in Section 5, numerical results
of some test problems solved by the proposed method are reported.

2. Newton’s Method

Let X and Y be two Banach spaces, F' : X — Y be a Frechet differentiable operator. We are
going to introduce Newton’s method in solving the equation

F{U)=0. (2.1)

The Newton’s method reads as follow: choose an initial guess U € X; for n = 0,1, ..., compute
ACHD from

F (UMACMD — _pu™), (2.2)

then UMD = U™ 4 AC+D and repeat this procedure for better approximation. The following
theorem gives evaluation of linear operator F.

Theorem 2.1. Suppose X andY be two Banach spaces and F : X4 — Y9 is Frechet differentiable
operator at U®) = (ugo), uéo), ey uéo))T. Then the partial Frechet derivatives of F' which shows with

OF (U)
D,F(UOy = =~ =F, (U9 2.3
(™) i P (UW), (2.3)
exist and .
F(UMAU = F, (U")Au;, AU = (Auy, Auy, ..., Aug)". (2.4)
=1

Conversely, if F,,(U®),i=1,....d exist in a neighborhood of (u§0>, ugo), vy u((io))T and are continuous
at (Wl W then F is Frechet differentiable at (u\”, vl ..., u")T, and holds.

Proof .See [I] theorem 4.3.14.0
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2.1. Application of Newton’s Method for the problem (|1.4))
Consider the operator

{F (€0, B)* — (C[0,2))°,

FU)(t) = U'(t) — f(t,U(t)), U e (C0,b])%t € [0,b]. (2.5)

Then (2.1)) is the operator form of (|1.4)), and the associated Newton’s method is (2.2)). From theorem
d

F (UMAUT) =3 F, (U™)Au™Y, (2.6)
i=1

F,(U)Au = lim hHE(U + hAue;) — F(U)]
= (Auw)e; — im A7 f(t, (U + hAue)(t)) — f(t,U(t))]

h—0
) af
= (Au)e; — 8u-(t’ U(t))Au(t), (2.7)
where e; is a vector with ith component 1, and the other components are zero. And
of O Ofs !
—(t = t, . 2.
L ev0) = (Goe v, G av) (25)
From equations and , the equation reduces to
d , of
2 { (A1) e = g0, U >>Au§"+”<t>} = —FU™)(@). (2.9
i=1

which is equivalent with
(AU (1)~ £ (1, U @) AU (1) = —FU)(1).
Substitution of (AU("“)(t))/ = (U(”“)(t))l — (U™ (t))/ forces

(U@ = £ (L UDOUI ) = f(UO @) - F (U@ (1), (2.10)

where f'(t, U™ (t)) = [‘;{? (t, U(t))lU(t):U('n)(t)] is the Jacobian matrix. This is a linear system of
i dxd

ordinary differential equations, which is reduced from Newton’s method. For other related discussion

of Newton’s method see [5, [10].

2.2. Convergence of Newton’s Method

We show that for the operator F : X —» Y with the Banach spaces X := (C'[0,5])?,Y :=
(C[0,b])%, all conditions of the following theorem hold for some varies vector functions f. A proof of
this theorem can be found in [15].

Theorem 2.2. (Kantorovich) Suppose that

1. F: D(F) C X — Y s differentiable on an open conver set D(F), and the derivative is
Lipschitz continuous, i.e. there exist a positive constant Lip > 0 such that

|F'(U) — F'(V)|| < Lip|[U = V|| YU,V € D(F), (2.11)
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2. For some UY) € D(F),[F'(U®)]7" exists and is a continuous operator from'Y to X, and such
that h := afLip < 1/2 for some o > ||[F (U)]7Y| and 8 > ||[[F(UO)LF(UO)|. Denote

1= (1—-2n)"2 e _ L (1 —2h)1/2

t* : (2.12)

alip alip

3. UW is chosen so that B(UW r) C D(F), where r =t* — f3. B
Then the equation has a solution U* € B(UW, r) and the solution is unique in B(U®, )N
D(F); the sequence {U™} converges to U*, and we have the error estimate

(1—(1—2n)2)*"
2naLip ’

U™ —U~|| < n=0,1,2 .. (2.13)

The left hand side of (2.10) defines F'(U™)U™*D  and hence for all U,W € X with U =

(g, ooy ug)t, W= (w1, ..., wy)" we have
F (W =W — AW, (2.14)

where

AW = |3

where A(U(t)) is the Frechet or Jacobian matrix. Here D(F) = X, is a Banach space and condition
(3) is automatically satisfies. For conditions (1) and (2) we have the following subsections

<uvwﬂ , (2.15)

dxd

Uj

2.3. The derivative operator is Lipschitz Continuous

In this subsection we prove that for some b > 0 there exists Lip > 0 such that for V, Ve X we
have B _
[F°(V) = F (V)| < Lip|V = V. (2.16)

Or
JA(V) — A(V)|| < Lip||V — V| (2.17)

For this aim we give the following theoram

Theorem 2.3. (Generalized Taylor’s Theorem) Let A : X — Y be an operator between two Banach
spaces, such that A isn times continuously differentiable in a neighborhood b(V,r), r >0, of V. Then
for all' V' in the interior of b(V,r)

[y

AV) = A7) =3 Laoyw - 7y

il
i=1

< sup_ [[AW(W))

t Wel(v,V)

‘IIV—VH”
n! '

where I(V, V) is the line segment between V and V.

Proof . See [12], Theorem 5.8. O
The inequality (2.17) is obtain from the above theorem by choosingn = 1 and Lip = supy¢;y. ) A" (W)
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2.4. The hypothesis (2) of theorem satisfies for some b > 0

We have the following theorem about this subsection

Theorem 2.4. Let X and Y be normed spaces with at least one of them being complete. Assume
L € L(X,Y) ( the set of all continuous linear operators from X to Y ) has a bounded inverse
L7 Y = X. Assume M € L(X,Y) satisfies |M — L|| < . Then M : X — Y is a bijection,

-1

- - 22l
M~ e L(Y,X) and |M7H| < =5
Proof . See [1], Theorem 2.3.5. O

Put U = U, since U(0) = Uy then F(U®)(0) = 0. F is continuous and for a given € > 0 there
exist b > 0 such that |F(U©)|| < e on ¢ € [0,5]. In theorem 2.4 put X = (C*[0,0])%, Y = (C[0,b)),
LU) =U" and M(U) = F(U)U, then ||L|| = ||f|| and |M — L| = || (U®)]|, which are known
for a known f. If [|f (U®)| < ﬁ < |If|l, then all hypotheses of theorem [2.4] satisfy and hence
M~ = [F/(U(O))}_1 € L(Y,X). Thus |[MPF'(U)|| < [[M7Y| < a(e) = 0 as e — 0, and hence
we can choose € > 0 and associated b > 0 such that h = «(e)B(e)Lip < 5. For these problems the

hypothesis of (2) of theorem [2.2]is true.

3. The Taylor polynomial solutions Technique Applied to One Step of Newton’s Method

The linear differential equations will be solved by the method is described in [14]. We are
going to explain this technique for One Step of Newton’s Method. For this purpose put Pi(t) = I,
(the d x d identity matrix), Py(t) = —f (t,U™ (1)), y(t) = UTV(t) and r(t) = f(t,UM(t)) —
f U™ @)U™(t), then reduces to

Po(t)y(t) + Pr(t)y (t) = r(t). (3.1)

which is in the form (8) of [14]. Suppose we are going to solve (3.1)) on a short interval [a,b]. For
this aim we represent the solution by a truncated Taylor series

(o) «
yi(t):z ‘ (t—c),i=1,..,dja<c<b. (3.2)

Where N > 1 is any positive integer and yi(j )(c) are the Taylor coefficients to be determined. Deriva-

tion of (3.2)) yields
/ = 1(0) -
y(t) =) ——5t—cfi=1,..d (3.3)
= 0=

Functions defined by equations (3.2))-(3.3)) can be written in the matrix form
(M) = T()MpAsi=1,....d,m=0,1, (3.4)

where

Tt)= (L, (t—0),(t—0c) ...t =),

A= (300, 5(0). 51 (0), (@)



242 Babayar-Razlighi

- - 0 & 0 0 0
1 0!
o 00 0 00 L 0 0
0 1 0 0 00 0 % 0
1 2!
MO — O O 5 O 7M1 = . . . .
: : 0 O 0 e T
00 0 ... & (N—D)!
- A 00 0 0 ... 0 |
From (3.4) we can write
[ yf; (t) T(t)M;A; |
y@D(t) = 2 | = :
Ly (#) T(t)M;Aq |
[Tty 0 0o o |[M 0 0 0 Ay
0 T O 0 0O M; 0 0 Ag
|0 0 0 T(t) 00 0 M Aq
= T*(t)M; A (3.5)
where
Tt 0 0 0
ro=| 0 W00 ¢ Rix(¥Ha
0 0 0 T(t> dxd Blocks
M, 0 0 O
Mr = 0 M0 0 c ROV+1)dx(N+1)d
0 0 0 M ], . Biocks
Ay
A= Az c RIN+Ddx1
A4 | 431 Blocks
Now we evaluate the Taylor coefficients by introducing of the Taylor collocation points
b—a . :
ti=a+ N =0,1,...,N. (3.6)
Substitution of the collocation points (3.6]) in to the matrix equation (3.1]) forces
PY® 4+ py® =R, (3.7)
where
r(to)
R — T(t1> c R(N-I—l)dxl
r(tn)

(N+1)x1 Blocks



Newton-Taylor polynomial solutions of systems of ODE ... 12 (2021) No. 2, 237-248 243

P = . . _ e RIVHDAx(N+D)d = — () 1,
0 0 0 Pty) (N+1)x(N+1) Blocks
y?; (o) T (to) M A
, (¢ T*(t )M A
Y(z) _ Yy ( 1) _ ( 1? i _ TMZ*A’ i = 0’ 17 (38)
y 9 (ty) T*(tn)M;A

where

T=[T(t) T*(t1) e RIV+DAx(N+1)d

Substitution of (3.8)) in (3.7]) forces
PTM:A+ P TM;A=R. (3.9)

T (tN) :|1><(N+1) Blocks

Define W = [wi;](n4+1)ax(n+1)a := PoT Mg + Py/T MY, then we must solve the following linear system
of algebric equations
WA =R. (3.10)

This system gives a general solution for y(t). For a particular solution that satisfies the initial
condition

yla) = A, (3.11)

where A\ = (Aq, ..., )\d)T is a known initial vector, we do as the following procedure.
From (3.5) we have

T*(a)MjA = . (3.12)
If we define V' := T*(a) M A, then the fundamental matrix form of initial conditions is
VA= (3.13)

Replace the rows of the matrix V' and A, by the last rows of the matrix W and R, respectively and
obtain

WA=R, (3.14)
where ) ) ) )
Wy Wi ... Wi (N+1)d r(to)
Wo1 W2 ... W2 (Nt1)d r(t1)
W | WNa1 WNdz - WNG(N41 7% _ r(tn_1)
V11 V12 .. U1,(N+1)d A1
V21 V2 ... V2,(N+1)d A2
L Va1 Va2 ... Wi(NDd L A

By solving the linear algebraic equation (3.14) we obtain the particular solution of the initial value
problem
Py(t)y(t) + Pi(t)y (t) = r(t),
(3.15)
yla) = A
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4. Algorithm of Newton-Taylor polynomial solutions

In this section we give an algorithm for the initial value problem on [0,bN;] = UYig ! [bi, b(i+
1)], where N; € N and b > 0 are the number and length of partial intervals, respectively.
Note that in this algorithm we extend the method of described in [14] from two points of view. First
we apply the method for nonlinear problems and second we extend the method for union of short
intervals, which are the advantages of the algorithm.

Stepl Input integers d, N, N; and N,, (number of Newton’s iteration), real b > 0, initial vector
T

\ = (ugo)’ - u&0)> and vector valued function f(t,U(t));

Evaluate My, My, Mgy, M and P, as mentioned in section 3;

W < W< N
Set a = 0, length = b—a, UO(t) = s and U(t) = UO(¢);
0 otherwise 0 otherwise

T

Step2

step 2.1 Set i1 = 1; (interval loop)

step2.2 If i1 > N;, go to Step3;

Set ¢ = 4o,

tj=a+ %j j=0,1,..., N;

Evaluate matrices T'(t), T*(t), T in the current interval as introduced in Section 3;
step2.3 Set io = 1; (Newton’s loop)

step2.4 If io > N,,, go to step2.5;

Evaluate matrix Fy in the current interval as introduced in Section 3;

Set W=FTM; + P/TM;;

V =T"(a)Mg;

Remove d rows of W and replace it by V', then put the new matrix in /V[v/;
Set r(t) = f(t,UC(1)) — f (¢, U () U (1);

r(to)
N r(t)
R = : ;
T(t]v_l)
- A -
Solve the linear system WA = R and obtain A,
W) t<a Ult) t<a g
Set U(t) = (T*(a)MZA), a<t<b ,..{ (T*(a)MiA), a<t<b | ;
0 otherwise 0 otherwise

UO) = (2);

i =1z + 1 and go to step 2.4;

step2.5 Set A = U(b);

a=b;

b=length+b;

i1 =11 + 1 and go to step 2.2;

Step3 Plot U(t) on [0,bV;] as the approximated solution by the proposed method, and end the
algorithm.
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5. Numerical Examples and Discussion

Example 5.1. Consider the initial value problem (1.1]) with

R ]

t
241
Table (1) we give the Newton-Taylor polynomial solutions method with b = 0.2, which s the length
of the partial intervals, N = 3, N, = 5, N; = 25 and obtain the solution on [0,5]. In Table @
we give the Runge-Kutta fourth-order method with step length h = 0.1 on [0,5]. In Table |1 and @
columns 2,3 shows absolute errors of uy and uy at t; = 0.54,¢ = 0,1,...,10, and columns 4,5 show
relative errors of uy and uy att; = 0.5¢,i = 0,1, ..., 10, by the proposed and Runge-Kutta fourth-order
methods, respectively. uyi,us are exact solutions and i, us are the approximated solutions. In all
Tables of this paper, neg means negligible. As Table |1] shows the accuracy of the proposed method
has a superconvergence result, whereas the famous Runge-Kutta fourth-order method has an ordinary
convergence accuracy.

This system has the exact solution U(t) = We solve this system by two methods. In

Table 1: Absolute and relative errors of u; and us for Example by the Newton-Taylor polynomial solutions
method

i () — ()] Jua(t) - Tip(ty)| [l e
0 neg neg

1 1.1 x 10716 neg 2.2 x 10716 neg

2 6.7 x 10716 neg 6.7 x 10716 neg

3 2.2 x 10716 8.9 x 10716 1.5 x 1071 2.7 x 10716
4 neg neg neg neg

) neg 3.6 x 1071° neg 4.9 x 10716
6  40x107" 3.0 x 107 1.3x 107" 3.0x 1071¢
7 7.6 x 1071 8.2 x 1071 22x107%  62x1071
8 2.1 x 10714 2.1 x 10713 53x 107 1.3 x 1074
9 43 x 10714 4.2 x 10713 9.5x 107" 20x 107
10 41 x 10714 5.4 x 10713 82x107% 21 x 1071

Example 5.2. Consider the initial value problem (1.1]) with

u(t) — ug(t) — 2uy(t) + 2 1
141
This system has the exact solution U(t) = t2 . Again we solve this system by two methods.
t3

In Tables [3 and [f) we give the Newton-Taylor polynomial solutions method with b = 0.2, which is
the length of the partial intervals, N = 3, N,, = 5, N; = 25 and obtain the solution on [0,5]. In
Tables@ and@ we give the Runge-Kutta fourth-order method with step length h = 0.05 on [0,5]. In
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Table 2: Absolute and relative errors of u; and @,y for Example by the Runge-Kutta fourth-order method

|ur (i) — ()]

|ua(ti) — ua(ts)|

ul(ti)fa1 (tl)

uo (ti)fag (tz)

Ul (tl)

uo (tz)

© 00 O Ul W N~ O =

—_
(e

neg
4.2 x 1076
8.5 x 1076
1.3 x 107°
1.7 x 107°
2.2 x107°
2.6 x 1075
3.1 x107°
3.5 x107°
4.0 x 107°
4.4 x 107°

neg
4.3 x 1076
1.7 x 107°
3.9 x 107°
6.9 x 107°
1.1 x 1074
1.6 x 1074
2.1 x 107
2.8 x 1074
3.6 x 1074
4.5 x 10~*

8.4 x 1076
8.5 x 1076
8.5 x 1076
8.6 x 1076
8.6 x 1076
8.7 x 1076
8.7 x 1076
8.8 x 1076
8.8 x 1076
8.9 x 1076

3.4x 1076
8.4 x 1076
1.2 x 107°
1.4 x 107°
1.5 x 107°
1.6 x 107°
1.6 x 107°
1.7 x 107
1.7 x 107°
1.7 x 107°

Tables@ and@ columns 2,3,4 show absolute errors of u;, j =1,2,3 at t; = 0.5¢,¢ = 0,1, ..., 10, and
in Tables and@ columns 2,8,4 show relative errors of u;, j = 1,2,3 at t; = 0.5i,7 = 0,1, ..., 10,
by the proposed and Runge-Kutta fourth-order methods, respectively. wui,us,us are exact solutions
and Uy, us, u3z are the approximated solutions. As these tables show the accuracy of the Runge-Kutta
fourth-order method is not bad, but the accuracy of the proposed method is very good.

Table 3: Absolute errors of w1, us and ug for Example by the Newton-Taylor polynomial solutions method

i Jua(t) —wa ()] Jua(ts) —ua(te)|  Jus(ts) — us(ts)]
0 neg neg neg

1 2.2 x 10716 2.2 x 10716 5.6 x 10717
2 4.4 x 10716 4.4 x 10716 2.2 x 10716
3 1.8 x 1071° 8.9 x 10716 5.8 x 10719
4 3.1x 1071 1.1x 1071 2.8 x 1074
5 3.1x 107 1.6 x 1074 5.7 x 1074
6 1.8 x 1071° 1.1 x 1074 7.5 x 1074
7 2.6 x 1074 4.6 x 10714 1.7 x 10713
8 3.6 x 10713 8.1x 10713 3.2x 10712
9 7.8 x 10712 1.8 x 1071 7.8 x 10711
10 2.8 x 10710 6.5 x 10710 3.0 x 107
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Table 4: Relative errors of w1, us and ug for Example by the Newton-Taylor polynomial solutions method

Table 5: Absolute errors of wy,us and usg for Example by the Runge-Kutta fourth-order method

Table 6: Relative errors of uy, us and ug for Example by the Runge-Kutta fourth-order method
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