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Abstract

This paper introduces some properties of separation axioms called α -feeble regular and α -feeble
normal spaces (which are weaker than the usual axioms) by using elements of graph which are the
essential parts of our α -topological spaces that we study them. Also, it presents some dependent
concepts and studies their properties and some relationships between them.
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1. Introduction

The concepts of α -open sets (α -closed sets) introduced by many researchers [11, 1] and the
generalization of them are studied in many references [5, 13]. Separation axioms and their properties
are an important terms which studied in different topological spaces [13, 3, 17]. In addition, many
mathematicians used the generalized closed set to define some types of weaker separation axioms
[2, 6, 15].
Combinatorial applications appeared before many years and became an important part in multiple
aspects, also many sciences are interested by the uses of graphs in several fields [4, 12]. Some concepts
in graphs are defined in topologized graph and in α -topological spaces [16, 7, 8,, 9] like surrounding,
hyperedges, pre-hyperedges, ... etc.

The concept of feebly open sets (its complement feebly closed sets) introduced in topological
spaces which are precisely associated with semi-open sets. Also, feebly regular and feebly normal
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spaces are defined in [14, 10] and some relationships are studied.

In recent paper, we introduce the concept of α -feeble regular and α -feeble normal spaces in α−
topological spaces and its application in topologized graph. Furthermore, we study some specific
properties and relationships between them.

2. Preliminaries and Basic definitions

Through this section, we consider the non-empty set X = VG ∪ EG, where VG, EG are the set
of vertices, the set of edges of any graph G and define a topology on X. Also, Int(A) and Cl(A)
denoted the interior and the closure respectively of any subset A of X. In addition, A is called α
open if it satisfied that A ⊆ Int(Cl(Int(A))) for all A ⊆ X (clearly its complement is α-closed), and
the set of all α-open set formed a topology on X called α-topology. Generally, any open set is α
-open ( its complement is α -closed), and α− Int(A), α−Cl(A) denoted the interior and the closure
in α -topological space X respectively.
Separation axioms (T0, T1, T2, T3, T4) are special properties for some spaces which satisfied there
conditions. Sequentially, the relationship between open sets and α -open sets resulted α -separation
axioms (α− T0, α− T1, α− T2, α− T3, α− T4), so every Ti -space (where i = 0, 1, 2, 3, 4) is α − Ti
space. Regularity and normality are specific properties of T3 and T4 which are refer to the stronger
or weaker axioms between the others.
Now we recall some basic definitions and theorems to complete this research.

Definition 2.1. [7]Let X be an α -topological space ,and x ∈ X, the intersection of all α -open sets
contained x is called α -surrounding set of x, and denoted by xα�

Definition 2.2. [9] If X is α -topological space, then X is α -feebly Hausdorff if for any two points
x, y, x 6= y, there exist α -open sets Ux, Uy such that x ∈ Ux, y ∈ Uy and Ux ∩ Uy ⊆ xα�.

Definition 2.3. [16] : If X is α -topological space, then X is feebly regular if for any point x and
any closed set C such that x /∈ C, there exist two open sets Ux and UC such that x ∈ Ux, y ∈ UC and
(Ux ∩ Uy) ⊆ (x� ∩ C�).

Definition 2.4. [16] If X is topological space, then X is feebly normal if for any two closed sets
C,D,C 6= D in X, there exist two open sets UC , UD such that C ⊆ UC , D ⊆ UD and (UC ∩ UD)
⊆ C�.

Proposition 2.5. [16] Let S be any subspace of any topological space X. If X is feebly Hausdorff
(respecively feebly regular) then so is S. If X is feebly normal and S is closed, then S is feebly
normal.

Theorem 2.6. [8] A hypergraph H = (V,E, f) with an α -topology τ on V such that, f(e) is α-
closed, ∀e ∈ E, then the collection of sets τ̂ =

{
W� ∪ F : W ∈ τ, F ⊆ E

}
is the finest α− topology

on V ∪ E compatible with H which have the property that τ is the relative α -topology on V .

Definition 2.7. [8] : Let H = (V,E, f) be an α -hypergraph with τ an α-topology on V , and τ̂ the
α-topology combinatorially induced by τ . Then the combinatorial extension of V dependent on f is
the α-hyperedge space H = (V,E, ∂), where ∂ is the α-boundary operator dependent on τ̂ .
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3. Feeble Regular Spaces in Alpha - Topological Spaces

In this section, we present the definition of α -feebly regular in α -space and study its relationship
with another concepts.

Definition 3.1. If X is α -topological space, then X is α -feebly regular if for any point x and any
closed set C such that x /∈ C, there exist two α -open sets Ux, UC such that x ∈ Ux, y ∈ UC and
(Ux ∩ Uy) ⊆ (xα� ∩ Cα�)

Lemma 3.2. Let X be an α -topological space, A ⊆ X, then Aα� =
⋃
a∈A a

α�.

Proof . Assume that x ∈ Aα�, then every α -open set contains A and x. If x /∈ aα�, for all a ∈ A,
then there exists an α -open set Ua containing a but not x, and the union

⋃
a∈A Ua is α -open and

contains A but not x, that is a contradiction.
The converse, if x ∈

⋃
a∈A a

α�, then x ∈ aα� for all a ∈ A, means every α -open set Ua contains a
and x. Hence x ∈ Aα�. �

The next corollary shows that α -feebly regular is a hereditary property.

Proposition 3.3. Let X be an α -topological space, S be any subspace of X, if X is α -feebly regular,
then S is α -feebly regular.

Proof . let x ∈ S,C ⊆ S be α -closed, since S is a subspace of X, then x ∈ X,C ⊆ X be α -closed.
Since X is α -feebly regular, then there exist an α -open sets Ux, UC of x,C in X such that (Ux∩
UC) ⊆ (xα� ∩ Cα�) . So S ∩ (Ux ∩ UC) ⊆ S ∩ (xα� ∩ Cα�), hence (S ∩ Ux) ∩ (S ∩ UC) ⊆ (xα� ∩ (S
∩Cα� ) . Then there exist an α -open sets Vx, VC in S such that (Vx ∩ VC) ⊆ (xα� ∩ Cα�) where Vx =
(S ∩ Ux) , VC = (S ∩ UC), that implies S is α -feebly regular. �
We introduce the next property that is weaker than α -feebly regular.

Lemma 3.4. If X is α -feebly regular topological space, for any x ∈ X and S,Z are two subsets
have the property that for all s ∈ S, α−Cl(s)∩Z 6= ∅ with x /∈ α−Cl(s), then x ∈ α−Cl(Z) where
x ∈ S.

Proof . By contradiction, if x /∈ α − Cl(Z), then there are two α -open sets Ux and UZ contain
x and α − Cl(Z) such that (Ux ∩ UZ) ⊆ xα� ∩ (Cl(Z))α� . For any s ∈ S there exists z ∈ Z with
s ∈ zα� ⊆ UZ , so S ⊆ UZ . Since x ∈ S, then the α -neighbourhood of x contains some point from
S. So there exists s ∈ (S ∩ Ux ∩ Uz) = (S ∩ Ux), that implies s ∈ xα� and x ∈ α − Cl(s) which is
contradiction. �
The next definition is related with definition 4.6 and 4.8 in the next section.

Definition 3.5. Let X be an α -hyperedge space, H be a subset of α -hyperedges, then H is satisfying
the α -hyperedge convergence property if for every subset F ⊆ H, every subset Z contains at least
one endvertex of each of the α -hyperedges in F , every point x ∈ α− Cl(F ) but not an endvertex of
any edge in F , and x ∈ α− Cl(Z).

Definition 3.6. An α -hyperedge space X is α -quasiregular if EX satisfies the α -hyperedge con-
vergence property.

Theorem 3.7. Let H = (V,E, f) be an hypergraph, if X is α -quasiregular hyperedge space with
underlying hypergraph H, then X is the combinatorial extension of VX according to f .
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Proof . We have to show that any A ⊆ X is an α -open set if and only if it has the form F∪ (U\E)�

for some α -open subset U ⊆ X and for some F ⊆ E.
Now suppose A is an α -open set, then A has the form F ∪ (U\E)� by theorem 2.6.
Conversely, assume that A = Â ∪ F where Â = (U\E)� for some α -open set U ⊆ X and F ⊆ E.
We must prove that Â is α -open. Since every endvertex belongs to the closure of its incident edges,
and U is α -open, then Nx ⊆ U for any x ∈ U ∩ V means that Â ⊆ U. Moreover, the set S = U\Â
contains edges only, and e ∩ U = {e} for any egde e ∈ S. Since any singleton edge is α-open, then
for every e ∈ S, take xe ∈ ∂(e)\U and put the set Z = {xe | e ∈ S}.
If Â is not α -open, then there exists some point x ∈ Â such that every neighbourhood of x has
non-empty intersection with U\Â, which means x ∈ α−Cl(S) implies that x ∈ α−Cl(Z) by lemma
3.4. But for all s ∈ S, x ∈ U , we have x /∈ α − Cl(s) implies s /∈ xα�. That is a contradiction, since
Z ⊆ X\U which is α -closed set. So that U which contains x is different from α− Cl(Z). Hence Â
is α -open implies that A = Â ∪ F is α -open. �
The next corollary obtains from the last theorem.

Corollary 3.8. Let X be an α -quasiregular hyperedge space with α -open subset A ⊆ VX , then A�

is α -open in X.

Proof . Assume that X = VX ∪EX , Since A ⊆ VX is α -open, then A∪EX is α -open. Also A∪FX
is α -open for FX ⊆ EX hyperedge. Hence A� = A∪FX is α -open in X, since it has the same form
of theorem 2.6. So A� is α -open. �

Remark 3.9. Let x be an α -open point (α -hyperedge) in the α -topological space X, and any subset
C such that x /∈ C, then there exist α -open neighbourhoods of x,C such that their intersection
contained in xα� ∩ Cα�. If x ∈ Cα�, then any α -open set containing C intersects {x} in Cα�, but if
α − Cl(x) is disjoint from C, then its complement was the necessary α -neighbourhood of C which
has an empty intersection with {x}.

The following theorem shows that α -quasiregular is the missing part between α -feebly regular on
V with the same one on X.

Theorem 3.10. If X is α -quasiregular hyperedge space, V is α -feebly regular, then X is α -feebly
regular.

Proof . Let x ∈ X and C an arbitrary closed set in X such that x /∈ C. We must find α -open
neighbourhoods Ux and UC of x and C such that (Ux ∩ UC) ⊆ (xα� ∩ Cα�) in X.
If x is an α -hyperedge, then the proof is clear by remark 3.9. If not, means, x is a vertex, then
there exist α -open neighbourhoods U ′x and U ′C of x and (V ∩ C) in V respectively such that (U ′x∩
U ′C) ⊆ xα�V ∩ (V ∩C)α�V , by α -feebly regularity of V . Since (V ∩C) is α -closed and different from x,
then x ∈ V \C and V \C is α -open. So we suppose that U ′x is different from C, and we select that
U ′C is different from x, when α− Cl(x) is different from C.
Now suppose that P ⊆ V is an α -open set and the set F of incident α -hyperedges with some vertex
in each of P and V \P. Also, the set Q of endvertices of α -hyperedges in F which contained in P
and α -closed. Or else, α − Cl(Q)\Q contains some point p in P , such that p ∈ α-Cl(F ) which is
not incident with any α -hyperedge in F . Since X is α -quasiregular, p should be in the α -closure
of the set of endvertices of edges of F which are not in P , that is contradiction since V \P is α -closed.
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Assume that the set T of incident α -hyperedges with some vertex inside and outside U ′x without
x itself, and MT the set of vertices in U ′x incident with some edge in T . So we have α−Cl (MT )∩U ′x
= MT is α -closed in U ′x, and α − Cl (MT ) is different from x. Put Wx = U ′x\MT , which is α -open
in V and contains x.
In the same way, assume that the set S of incident α -hyperedges with some vertex inside and outside
U ′C without any vertex in (V ∩C), and MS the set of vertices in U ′C incident with some α- hyperedge
in S. So MS is α -closed in U ′C , and put WC = U ′C\MS, which is α -open in V and contains (V ∩C).
Now suppose that Ux = W�

x and UC = W�
C , then both of W�

x and W�
C are α -open by corollary 3.8.

Since C is α -closed, then every α -hyperedge h ∈ C\V is incident with some vertex in (V ∩ C).
Also, since UC is α -open, and (V ∩ C) ⊆ UC , then h ∈ UC , and C ⊆ UC . Hence (Wx ∩WC) ⊆ (U ′x
∩ U ′C) ⊆ (xα�V ∩ (V ∩ C)α�V ) ⊆ (xα�X ∩ (V ∩ C)α�X ) ⊆ (xα�X ∩ Cα�

X ) . Also, (Ux ∩ UC) is the union of
(Wx ∩WC) with the set of α -hyperedges F . So we have to prove that F ⊆ xα�X ∩ Cα�

X .
Now we have that both Ux, UC contain two types of α -hyperedges; which incident (with x, with
some vertex in C ) respectively and those which endvertices are all contained in U ′x, U

′
C respectively.

If the first type is not satisfying, then for any f ∈ F , all its endvertices (at least one vertex) must
be in U ′x ∩ U ′C , and if w is an endvertex, we have f ∈ wα�X and w ∈ xα�V ⊆ xα�X , that implies f ∈
xα�X , means, f is incident with x, that is a contradiction. If f is not incident with x, but with a
vertex in C, then all its endvertices are contained in U ′x, a contradiction because U ′x is disjoint with
C. If f is incident with x but not with any vertex in C, then we have two cases, accordingly if
α − ClV (x) ∩ (V ∩ C) = ∅ or not. In the second case, we have f ∈ xα�X and x ∈ (V ∩ C)α�V ⊆
(V ∩ C)α�X , which implies that f ∈ (V ∩ C)α�X , that is a contradiction.
Since we select U ′C to be disjoint from x, and f is not incident with a vertex in C, then all its
endvertices are contained in U ′C , that is a contradiction. So f must be incident with both x and
some vertex in C. But f ∈ F is arbitrary, so we deduce that F ⊆ xα�X ∩ Cα�

X . �

The next corollaries immediately result from the above theorem.

Corollary 3.11. Let H be an α -hyperedge space, H is α-feebly regular if and only if H is α-
quasiregular and V is α-feebly regular.

Proof . Let H = VH ∪EH be an α -hyperedge space. If VH ∪EH is α -feebly regular, then VH is α−
feebly regular by proposition 3.3. Also, VH is α -closed implies that H is α -quasiregular by lemma
3.4. The converse directly deduces by theorem 3.10. �

Corollary 3.12. An α-topologized hypergraph X is α -feebly regular if and only if it is α -quasiregular
and V is α -regular.

Proof . By corollary 3.11 X is α -quasiregular, and since the vertex set of α -topologized hypergraph
is α -closed, then X is α− T1 space. That means α -feeble regularity and α -regularity are the same
in α− T1 space. So V is α -regular. �

Corollary 3.13. Let X be an α -topological space, then:

1- Every α -regular space is α -almost regular space.

2- Every α -almost regulae space is α -weakly regular space.

3- Every α -weakly regular space is α -feebly regular space .

Proof . this proof is immediate from their definitions. �
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4. Feeble Normal Spaces in Alpha-topological Spaces

In this section, we present the definition of α -feebly normal in α -space and study its relationship
with another concepts.

Definition 4.1. Let X be an α -topological space and D a decomposition of X, a subset S is
saturated if it is the union of parts of D. The decomposition D is upper semi α -continuous, if for
every part P ∈ D and every α -open set U contains P , there exists a saturated α -open set V such
that P ⊆ V ⊆ U .

Lemma 4.2. Let p : X → Y be a quotient map induced by a decomposition D of X, p is an α- closed
map if and only if D is upper semi α -continuous.

Proof . Let p be an α -closed map, P ∈ D and UP be an α -open set contains P , then (X − UP ) is
α− closed set. But p (X − UP ) is α -closed in Y, so p−1 (p (X − UP )) is α -closed in X (which is a
union of parts of D ). Hence VP = X − p−1 (p (X − UP )) is a saturated α -open set in X such that
P ⊆ VP ⊆ UP , then D is upper semi α -continuous.
Conversely, assume that D is upper semi α -continuous, P ∈ D and F ⊆ X is an α -closed, then (X
−F ) is an α -open and contains P . By upper semi α -continuity of D, there is a saturated α -open
set V such that P ⊆ V ⊆ (X −F ). Since p is a quotient map induced by D, then P ∈ p(V ) ⊆ p(X−
F ) ⊆ D − p(F ), means that D − p(F ) is an α -open and p(F ) is an α -closed. �

Definition 4.3. Let X be an α -topological space, an α -open connected subset is a pre α hyperedge
if it is not α -closed, a pre α -edge if its boundary contains at most two points, and a proper pre α
-hyperedge(edge) if it has exactly two boundary points.
A pre α -hyperedge(edge) selection {Ui}i∈I is a set of disjoint pre- α -hyperedges(edge). Let U be a
pre α -hyperedge(edge) selection, then:

- the pre α -complement of U is the α -closed subset X\
⋃
U∈U U .

- the induced α -hyperedge(edge) decomposition is the partition whose parts are the pre α− hy-
peredges(edge) and the pre α -complement.

- the α -clumps are the components of the pre α -complement.

- the induced α -clump-hyperedge(edge) decomposition is the partition whose parts are the pre α
hyperedges(edge) and the α -clumps.

- the induced α -hyperedge(edge) quotient and α -clump-hyperedge(edge) quotient are the quotient
spaces induced by the respective decompositions α -hyperedge(edge) and α -clumphyperedge(edge).

Definition 4.4. Let X be an α -topological space, a subset of X is an Hα -set if it is the union of
the pre α -hyperedges of some pre α -hyperedge selection, and a (proper) Eα -set when all these α
hyperedges(edges) are proper. Moreover, a subset is a Vα -set if it is the complement of some Hα-
set.

Proposition 4.5. Let X be an α- topological space, U be pre α -hyperedge selection in X such that
all the pre α -hyperedges have finite boundaries. Let q : X → Q be the induced quotient map onto the
α -clump-hyperedge quotient Q, then a vertex v ∈ VQ is incident with an α -hyperedge e ∈ Q if and
only if the pre α -hyperedge whose image is e has a boundary point in the α -clump whose image is
v.
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Proof . Let v and e be an arbitrary vertex and edge in Q, then q(C) = {v} for some α -clump C
and q(H) = {e} for some pre α -hyperedge H in X. Assume that x ∈ C ∩ ∂(H) in X, and U is an
α− neighbourhood of v in Q. Then q−1(U) is an α -neighbourhood of C such that x ∈ C ⊆ q−1(U)
also p ∈ q−1(U) for some point p. So q(p) = e ∈ q(q−1(U)) = U , hence any α -neighbourhood of v
contains e, means v ∈ ∂(e).
Conversely, suppose that C ∩ ∂(H) = ∅, then ∂(H) is α -closed since it is finite, also all α -clumps
being components of the pre α -complement are α -closed in X. So, the union of H(α−Cl(H)) with
all α -clumps containing a boundary point of H which denoted as B is α -closed, and A = X\B is α
-open. Since B and C are disjoint, then C ⊆ A. Furthermore, A and B are saturated with respect to
the α -clump-hyperedge decomposition of X. Therefore q(A), q(B) are disjoint and A = q−1(q(A)),
so v ∈ q(A) is α -open and disjoint from e ∈ q(B). That implies v /∈ ∂(e), but when v ∈ ∂(e) implies
that C ∩ ∂(H) 6= ∅. �

Definition 4.6. Let X be an α -topological space, a pre α -hyperedge selection U = {U}i∈I satisfies
the strong pre α -hyperedge convergence property if:
∀J ⊆ I, {vj}j∈J ⊆ X and x ∈ X such that x ∈ α−Cl (∪j∈JUj) \∪j∈Jα−Cl (Uj), and vj ∈ ∂ (Uj)∀j ∈
J , then x ∈ α− Cl ({vj | j ∈ J}).
We have that x contained in the pre α -complement, since pre α -edges are disjoint and α -open.
Also, when Uj ’s are the singletons, the definition equal to definition 3.5 ofα -quasiregular.

Proposition 4.7. Let U be a pre α -hyperedge selection in α -topological space X, then the induced
α -hyperedge quotient is:

1) α -quasiregular if and only if u satisfies the strong α -hyperedge convergence property.

2) α -feebly regular if and only if the pre α -complement is α -feebly regular and U satisfies the
strong pre α -hyperedge convergence property.

Proof . This comes from definition 3.5 and corollary 3.11. �

Definition 4.8. Let X be an α -topological space, U = {U}i∈I a pre α -hyperedge selection and Z
be the collection of components of the pre α -complement Z, then U = {U}i∈I satisfies the weak pre
α -hyperedge convergence property if:

∀J ⊆ I, {Kj}j∈J ⊆ Z and K ∈ Z such that K∩α−Cl
(⋃

j∈J Uj

)
6= ∅, and α−Cl (Uj)∩Kj 6= ∅,∀j ∈

J , but K ∩ α− Cl (Uj) = ∅, then α− Cl
(⋃

j∈J Kj

)
∩K 6= ∅.

Proposition 4.9. Let U be a pre α -hyperedge selection in α -connected topological space X such
that the boundary of each pre α -hyperedge is finite, then the induced α -clump-hyperedge quotient is
α -quasiregular if and only if U satisfies the weak pre α -hyperedge convergence property.

Proof . This comes from proposition 4.5 and definition 3.5. �

Definition 4.10. If X is α -topological space, then X is α -feebly normal if for any two closed sets
C 6= D in X, there exist two α -open sets UC , UD such that C ⊆ UC , D ⊆ UD and (UC ∩ UD) ⊆ Cα�.

The normality property is not hereditary in general, the next corollary presents it with necessary
condition.
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Proposition 4.11. Let X be an α -topological space, S be any subspace of X. If X is α -feebly
normal and S is α -closed, then S is α -feebly normal.

Proof . the same way as the proof of α -feebly regular proposition 3.3. �

Theorem 4.12. If X is α -quasiregular hyperedge space, V is α -feebly normal, then X is α -feebly
normal.

Proof . this is the same proof of regularity case of theorem 3.10. �

The next proposition shows that α -feebly normal property is a topological property under α-
closed quotient map.

Proposition 4.13. If p : X → Y is α -closed quotient mapping, and X is α -feebly normal, then Y
is α -feebly normal.

Proof . Assume that C1, C2 is any disjoint α -closed subsets of Y , and K1 = p−1 (C1) , K2 = p−1 (C2)
in X. Since X is α -feebly normal, then there exist α -open sets U1, U2 in X such that K1 ⊆ U1,
K2 ⊆ U2 respectively with U1 ∩ U2 ⊆ Kα�

1 ∩Kα�
2 . Also, p is α -closed, gives that the decomposition

of X into parts with respect to p is α -closed. So, there exists an α -open set Wy which is the
union of equivalence classes and such that p−1(y) ⊆ Wy ⊆ Ui, for any y ∈ Ci(i = 1, 2) . Putting
Wi =

⋃
y∈Ci

Wy gives an α -open set which is the union of parts and such that Ki ⊆ Wi ⊆ Ui. So the
set Y \ (p (X\Wi)) = p (Wi) is α -open in Y , since p is α -closed, but Wi is the union of parts, hence
Ci ⊆ p (Wi). Now Assume that y ∈ p (W1) ∩ p (W2), so p−1(y) ⊆ W1 ∩W2 ⊆ U1 ∩ U2. Hence if A
is any α -open set in Y containing C1, gives that p−1(y) ∈ K1 ⊆ p−1(A), and y ∈ p (p−1(A)) = A.
So p (W1) ∩ p (W2) ⊆ Cα�

1 , since A and y are arbitrary (α -open set containing C1 and point in
p (W1) ∩ p (W2). �

Proposition 4.14. Let X be an α -feebly normal topological space, W is a a Vα -set in X. Assume
that the components of W by decomposition is upper semi α -continuous, and that the induced pre α
-hyperedges have finite boundaries. Then the induced α -clump-hyperedge quotient is α -feebly normal
if and only if the induced pre α -hyperedge selection satisfies the weak pre α hyperedge convergence
property.

Proof . Let Q be the induced clump α -hyperedge quotient. Since W is an α -closed subset of an
α- feebly normal space, then by proposition 4.11,W is α -feebly normal. Since the components of W
by D is upper semi α -continuous, then the quotient map restricted to W is α -closed by lemma 4.2,
so W/D ∼= VQ is α -feebly normal by proposition 4.13. Suppose that the α -pre-hyperedge selection
satisfies the weak pre α -hyperedge convergence property, then is α -quasiregular by proposition 4.9,
and it is α -feebly normal by theorem 3.10. Conversely, if the clump of α- hyperedge quotient is not
α -feebly normal, then it is not α -quasiregular by theorem 3.10, and the induced pre α -hyperedge
selection is not satisfying the weak pre α-hyperedge convergence property by proposition 4.9. �

Proposition 4.15. Let X be an α -quasiregular hyperedge space, if the components of VX by a
decomposition D is upper semi α -continuous, then the clump α -hyperedge decomposition of X is
upper semi α -continuous.

Proof . Suppose D is a part of the α -edge-clump decomposition and U be an α -open set contains
D. We hope to find a saturated α -open set contained in U and contains D. When D is a singleton
containing an α -hyperedge, it is trivial. If that is not satisfying, then U ∩ VX is α -open in VX and
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containing D. Since D is a part with respect to the decomposition of VX into clumps, there exists a
saturated α -open set W contains D and contained in U ∩ VX which is saturated. Since by corollary
3.8, X is α -quasiregular, then W� is α -open in X and contained in any α -open set contains W .
Particularly, U is the union of clumps and singletons consisting of α -hyperedges, that means U is
saturated with respect to the α -edge-clump decomposition of X. �

Definition 4.16. An α -topological space X is α -weakly normal, if for any two disjoint closed sets
C and D, there exist α -neighbourhoods (α -open sets) UC and UD such that C ⊆ UC and D ⊆ UD,
and UC ∩ UD is finite. If the intersection is exactly in one point, X is α -almost normal spaces.

Corollary 4.17. Let X be an α -topological space, then:

1- Every α -normal space is α -almost normal space.

2- Every α -almost normal space is α -weakly normal space.

3- Every α -weakly normal space is α -feebly normal space.

Proof . this proof is immediate from their definitions. �

5. Conclusion

In this paper, alpha feebly regular and alpha feebly normal spaces in alpha topological spaces are
defined, also some properties and relationships are studied in order to continuum the future works
to study new related concepts like alpha compact feebly regular and alpha compact feebly normal
spaces.
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