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Abstract

In this paper, we estimate the four parameters of Weibull Lindley burr distribution by using ordinary
least square method and multiple regression least square method. The survival estimate made by
using ordinary least square estimator (OLSE) and multiple regression estimator (MRE).
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1. Introduction

Offers the [7] comprehensive guidance toward the most commonly used statistical distributions,
including normal, lognormal, inverse Gaussian, Pareto, Cauchy, gamma distributions and more.
Each distribution includes clear definitions and properties, plus methods of inference, applications.
Surles and Padgett in (2001) [13] suggested two parameters Burr Type X which also described
as generalized Rayleigh distribution. Kundu and Raqab in (2005) [8] studied different methods
to estimate the parameters of this distribution: Maximum likelihood method, Modeled moment
method, Weighted least square method, L moment method and compare their performance through
Monte Carlo simulation. Al- Naqeep and Hamed in( 2009) [3] suggested, as well, a conventional
method for estimating the two parameters of generalized Rayleigh distribution for different sample
(small, medium and large) and compare the estimators by using mean square error for simulation
data. Dhwyia and else in (2012) [6] developed the moment generating function which was derived to
help in finding the moment, also cumulative distribution function, then obtaining the least squares
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estimators for the unknown parameters and moment estimator method . Parvin, Ali and Hossein
in (2013) [12] considered the estimation of R = P(y ¡ x) where x and y have two parameters of
generalized Rayleigh distribution, then obtained the maximum likelihood estimations of parameters
with simple iterative procedure for several values of parameters.

2. The ordinary least squares Method (OLSEM)

The ordinary least squares method.is one of most popular procedures in estimating the parame-
ters when the model is linear [9].
Every linear or nonlinear model involve response variable denoted by (y) which is effected by ex-
planatory variable denoted by (x).
If the relationship between variable (Y) and variable ( x ) is linear, model is represented mathemat-
ically by straight line equation as follows [10]:

Y = β0 + β1x+ ε (2.1)

Where: β0 represents the intercept term
β1 represents the slop term
ε represents the error term
The idea of this method is to minimize the sum of squared differences between observed sample
values and the estimate expected values by linear approximation [1]:

ε = Yi − β̂0 − β̂1xi (2.2)

n∑
i=1

ε2i =
n∑
i=1

[
yi − β̂0 − β̂1xi

]2
(2.3)

n∑
i=1

ε2i =
n∑
i=1

[yi − ŷi]2 (2.4)

One can obtain The estimation and Simulation of WLBD By Using The ordinary least squares
(OLSE) by using the CDF of WLBD which are as follows:

F (ti) = 1− (
1 + 2λ− λ(1 + tci)

−k

λ+ 1
) exp(−(λ+ β)) exp((λ+ β)(1 + tci)

−k) (2.5)

then

1− [F (ti)] = (
1 + 2λ− λ(1 + tci)

−k

λ+ 1
) exp(−(λ+ β)) exp((λ+ β)(1 + tci)

−k) (2.6)

By taking the logarithm of above equation getting:

log [1− {F (ti)}] = log[(
1 + 2λ− λ(1 + tci)

−k

λ+ 1
) exp(−(λ+ β)) exp((λ+ β)(1 + tci)

−k)]

=− log(λ+ 1)− (λ+ β) + log(1 + 2λ− λ(1 + tci)
−k) + (λ+ β)(1 + tci)

−k (2.7)
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Comparing the above equation with the simple linear model Y = β0 + β1x+ ε we get:

Y = log [1− {F (ti)}] (2.8)

x = log(1 + 2λ− λ(1 + tci)
−k) + (λ+ β)(1 + tci)

−k (2.9)

β0 = − log(λ+ 1)− (λ+ β) (2.10)

β1 = 1 (2.11)

ε = log [1− {F (ti)}] + log(λ+ 1) + (λ+ β)

− log(1 + 2λ− λ(1 + tci)
−k)− (λ+ β)(1 + tci)

−k (2.12)

By taking the sum square of above equation for the two sides to obtain:

n∑
i=1

ε2 =
n∑
i=1

[log [1− {F (ti)}] + log(λ+ 1) + (λ+ β)

− log(1 + 2λ− λ(1 + tci)
−k)− (λ+ β)(1 + tci)

−k]2 (2.13)

Let z1(β, λ, c, k) =
∂(

∑n
i=1 ε

2
i )

∂β
, z2(β, λ, c, k) =

∂(
∑n

i=1 ε
2
i )

∂λ
,

z3(β, λ, c, k) =
∂(

∑n
i=1 ε

2
i )

∂c
, z1(β, λ, c, k) =

∂(
∑n

i=1 ε
2
i )

∂k

Then

z1(β, λ, c, k) =2
n∑
i=1

(
log(1− F (ti)) + β + λ+ log(λ+ 1)− log

(
2λ+ 1− λ (1 + tci)

−k
)

− (λ+ β)(1 + tci )
−k ×

(
1− (1 + tci)

−k
)

(2.14)

z2(β, λ, c, k) =2
n∑
i=1

(
log(1− F (ti)) + log(1 + λ) + λ+ β − log

(
2λ+ 1− λ (1 + tci )

−k
)

− (λ+ β)(1 + tci )
−k ×

(
1

1 + λ
+ 1− 2− (1 + tci )

−k

2λ+ 1− λ · (1 + tci )
−k − (1 + tci)

−k

)
(2.15)

z3(β,λ, c, k) = 2
n∑
i=1

(
log(1− F (ti)) + β + λ+ log(λ+ 1)− log

(
2λ+ 1− λ (1 + tci )

−k
)

− (λ+ β)(1 + tci )
−k ×

−λ · (1 + tci )
−k−1 ktci log(t)(

2λ+ 1− λ (1 + tci )
−k
) + (λ+ β) (1 + tci )

−k−1 ktci log(t)

 (2.16)



980 Amer, Hassan, Jassim

z4(β, λ, c, k) =2
n∑
i=1

(
log(1− F (ti)) + β + λ+ log(λ+ 1)− log

(
2λ+ 1− λ (1 + tci )

−k
)

− (λ+ β)(1 + tci )
−k

(
−λ (1 + tci)

−k log (1 + tci)

2λ+ 1− λ (1 + tci)
−k + (λ+ β) (1 + tci)

−k log (1 + tci)

)
We place the partial derivatives z1(β, λ, c, k), z2(β, λ, c, k), z3(β, λ, c, k) and z4(β, λ, c, k) to zero as
follows:

2
n∑
i=1

(
log(1− F (ti) + β + λ+ log(λ+ 1)− log

(
2λ+ 1− λ (1 + tci)

−k
)
− (λ+ β)(1 + tci )

−k
)
.

×
(

1− (1 + tci)
−k
)

= 0 (2.17)

2
n∑
i=1

(
log(1− F (ti)) + log(1 + λ) + λ+ β − log

(
2λ+ 1− λ (1 + tci )

−k
)
− (λ+ β)(1 + tci )

−k
)

×

(
1

1 + λ
+ 1− 2− (1 + tci )

−k

2λ+ 1− λ (1 + tci )
−k − (1 + tci)

−k

)
= 0 (2.18)

2
n∑
i=1

(
log(1− F (ti)) + β + λ+ log(λ+ 1)− log

(
2λ+ 1− λ (1 + tci )

−k
)

− (λ+ β)(1 + tci )
−k ×

−λ · (1 + tci )
−k−1 ktci log(t)(

2λ+ 1− λ (1 + tci )
−k
) + (λ+ β) (1 + tci )

−k−1 ktci log(t)

 = 0 (2.19)

2
n∑
i=1

(
log(1− F (ti)) + β + λ+ log(λ+ 1)− log

(
2λ+ 1− λ (1 + tci )

−k
)
− (λ+ β)(1 + tci )

−k
)

(
−λ (1 + tci)

−k log (1 + tci)

2λ+ 1− λ (1 + tci)
−k + (λ+ β) (1 + tci)

−k log (1 + tci)

)
= 0 (2.20)

The equations (2.17), (2.18), (2.19) and (2.20) are system of nonlinear equations and cannot be solved
simultaneously, so we can solve them by Newton-Raphson iterative method.
The Jacobian matrix Jk2 is the first derivative for each function of z1(β̂, λ̂, ĉ, k̂), z2(β̂, λ̂, ĉ, k̂)
, z3(β̂, λ̂, ĉ, k̂) and z4(β̂, λ̂, ĉ, k̂) with respect to β, λ, c and k .

Jk2 =



∂z1(β̂,λ̂,ĉ,k̂)

∂β̂

∂z1(β̂,λ̂,ĉ,k̂)

∂λ̂

∂z1(β̂,λ̂,ĉ,k̂)
∂ĉ

∂z1(β̂,λ̂,ĉ,k̂)

∂k̂

∂z2(β̂,λ̂,ĉ,k̂)

∂β̂

∂z2(β̂,λ̂,ĉ,k̂)

∂λ̂

∂z2(β̂,λ̂,ĉ,k̂)
∂ĉ

∂z2(β̂,λ̂,ĉ,k̂)

∂k̂

∂z3(β̂,λ̂,ĉ,k̂)

∂β̂

∂z3(β̂,λ̂,ĉ,k̂)

∂λ̂

∂z3(β̂,λ̂,ĉ,k̂)
∂ĉ

∂z3(β̂,λ̂,ĉ,k̂)

∂k̂

∂z4(β̂,λ̂,ĉ,k̂)

∂β̂

∂z4(β̂,λ̂,ĉ,k̂)

∂λ̂

∂z4(β̂,λ̂,ĉ,k̂)
∂ĉ

∂z4(β̂,λ̂,ĉ,k̂)

∂k̂


(2.21)



Non-Bayesian estimation of Weibull Lindley burr XII distribution 12 (2021) No. 2, 977-989 981

∂z1(β̂, λ̂, ĉ, k̂)

∂β̂
= 2

n∑
i=1

(
1− (1 + tci)

−k
)2

(2.22)

∂z1(β̂, λ̂, ĉ, k̂)

∂λ̂
= 2

n∑
i=1

(
1

1 + λ
+ 1− 2− (1− tci)

−k

2λ+ 1− λ (1− tci)
−k − (1 + tci)

−k

)(
1− (1 + tci)

−k
)

(2.23)

∂z1(β̂, λ̂, ĉ, k̂)

∂ĉ
=2

n∑
i=1

λ · (1− tci)−k−1 ktci log(ti)(
2λ+ 1− λ (1− tci)

−k
) + (λ+ β) (1 + tci)

−k−1 ktci log(ti)


× (1− (1 + tci)

−k)

+
2

1 + tci

(
log(1− F (ti) + log(1 + λ) + λ+ β − log(2λ+ 1− λ(1− tci)−k)

−(λ+ β)(1 + tci)
−k) (1 + tci)

−k ktci log(ti) (2.24)

∂z1(β̂, λ̂, ĉ, k̂)

∂k̂
=2

n∑
i=1

(
−λ (1− tci)

−k log (1− tci)
2λ+ 1− λ (1− tci)

−k + (λ+ β) (1 + tci)
−k log (1 + tci)

)(
1− (1 + tci)

−k
)

+ 2
(

log(1− F (ti) + log(1 + λ) + λ+ β − log
(

2λ+ 1− λ (1− tci)
−k
)

−(λ+ β)(1 + tci)
−k
)

(1 + tci)
−k log (1 + tci) (2.25)

∂z2(β̂, λ̂, ĉ, k̂)

∂β̂
=
∂z1(β̂, λ̂, ĉ, k̂)

∂λ̂
(2.26)

∂z2(β̂, λ̂, ĉ, k̂)

∂λ̂
=2

n∑
i=1

(
1 +

1

λ+ 1
− 2− (1 + tci)

−k

2λ+ 1− λ (1 + tci)
−k + (1 + tci)

−k

)2

+2(log(1− F (ti)+β + λ+ log(λ+ 1)− log
(

2λ+ 1− λ (1 + tci)
−k
)
− (λ+ β) (1 + tci)

−k

×

− 1

(λ+ 1)2
+

(
2− (1 + tci)

−k
)2

(
2λ+ 1− λ (1 + tci)

−k
)2
 (2.27)

∂z2(β̂, λ̂, ĉ, k̂)

∂ĉ
=2

n∑
i=1

−λ (1 + tci)
−k−1 ktci log(ti)(

2λ+ 1− λ (1 + tci)
−k
) + (λ+ β) (1 + tci)

−k−1 ktci log(ti)


(

1

1 + λ
+ 1− 2− (1 + tci)

−k

2λ+ 1− λ (1 + tci)
−k − (1 + tci)

−k

)
+2(log(1− F (ti)+ log(1 + λ) + λ+ β − log

(
2λ+ 1− λ (1 + tci)

−k
)
− (λ+ β) (1 + tci)

−k

× (− (1 + tci)
−k−1 ktci log(ti)(

2λ+ 1− λ (1 + tci)
−k
) +

(
2− (1 + tci)

−k
)
λ (1 + tci)

−k−1 ktci log(ti)(
2λ+ 1− λ (1 + tci)

−k
)2

+(1 + tci)
−k−1 ktci log(ti)

)
(2.28)
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∂z2(β̂, λ̂, ĉ, k̂)

∂k̂
=2

n∑
i=1

(
−λ (1 + tci)

−k log (1 + tci)

2λ+ 1− λ (1 + tci)
−k + (λ+ β) (1 + tci)

−k log (1 + tci)

)
(2.29)

×

(
1

1 + λ
+ 1− 2− (1 + tci)

−k

2λ+ 1− λ (1 + tci)
−k − (1 + tci)

−k

)
(2.30)

+2(log(1− F (ti)+ log(1 + λ) + λ+ β − log
(

2λ+ 1− λ (1 + tci)
−k
)
− (λ+ β) (1 + tci)

−k

(2.31)(
−(1 + tci)

−k log (1− tci)
2λ+ 1− λ (1 + tci)

−k +

(
2− (1 + tci)

−k
)
λ (1 + tci)

−k log (1 + tci)(
2λ+ 1− λ (1 + tci)

−k
)2 + (1 + tci)

−k log (1 + tci)


(2.32)

∂z3(β̂, λ̂, ĉ, k̂)

∂β̂
=
∂z1(β̂, λ̂, ĉ, k̂)

∂ĉ
(2.33)

∂z3(β̂, λ̂, ĉ, k̂)

∂λ̂
=
∂z2(β̂, λ̂, ĉ, k̂)

∂ĉ
(2.34)

∂z3(β̂, λ̂, ĉ, k̂)

∂ĉ
=2

n∑
i=1

−λ (1 + tci)
−k−1 ktci log(ti)(

2λ+ 1− λ (1 + tci)
−k
) + (λ+ β) (1 + tci)

−k−1 ktci log(ti)

2

+2(log(1− F (ti)+ log(1 + λ) + λ+ β − log
(

2λ+ 1− λ (1 + tci)
−k
)
− (λ+ β) (1 + tci)

−k

×

λ (1 + tci)
−k−2 k2 (tci)

2 log(ti)
2(

2λ+ 1− λ (1 + tci)
−k
) − λ (1 + tci)

−k−1 ktci log(ti)
2(

2λ+ 1− λ (1 + tci)
−k
)

+
λ (1 + tci)

−k−2 k (tci)
2 log(ti)

2(
2λ+ 1− λ (1 + tci)

−k
) +

λ2
(

(1 + tci)
−k−1

)2
k2 (tci)

2 log(ti)
2(

2λ+ 1− λ · (1 + tci)
−k
)2

− (λ+ β) (1 + tci)
−k−2 k2 (tci)

2 log(ti)
2 + (λ+ β) (1 + tci)

−k−1 ktci log(ti)
2

−(λ+ β) (1 + tci)
−k−2 k (tci)

2 log(ti)
2
)

(2.35)
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∂z3(β̂, λ̂, ĉ, k̂)

∂k̂
=2

n∑
i=1

− λ (1 + tci)
−k ktci log(ti)

(1 + tci)
(

2λ+ 1− λ (1 + tci)
−k
) +

(λ+ β) (1 + tci)
−k ktci log(ti)

1 + tci


× (−λ (1 + ti

c)−k log (1 + ti
c)

2λ+ 1− λ (1 + ti
c)−k

+ (λ+ β) (1 + ti
c)−k log (1 + ti

c))

+2(log(1− F (ti)+ log(1 + λ) + λ+ β − log
(

2λ+ 1− λ (1 + tci)
−k
)
− (λ+ β) (1 + tci)

−k×λ (1 + ti
c)−k log (1 + ti

c) kti
c log(ti)

(1 + ti
c)
(

2λ+ 1− λ (1 + ti
c)−k

) − λ (1 + ti
c)−k ti

c log(ti)

(1 + ti
c)
(

2λ+ 1− λ (1 + ti
c)−k

)
+
λ2
(

(1 + ti
c)−k

)2
kti

c log(ti) log (1 + ti
c)

(1 + ti
c)
(

2λ+ 1− λ (1 + ti
c)−k

)2
−(λ+ β) (1 + ti

c)−k log (1 + ti
c) kti

c log(ti)

1 + ti
c

+
(λ+ β) (1 + ti

c)−k ti
c log(ti)

1 + ti
c

)
(2.36)

∂z4(β̂, λ̂, ĉ, k̂)

∂β̂
=
∂z1(β̂, λ̂, ĉ, k̂)

∂k̂
(2.37)

∂z4(β̂, λ̂, ĉ, k̂)

∂λ̂
=
∂z2(β̂, λ̂, ĉ, k̂)

∂k̂
(2.38)

∂z4(β̂, λ̂, ĉ, k̂)

∂ĉ
=
∂z3(β̂, λ̂, ĉ, k̂)

∂k̂
(2.39)

∂z4(β̂, λ̂, ĉ, k̂)

∂k̂
=2

n∑
i=1

(
−λ (1 + tci)

−k log (1 + tci)

2λ+ 1− λ (1 + tci)
−k + (λ+ β) (1 + tci)

−k log (1 + tci)

)2

+2(log(1− F (ti)+ log(1 + λ) + λ+ β − log
(

2λ+ 1− λ (1 + tci)
−k
)
− (λ+ β) (1 + tci)

−kλ (1 + tci)
−k log (1 + tci)

2

2λ+ 1− λ (1 + tci)
−k +

λ2
(

(1 + tci)
−k
)2

log (1 + tci)
2(

2λ+ 1− λ (1 + tci)
−k
)2

−(λ+ β)(1 + tci)
−k log (1 + tci)

2
)

(2.40)

Also, the Jacobian matrix here must be non - singular and symmetric matrix.
Now, 

β̂k+1

λ̂k+1

ĉk+1

k̂k+1

 =


β̂k
λ̂k
ĉk
k̂k

− J−1k2

z1(β̂, λ̂, ĉ, k̂)

z2(β̂, λ̂, ĉ, k̂)

z3(β̂, λ̂, ĉ, k̂)

z4(β̂, λ̂, ĉ, k̂)

 (2.41)
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By applying this equation (2.41), we get estimates for parameters of the WLBD by ordinary least
squares method.
Then, error term is formulated as:

εk+1(β̂)

εk+1(λ̂)
εk+1(ĉ)

εk+1(k̂)

 =



β̂k+1

λ̂k+1

ĉk+1

k̂k+1

−

β̂k
λ̂k
ĉk
k̂k


 (2.42)

Where β̂0, λ̂0, ĉ0 and k̂0 are the initial values which are assumed, also εk+1(β̂), εk+1(λ̂), εk+1(ĉ) and
εk+1(k̂) are assumed too.

3. Multiple Regression Least Squares Method (MRLSM)

Multiple Regression Least Squares Method(MIRISM):
The idea of this method is to minimize the sum of squared diffrences between observed simble values
and the estimated expected values by linear approximation. We use technique which is proposcued
from (Kindermann, Lariccia)(1983)[2] to conversion of non-linear model to linear model and using
the estimation of the Multiple Linear Regression model parameters.

By using the following equation:

E
(
F̂
(
t(i)
))

= F
(
t(i)
)

(3.1)

F̂
(
t(i)
)

is unbiased estimate for distribution function F
(
t(i)
)

and replacement
F
(
t(i)
)

by the plotting position formula:

Pi =
i

n+ 1
, i = 1, 2, . . . , n (3.2)

By using the distribution function of Weibull Lindley Buree VII distribution , which are as follows
[5]:

F (ti) = 1− (
1 + 2λ− λ(1 + tci)

−k

λ+ 1
) exp(−(λ+ β)) exp((λ+ β)(1 + tci)

−k) (3.3)

1− [F (ti)] = (
1 + 2λ− λ(1 + tci)

−k

λ+ 1
) exp(−(λ+ β)) exp((λ+ β)(1 + tci)

−k) (3.4)

By taking the logarithm of above equation getting:

log [1− {F (ti)}] = log[(
1 + 2λ− λ(1 + tci)

−k

λ+ 1
) exp(−(λ+ β)) exp((λ+ β)(1 + tci)

−k)]

=− log(λ+ 1)− (λ+ β) + log(1 + 2λ− λ(1 + tci)
−k) + (λ+ β)(1 + tci)

−k (3.5)

Now, taking partial derivatives of equation (3.5) w.r.t β, λ, c and k respectively:

∂

∂β
log
[
1− F

(
t(i)
)]

= −1 + (1 + tci)
−k (3.6)
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∂

∂λ
log
[
1− F

(
ti(i)
)]

= − 1

λ+ 1
− 1 +

2− (1 + tci)
−k

1 + 2λ− λ (1 + tc)−k
+ (1 + tci)

−k (3.7)

∂

∂c
log
[
1− F

(
t(i)
)]

=
λ (1 + ti

c)−k kti
c log(ti)

(1 + ti
c)
(

1 + 2λ− λ (1 + ti
c)−k

) − (λ+ β) (1 + ti
c)−k kti

c log(ti)

1 + ti
c

(3.8)

∂

∂k
log
[
1− F

(
t(i)
)]

=
λ (1 + tci )

−k log (1 + tci )

1 + 2λ− λ (1 + tci )
−k − (λ+ β) (1 + tci )

−k log (1 + ti
c) (3.9)

By estimating the first order Taylor series [11]
about θ = (β0, λ0, c0, k0)

f(θ + h) = f(θ) + h1f
′
1(θ) + h2f

′
2(θ) + h3f

′
3(θ) + f ′4(θ) (3.10)

Comparing the above equation with (3.5) we get:

f(θ + h) = E
(
log
[
1− F

(
t(i)
)])

(3.11)

f(θ) = − log(λ0 + 1)− (λ0 + β0) + log(1 + 2λ0 − λ0(1 + tc0i )−k0) + (λ0 + β0)(1 + tc0i )−k0 (3.12)

f ′1(θ) = −1 + (1 + tc0i )−k0 (3.13)

f ′2(θ) = − 1

λ0 + 1
− 1 +

2− (1 + tc0i )−k0

1 + 2λ0 − λ0 (1 + tc0)−k0
+ (1 + tc0i )−k0 (3.14)

f ′3(θ) =
λ0 (1 + ti

c0)−k0 k0ti
c0 log(ti)

(1 + ti
c0)
(

1 + 2λ0 − λ0 (1 + ti
c0)−k0

) − (λ0 + β0) (1 + ti
c0)−k0 k0ti

c0 log(ti)

1 + ti
c0

(3.15)

f ′4(θ) =
λ0 (1 + tc0i )−k0 log (1 + tc0i )

1 + 2λ0 − λ0 (1 + tc0i )−k0
− (λ0 + β0) (1 + tc0i )−k0 log (1 + ti

c0) (3.16)

h1 = β − β0, h2 = λ− λ0, h3 = c− c0, h4 = k − k0 (3.17)

Substitute equations from ( 3.11 ) to (3.17) in equation ( 3.10 ), we get:

E
(
log
[
1− F

(
t(i)
)])

=− log(λ0 + 1)− (λ0 + β0) + log(1 + 2λ0 − λ0(1 + tc0i )−k0)

+ (λ0 + β0)(1 + tc0i )−k0 + (β − β0)(−1 + (1 + tc0i )−k0)

+ (λ− λ0)(−
1

λ0 + 1
− 1 +

2− (1 + tc0i )−k0

1 + 2λ0 − λ0 (1 + tc0)−k0
+ (1 + tc0i )−k0)

+ (c− c0)

 λ0 (1 + ti
c0)−k0 k0ti

c0 log(ti)

(1 + ti
c0)
(

1 + 2λ0 − λ0 (1 + ti
c0)−k0

)
−(λ0 + β0) (1 + ti

c0)−k0 k0ti
c0 log(ti)

1 + ti
c0

]

+ (k − k0)

[
λ0 (1 + tc0i )−k0 log (1 + tc0i )

1 + 2λ0 − λ0 (1 + tc0i )−k0
− (λ0 + β0) (1 + tc0i )−k0 log (1 + ti

c0)

]
(3.18)
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When it is selected (β0, λ0, c0, k0) = (0, λ, 0, k) in the equation (3.18), we get:

log
[
1− F

(
t(i)
)]

=− log(λ+ 1)− λ+ log(1 + 2λ− 2−kλ) + 2−kλ+ β(−1 + 2−k)

+ c(
2−kλk log(ti)

2(1 + 2λ− 2−kλ)
− 2−kλk log(ti)

2
)

+ k(
2−kλk log(2)

1 + 2λ− 2−kλ
− 2−kλ log(2))

=− log(λ+ 1)− λ+ log(1 + 2λ− 2−kλ) + 2−kλ+ β(−1 + 2−k)

+ k(
2−kλk log(2)

1 + 2λ− 2−kλ
− 2−kλ log(2))

+ c(
2−kλk

2(1 + 2λ− 2−kλ)
− 2−kλk

2
) log(ti) (3.19)

the equation (3.19) represents multiple linear regression with one variables as following:

Y = b0 + b1X + ε (3.20)

where Y is the dependent variable.
X is the independent or predictor variables.
b0 and b1 are unknown parameters.
ε is the error term.
To estimate the parameters of this linear models which is similar method in the previous section, the
computations become very complicated.Thos, it will employ the methods of linear algebra to make
the computations be more efficient.
Suppose, the size of the random sample is equal n, then:

Yi = b0 + b1Xi1 + εi, i = 1, 2, . . . , n (3.21)

The goal in least squares regression is that minimizes the sum squer of errors:

n∑
i=1

ε2i =
n∑
i=1

[
log
[
1− F

(
t(i)
)]
− log(λ+ 1)− λ+ log(1 + 2λ− 2−kλ)

+ 2−kλ+ β(−1 + 2−k) + k(
2−kλk log(2)

1 + 2λ− 2−kλ
− 2−kλ log(2))

+ c(
2−kλk

2(1 + 2λ− 2−kλ)
− 2−kλk

2
) log(ti)]

2 (3.22)

Then with ~Y = [Y1, Y2, . . . , Yn]T , ~ε = [ε1, ε2, . . . , εn]T , ~B = [b0, b1, ]
T , and

X =


1 log

(
t(1)
)

1 log
(
t(2)
)

...
...

...
1 log

(
t(n)
)

 Then, in the case that XrX is invertible, the least squares estimator for

the coefficient vector ~B, is given by:

B̂ =
(
XTX

)−1
XTY (3.23)
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Comparing the equation (3.21) with (3.19) we get:

Yi = E
(
log
[
1− F

(
t(i)
)])

= log [1− Pi] (3.24)

b0 =− log(λ+ 1)− λ+ log(1 + 2λ− 2−kλ)

+ 2−kλ+ β(−1 + 2−k) + k(
2−kλk log(2)

1 + 2λ− 2−kλ
− 2−kλ log(2))

(3.25)

b1 = c(
2−kλk

2(1 + 2λ− 2−kλ)
− 2−kλk

2
) log(ti)]

2 (3.26)

Xi = log
(
t(i)
)

(3.27)

εi = log
[
1− F

(
t(i)
)]
− log(λ+ 1)− λ+ log(1 + 2λ− 2−kλ)

+ 2−kλ+ β(−1 + 2−k) + k(
2−kλk log(2)

1 + 2λ− 2−kλ
− 2−kλ log(2))

+ c(
2−kλk

2(1 + 2λ− 2−kλ)
− 2−kλk

2
) log(ti) (3.28)

and

B̂ =



− log(λ̂MRLS + 1)− λ̂MRLS + log(1 + 2λ̂MRLS − 2−kλ̂MRLS + 2−kλ+ β(−1 + 2−k)+

k̂MRLS(
2−k̂MRLS λ̂MRLS k̂MRLS log(2)

1 + 2λ̂MRLS − 2−k̂MRLS λ̂MRLS

− 2−k̂MRLS λ̂MRLS log(2))

ĉMRLS(
2−k̂MRLS λ̂MRLS k̂MRLS

2(1 + 2λ̂MRLS − 2−k̂MRLS λ̂MRLS)
− 2−k̂MRLS λ̂MRLS k̂MRLS

2
)


,

(3.29)

X =


1 x1
1 X2
...

...
1 Xn

 , ~Y =


− log [1− P1]
− log [1− P2]

...
− log [1− Pn]


(3.30)
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Substitute in equation (3.23), then the general formula for estimating the parameters is:

− log(λ̂MRLS + 1)− λ̂MRLS + log(1 + 2λ̂MRLS − 2−kλ̂MRLS + 2−kλ+ β(−1 + 2−k)+

k̂MRLS(
2−k̂MRLS λ̂MRLS k̂MRLS log(2)

1 + 2λ̂MRLS − 2−k̂MRLS λ̂MRLS

− 2−k̂MRLS λ̂MRLS log(2))

ĉMRLS(
2−k̂MRLS λ̂MRLS k̂MRLS

2(1 + 2λ̂MRLS − 2−k̂MRLS λ̂MRLS)
− 2−k̂MRLS λ̂MRLS k̂MRLS

2
)


=


[

1 1 . . . 1
log
(
t(1)
)

log
(
t(2)
)

. . . log
(
t(n)

]


1 log
(
t(1)
)

1 log
(
t(2)
)

...
...

...
1 log

(
t(n)
)





−1

 1 1 · · · 1

log
(
t(1)
)

log
(
t(2)
)
· · · log

(
t(n)
)


− log [1− P1]
− log [1− P2]

...
− log [1− Pn]

 (3.31)

and

− log(λ̂MRLS + 1)− λ̂MRLS + log(1 + 2λ̂MRLS − 2−kλ̂MRLS + 2−kλ+ β(−1 + 2−k)+

k̂MRLS(
2−k̂MRLS λ̂MRLS k̂MRLS log(2)

1 + 2λ̂MRLS − 2−k̂MRLS λ̂MRLS

− 2−k̂MRLS λ̂MRLS log(2))

ĉMRLS(
2−k̂MRLS λ̂MRLS k̂MRLS

2(1 + 2λ̂MRLS − 2−k̂MRLS λ̂MRLS)
− 2−k̂MRLS λ̂MRLS k̂MRLS

2
)


= (3.32)

[
n

∑n
i=1 log (tii))

∑n
i=1 t(i)∑n

i=1 log
(
t(i)
) ∑n

i=1

[
log
(
t(i)
)]2

(tii) log
(
t(i)
) ∑n

i=1

(
t(i)
)2 ]−1

×
[

−
∑n

i=1 log [1− Pi]
−
∑n

i=1 log
(
t(i)
)

log [1− Pi]

]
(3.33)

4. Conclusion

In this chapter ; we estimate of the parameters of WLBD by using the ordinary least squares
Methods (OLSM) and Multiple regression least squares Methods (MRLSM).In this approach, we ap-
proximate survival estimate with respect both ordinary least square estimator and multiple regression
estimator.
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