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Abstract

A two-wave mode Korteweg-de Vries equation is investigated by using Lie symmetry analysis. The
similarity reductions and new exact solutions are obtained via the simplest equation method. Exact
solutions including solitons are shown. In addition, the conservation laws are derived using the
multiplier approach.
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1. Introduction

Nonlinear partial differential equations (NLPDEs) depict a range of physical occurrence in the
area such as physics, chemistry, biology and fluid dynamics. Thus computing solutions of such
NLPDEs is unavoidable task. To obtain the exact solutions of NLPDEs, a number of methods have
been suggested in the literature. Some of the renowned approaches include the inverse scattering
transform method, Hirota’s bilinear method, homogeneous balance methods, etc. [16, 10, 26, 29, 25,
13, 9, 20, 21, 27, 12, 22, 11, 15, 2, 5, 3, 4, 14].

Conservation laws [24, 23, 6, 19] play an important role in reducing and finding the solution
of differential equations. Computing conservation laws of different equations is the first step in
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determining exact solutions. The number of conservation laws determine how close one is to the
complete solution. Thus the more conservation laws one finds, the closer one gets to the solution.

The Lie symmetry method [8, 7] is employed to construct a symmetry reduction, and exact
solutions. We then derive the conservation laws using the multiplier approach for a two-wave mode
Korteweg-de Vrie equation (TKdV) [28, 18]

utt − s2uxx + utux + uutx − αs
(
uuxx + ux

2
)
+ utxxx − βsuxxxx = 0. (1.1)

The above equation was proposed as a nonlinear multi-mode dispersive wave equation that describes
the wave propagation in one space dimension in a weakly nonlinear and weakly dispersive system.

2. Symmetry reductions and exact solutions of (1.1)

The vector field

X = ξ1(t, x, u)
∂

∂t
+ ξ2(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u
(2.1)

is a Lie point symmetry of (1.1) if

X [4]

{
utt − s2uxx + utux + uutx − αs

(
uuxx + ux

2
)
+ utxxx − βsuxxxx

}∣∣∣∣
(1.1)

= 0,

where X [4] is the fourth prolongation of (2.1). Expanding the above equation and splitting on the
derivatives of u leads to the following overdetermined system of linear partial differential equations:

ξ1x = 0, (2.2)

ξ2u = 0, (2.3)

ξ1u = 0, (2.4)

ηuu = 0, (2.5)

ηxu − ξ2xx = 0, (2.6)

2 β sξ1t − 4 β sξ2x + ξ2t = 0, (2.7)

β sξ1t − β sξ2x + ξ2t = 0, (2.8)

−αβ sηu − 2αβ sξ2x + αξ2t − βξ2t = 0, (2.9)

4 β sηxu − 6 β sξ2xx − ηtu + 3 ξ2tx = 0, (2.10)

−β sηu + β sξ1t − 3 β sξ2x + ξ2t = 0, (2.11)

uηxu + ηx + 2 ηtu + ηxxxu − ξ1tt = 0, (2.12)

−α suηxx − β sηxxxx − s2ηxx + uηtx + ηtt + ηtxxx = 0, (2.13)

uβ sξ1t − 3uβ sξ2x − β sη1 − 3 β sηxxu + 2 β sξ2t + β sξ2xxx + uξ2t = 0, (2.14)

−2αβ suξ2x − αβ sη1 − 6 β2sηxxu + 4 β2sξ2xxx − 2 β s2ξ2x + αuξ2t − β uξ2t
+3 βηtxu − 3 βξ2txx + sξ2t = 0, (2.15)

2α suηxu − α suξ2xx + 2α sηx + 4 β sηxxxu − β sξ2xxxx + 2 s2ηxu − s2ξ2xx
−uηtu + uξ2tx − ηt − 3 ηtxxu + ξ2tt + ξ2txxx = 0. (2.16)
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Solving the above system of equations with the aid of Maple leads to the two dimensional Lie algebra
spanned by the following linearly independent operators:

X1 =
∂

∂t
,

X2 =
∂

∂x
.

The linear combination of the translation symmetries ωX1 + X2 gives rise to the group-invariant
solution

u(x, t) = F (z), (2.17)

where z = x−ωt is an invariant of the symmetry ωX1 +X2. Substitution of (2.17) into (1.1) results
in

sβFzzzz + ωFzzzz + s2Fzz − ω2Fzz + ωFFzz − ωF 2
z

+sα
(
FFzz + F 2

z

)
= 0, (2.18)

whose solution is given by

F (z) =
3 (ω2 − s2) sech2

(
z
√
ω2−s2

2
√
sβ+ω

)
sα + ω

. (2.19)

Consequently the required group invariant solution is completed by (2.17).

2.1. Exact solutions using the simplest equation method

We now use the simplest equation method [25], to solve (2.18) and as a result we obtain the
exact solutions system (1.1). The simplest equations that will be used are the Bernoulli and Riccati
equations.

We briefly recall the simplest equation method here. Let us consider the solutions of (1.1) in the
form

F (z) =
M∑
i=0

Ai(H(z))i, (2.20)

where H(z) satisfies the Bernoulli or Riccati equation, M is a positive integer that can be determined
by balancing procedure and A0, · · · , AM are parameters to be determined. We note that the Bernoulli
and Riccati equations are well-known nonlinear equations whose solutions can be expressed in terms
of elementary functions.

We consider the Riccati equation

H ′(z) = aH2(z) + bH(z) + c, (2.21)

where a, b and c are constants, we shall use the solutions

H(z) = − b

2a
− θ

2a
tanh

[
1

2
θ(z + C)

]
(2.22)
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and

H(z) = − b

2a
− θ

2a
tanh

(
1

2
θz

)
+

sech
(
θz
2

)
C cosh

(
θz
2

)
− 2a

θ
sinh

(
θz
2

) , (2.23)

where θ2 = b2 − 4ac > 0 and C is a constant of integration.
For Bernoulli equation

H ′(z) = eH(z) + dH2(z), (2.24)

where a and b are constants. The solution of this equation is given by

H(z) = e

{
cosh[e(z + C)] + sinh[e(z + C)]

1− d cosh[e(z + C)]− d sinh[e(z + C)]

}
. (2.25)

2.1.1. Application of the simplest equation method: Riccati equation

The balancing procedure yields M = 2 so the solutions of (2.18) are of the form

F (z) = A0 + A1H + A2H
2. (2.26)

Substituting equation (2.26) into equation (2.18) and making use of equation (2.21) and then equating
all coefficients of the functions H i to zero,with the aid of Maple we obtain the following overdeter-
mined system of algebraic equations in terms of A0, A1, A2:

−120 a4β sA2k1
4 + 120 a4A2k1

3k2 − 10 a2α sA2
2k1

2 + 10 a2A2
2k1k2 = 0,

−24 a4β sA1k1
4 − 336 a3bβ sA2k1

4 + 24 a4A1k1
3k2 + 336 a3bA2k1

3k2

−12 a2α sA1A2k1
2 − 18 aα bsA2

2k1
2 + 12 a2A1A2k1k2 + 18 abA2

2k1k2 = 0,

−8 abβ c2sA1k1
4 − 16 aβ c3sA2k1

4 − b3β csA1k1
4 − 14 b2β c2sA2k1

4

+8 abc2A1k1
3k2 + 16 ac3A2k1

3k2 + b3cA1k1
3k2 + 14 b2c2A2k1

3k2 − α bcsA0A1k1
2

−2α c2sA0A2k1
2 − α c2sA1

2k1
2 − bcs2A1k1

2 − 2 c2s2A2k1
2 + bcA0A1k1k2

+2 c2A0A2k1k2 + c2A1
2k1k2 + bcA1k2

2 + 2 c2A2k2
2 = 0,

−60 a3bβ sA1k1
4 − 240 a3β csA2k1

4 − 330 a2b2β sA2k1
4 + 60 a3bA1k1

3k2

+240 a3cA2k1
3k2 + 330 a2b2A2k1

3k2 − 6 a2α sA0A2k1
2 − 3 a2α sA1

2k1
2

−21 aα bsA1A2k1
2 − 16 aα csA2

2k1
2 − 8α b2sA2

2k1
2 − 6 a2s2A2k1

2

+6 a2A0A2k1k2 + 3 a2A1
2k1k2 + 21 abA1A2k1k2 + 16 acA2

2k1k2 + 8 b2A2
2k1k2

+6 a2A2k2
2 = 0,

−40 a3β csA1k1
4 − 50 a2b2β sA1k1

4 − 440 a2bβ csA2k1
4 − 130 ab3β sA2k1

4

+40 a3cA1k1
3k2 + 50 a2b2A1k1

3k2 + 440 a2bcA2k1
3k2 + 130 ab3A2k1

3k2

−2 a2α sA0A1k1
2 − 10 aα bsA0A2k1

2 − 5 aα bsA1
2k1

2 − 18 aα csA1A2k1
2

−9α b2sA1A2k1
2 − 14α bcsA2

2k1
2 − 2 a2s2A1k1

2 − 10 abs2A2k1
2

+2 a2A0A1k1k2 + 10 abA0A2k1k2 + 5 abA1
2k1k2 + 18 acA1A2k1k2 + 9 b2A1A2k1k2

+14 bcA2
2k1k2 + 2 a2A1k2

2 + 10 abA2k2
2 = 0,
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−16 a2β c2sA1k1
4 − 22 ab2β csA1k1

4 − 120 abβ c2sA2k1
4 − b4β sA1k1

4

−30 b3β csA2k1
4 + 16 a2c2A1k1

3k2 + 22 ab2cA1k1
3k2 + 120 abc2A2k1

3k2 + b4A1k1
3k2

+30 b3cA2k1
3k2 − 2 aα csA0A1k1

2 − α b2sA0A1k1
2 − 6α bcsA0A2k1

2 − 3α bcsA1
2k1

2

−6α c2sA1A2k1
2 − 2 acs2A1k1

2 − b2s2A1k1
2 − 6 bcs2A2k1

2 + 2 acA0A1k1k2

+b2A0A1k1k2 + 6 bcA0A2k1k2 + 3 bcA1
2k1k2 + 6 c2A1A2k1k2 + 2 acA1k2

2 + b2A1k2
2

+6 bcA2k2
2 = 0,

−60 a2bβ csA1k1
4 − 136 a2β c2sA2k1

4 − 15 ab3β sA1k1
4 − 232 ab2β csA2k1

4

−16 b4β sA2k1
4 + 60 a2bcA1k1

3k2 + 136 a2c2A2k1
3k2 + 15 ab3A1k1

3k2 + 232 ab2cA2k1
3k2

+16 b4A2k1
3k2 − 3 aα bsA0A1k1

2 − 8 aα csA0A2k1
2 − 4 aα csA1

2k1
2 − 4α b2sA0A2k1

2

−2α b2sA1
2k1

2 − 15α bcsA1A2k1
2 − 6α c2sA2

2k1
2 − 3 abs2A1k1

2 − 8 acs2A2k1
2

−4 b2s2A2k1
2 + 3 abA0A1k1k2 + 8 acA0A2k1k2 + 4 acA1

2k1k2 + 4 b2A0A2k1k2

+2 b2A1
2k1k2 + 15 bcA1A2k1k2 + 6 c2A2

2k1k2 + 3 abA1k2
2 + 8 acA2k2

2

+4 b2A2k2
2 = 0.

On solving the resultant system of algebraic equations, we obtain

β =
1

2

12 a2k1
2k2 − α sA2k1 + A2k2

a2sk1
3 ,

A0 = − 1

12

−8 aα csA2k1
2 − α b2sA2k1

2 + 12 a2s2k1
2 + 8 acA2k1k2 + b2A2k1k2 − 12 a2k2

2

a2k1 (α sk1 − k2)
,

A1 =
bA2

a
.

Consequently a solutions of equation (2.18) are

u(x, t) = A0 + A1

{
− b

2a
− θ

2a
tanh

(
1

2
θ(z + 2)

)}
A2

{
− b

2a
− θ

2a
tanh

(
1

2
θ(z + 2)

)}2

(2.27)

and

u(x, t) = A0 + A1

{
− b

2a
− θ

2a
tanh

(
1

2
θz

)
+

sech
(
θz
2

)
C cosh

(
θz
2

)
− 2a

θ
sinh

(
θz
2

)}
A2

{
− b

2a
− θ

2a
tanh

(
1

2
θz

)
+

sech
(
θz
2

)
C cosh

(
θz
2

)
− 2a

θ
sinh

(
θz
2

)}2

, (2.28)

where z = k1x+ k2t+ k3 and θ2 = b2 − 4ac > 0.

2.1.2. Application of the simplest equation method: Bernoulli equation

The balancing procedure yields M = 2 so the solutions of (2.18) are of the form

F (z) = A0 + A1H + A2H
2. (2.29)
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Figure 1: Profiles of solutions (2.27) and (2.28)

Substituting equation (2.29) into equation (2.18) and making use of equation (2.24) and then equating
all coefficients of the functions H i to zero, using Maple, we obtain the following overdetermined
system of algebraic equations in terms of A0, A1, A2:

−120 β e4sA2k1
4 + 120 e4A2k1

3k2 − 10α e2sA2
2k1

2 + 10 e2A2
2k1k2 = 0,

−β d4sA1k1
4 + d4A1k1

3k2 − α d2sA0A1k1
2 − d2s2A1k1

2 + d2A0A1k1k2

+d2A1k2
2 = 0,

−336 β de3sA2k1
4 − 24 β e4sA1k1

4 + 336 de3A2k1
3k2 + 24 e4A1k1

3k2

−18α desA2
2k1

2 − 12α e2sA1A2k1
2 + 18 deA2

2k1k2 + 12 e2A1A2k1k2 = 0,

−330 β d2e2sA2k1
4 − 60 β de3sA1k1

4 + 330 d2e2A2k1
3k2 + 60 de3A1k1

3k2

−8α d2sA2
2k1

2 − 21α desA1A2k1
2 − 6α e2sA0A2k1

2 − 3α e2sA1
2k1

2

−6 e2s2A2k1
2 + 8 d2A2

2k1k2 + 21 deA1A2k1k2 + 6 e2A0A2k1k2 + 3 e2A1
2k1k2

+6 e2A2k2
2 = 0,

−16 β d4sA2k1
4 − 15 β d3esA1k1

4 + 16 d4A2k1
3k2 + 15 d3eA1k1

3k2 − 4α d2sA0A2k1
2

−2α d2sA1
2k1

2 − 3α desA0A1k1
2 − 4 d2s2A2k1

2 − 3 des2A1k1
2 + 4 d2A0A2k1k2

+2 d2A1
2k1k2 + 3 deA0A1k1k2 + 4 d2A2k2

2 + 3 deA1k2
2 = 0,

−130 β d3esA2k1
4 − 50 β d2e2sA1k1

4 + 130 d3eA2k1
3k2 + 50 d2e2A1k1

3k2

−9α d2sA1A2k1
2 − 10α desA0A2k1

2 − 5α desA1
2k1

2 − 2α e2sA0A1k1
2

−10 des2A2k1
2 − 2 e2s2A1k1

2 + 9 d2A1A2k1k2 + 10 deA0A2k1k2 + 5 deA1
2k1k2

+2 e2A0A1k1k2 + 10 deA2k2
2 + 2 e2A1k2

2 = 0.

On solving the resultant system of algebraic equations, we obtain

β = − 1

12

−12 e2k1
2k2 + α sA2k1 − A2k2

k1
3se2

,

A0 =
1

2

α d2sA2k1
2 − 12 e2s2k1

2 − d2A2k1k2 + 12 e2k2
2

e2k1 (α sk1 − k2)
,

A1 =
dA2

e
.
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Consequently a solution of equation (2.18) is

u(x, t) = A0 + A1e

{
cosh[e(z + C)] + sinh[e(z + C)]

1− d cosh[e(z + C)]− d sinh[e(z + C)]

}
.

A2

{
e

cosh[e(z + C)] + sinh[e(z + C)]

1− d cosh[e(z + C)]− d sinh[e(z + C)]

}2

, (2.30)

where z = k1x+ k2t+ k3 and C is an arbitrary constant of integration.

Figure 2: Profile of solution (2.30)

Hereby, we give some figures to describe our solutions.

2.2. Conservation laws of (1.1)

A local conservation law for equation (1.1)

G = utt − s2uxx + utux + uutx − αs
(
uuxx + ux

2
)
+ utxxx − βsuxxxx (2.31)

is a space-time divergence

DtT
t +DxT

x|(1.1) = 0, (2.32)

which holds for all formal solutions u(t, x) of equation (1.1), where the conserved density T t and the
spatial fluxe T x are functions of t, x, u and derivatives of u.

We obtain a multiplier Λ, that is given by

Λ(t, x, u) = 2 s2α3A2xt+ A2s
3α2t2 + sA2α

2x2 − 2 s2αA2xt− A2s
3t2 + sA4αt

−sA2x
2 − 2αA2 + 2 β A2 + A1x+ A4x+ A3 −

{
A6 cos

(
α s3/2

√
α2 − 1t√

α− β

)
−A5 sin

(
α s3/2

√
α2 − 1t√

α− β

)}
cos

(√
s
√
α2 − 1x√
α− β

)
+ sin

(√
s
√
α2 − 1x√
α− β

)
{
A5 cos

(
α s3/2

√
α2 − 1t√

α− β

)
+ A6 sin

(
α s3/2

√
α2 − 1t√

α− β

)}
.

Thus, corresponding to the above multiplier we have the following conservation laws:

DtT
t
1 +DxT

x
1 |(1.1) = 0,
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T t
1 =

1

4

(
2xuxu− u2 + 4xut − uxx + xuxxx

)
,

T x
1 =

1

4

(
− 4sxαuxu+ 2xutu+ 4s2u+ 2sαu2 − 4s2xux + 4sβuxx − 4sxβuxxx

−2utx + 3xutxx

)
;

DtT
t
2 +DxT

x
2 |(1.1) = 0,

T t
2 =

1

4

(
− 8tα2us3 + 8tus3 − 2t2uuxs

3 + 2t2α2uuxs
3 − t2uxxxs

3 + t2α2uxxxs
3

−4t2uts
3 + 4t2α2uts

3 − 2tα3u2s2 + 2tαu2s2 − 8xα3us2 + 8xαus2

+4txα3uuxs
2 − 4txαuuxs

2 − 2tα3uxxs
2 + 2tαuxxs

2 + 2txα3uxxxs
2

−2txαuxxxs
2 + 8txα3uts

2 − 8txαuts
2 − 2xα2u2s+ 2xu2s+ 2α2uxs

−2x2uuxs+ 2x2α2uuxs− 2uxs− 2xα2uxxs+ 2xuxxs− x2uxxxs

+x2α2uxxxs− 4x2uts+ 4x2α2uts− 4αuux + 4βuux − 2αuxxx + 2βuxxx

−8αut + 8βut

)
,

T x
2 =

1

4
(4t2uxs

5 − 4t2α2uxs
5 + 8tα3us4 − 8tαus4 − 8txα3uxs

4 + 8txαuxs
4

−4t2α3uuxs
4 + 4t2αuuxs

4 + 4t2βuxxxs
4 − 4t2α2βuxxxs

4 + 4tα4u2s3

−6tα2u2s3 + 2tu2s3 + 8xα2us3 − 8xus3 + 4x2uxs
3 − 4x2α2uxs

3

−8txα4uuxs
3 + 8txα2uuxs

3 − 2tα2uxxs
3 + 2tuxxs

3 + 8tα3βuxxs
3

−8tαβuxxs
3 − 8txα3βuxxxs

3 + 8txαβuxxxs
3 − 2t2uuts

3 + 2t2α2uuts
3

−3t2utxxs
3 + 3t2α2utxxs

3 + 2xα3u2s2 − 2xαu2s2 + 4α3uxs
2 + 4αuxs

2

−8α2βuxs
2 − 4x2α3uuxs

2 + 4x2αuuxs
2 − 2xα3uxxs

2 + 2xαuxxs
2

+8xα2βuxxs
2 − 8xβuxxs

2 + 4x2βuxxxs
2 − 4x2α2βuxxxs

2 + 4txα3uuts
2

−4txαuuts
2 − 4tα3utxs

2 + 4tαutxs
2 + 6txα3utxxs

2 − 6txαutxxs
2 + 8α2uuxs

−8αβuuxs− 8β2uxxxs+ 8αβuxxxs+ 2α2uts− 2x2uuts+ 2x2α2uuts− 2uts

−4xα2utxs+ 4xutxs− 3x2utxxs+ 3x2α2utxxs− 4αuut + 4βuut − 6αutxx

+6βutxx);

DtT
t
3 +DxT

x
3 |(1.1) = 0,

T t
3 =

1

4
(2uxu+ 4ut + uxxx) ,

T x
3 =

1

4

(
−4sαuxu+ 2utu− 4s2ux − 4sβuxxx + 3utxx

)
;

DtT
t
4 +DxT

x
4 |(1.1) = 0,
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T t
4 =

1

4

(
2stαuxu+ 2xuxu− 4sαu− u2 + stαuxxx + 4stαut + 4xut − uxx + xuxxx

)
,

T x
4 =

1

4

(
− 4s2tα2uxu− 4sxαuxu+ 2stαutu+ 2xutu+ 4s2u+ sαu2 − 4s3tαux

−4s2tαβuxxx − 4s2xux + 3stαutxx − sαuxx + 4sβuxx − 4sxβuxxx − 2utx

+3xutxx

)
;

DtT
t
5 +DxT

x
5 |(1.1) = 0,

Γ =

√
α2 − 1

√
s(αst+ x)√

α− β
,

T t
5 =

1

4(α− β)3/2

{
− 3s3/2

√
α2 − 1 cos(Γ)uα2 − s

√
α− β sin(Γ)uxα

2

−
√
s
√
α2 − 1 cos(Γ)u2α + 4s3/2

√
α2 − 1β cos(Γ)uα + 2

√
α− β sin(Γ)uuxα

−
√
s
√
α2 − 1 cos(Γ)uxxα +

√
α− β sin(Γ)uxxxα + 4

√
α− β sin(Γ)utα

+
√
s
√
α2 − 1β cos(Γ)u2 − s3/2

√
α2 − 1 cos(Γ)u+ s

√
α− β sin(Γ)ux

−2
√

α− ββ sin(Γ)uux +
√
s
√
α2 − 1β cos(Γ)uxx −

√
α− ββ sin(Γ)uxxx

−4
√

α− ββ sin(Γ)ut

}
,

T x
5 =

1

4(α− β)3/2

{
3s5/2

√
α2 − 1 cos(Γ)uα3 − 2s2

√
α− β sin(Γ)uxα

3

+s3/2
√
α2 − 1 cos(Γ)u2α2 − 4s5/2

√
α2 − 1β cos(Γ)uα2 + 4s2

√
α− ββ sin(Γ)uxα

2

−4s
√

α− β sin(Γ)uuxα
2 − s3/2

√
α2 − 1 cos(Γ)uxxα

2 − s
√

α− β sin(Γ)utα
2

−s3/2
√
α2 − 1β cos(Γ)u2α + s5/2

√
α2 − 1 cos(Γ)uα− 2s2

√
α− β sin(Γ)uxα

+4s
√
α− ββ sin(Γ)uuxα + 5s3/2

√
α2 − 1β cos(Γ)uxxα− 4s

√
α− ββ sin(Γ)uxxxα

+2
√

α− β sin(Γ)uutα− 2
√
s
√
α2 − 1 cos(Γ)utxα + 3

√
α− β sin(Γ)utxxα

−4s3/2
√
α2 − 1β2 cos(Γ)uxx + 4s

√
α− ββ2 sin(Γ)uxxx + s

√
α− β sin(Γ)ut

−2
√

α− ββ sin(Γ)uut + 2
√
s
√
α2 − 1β cos(Γ)utx − 3

√
α− ββ sin(Γ)utxx

}
;

DtT
t
6 +DxT

x
6 |(1.1) = 0,

Γ =

√
α2 − 1

√
s(αst+ x)√

α− β
,
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T t
6 =

1

4(α− β)3/2

{
− 3s3/2

√
α2 − 1 sin(Γ)uα2 + s

√
α− β cos(Γ)uxα

2

−
√
s
√
α2 − 1 sin(Γ)u2α + 4s3/2

√
α2 − 1β sin(Γ)uα− 2

√
α− β cos(Γ)uuxα

−
√
s
√
α2 − 1 sin(Γ)uxxα−

√
α− β cos(Γ)uxxxα− 4

√
α− β cos(Γ)utα

+
√
s
√
α2 − 1β sin(Γ)u2 − s3/2

√
α2 − 1 sin(Γ)u− s

√
α− β cos(Γ)ux

+2
√
α− ββ cos(Γ)uux +

√
s
√
α2 − 1β sin(Γ)uxx +

√
α− ββ cos(Γ)uxxx

+4
√

α− ββ cos(Γ)ut

}
,

T x
6 =

1

4(α− β)3/2

{
3s5/2

√
α2 − 1 sin(Γ)uα3 + 2s2

√
α− β cos(Γ)uxα

3

+s3/2
√
α2 − 1 sin(Γ)u2α2 − 4s5/2

√
α2 − 1β sin(Γ)uα2 − 4s2

√
α− ββ cos(Γ)uxα

2

+4s
√
α− β cos(Γ)uuxα

2 − s3/2
√
α2 − 1 sin(Γ)uxxα

2 + s
√
α− β cos(Γ)utα

2

−s3/2
√
α2 − 1β sin(Γ)u2α + s5/2

√
α2 − 1 sin(Γ)uα + 2s2

√
α− β cos(Γ)uxα

−4s
√
α− ββ cos(Γ)uuxα + 5s3/2

√
α2 − 1β sin(Γ)uxxα + 4s

√
α− ββ cos(Γ)uxxxα

−2
√

α− β cos(Γ)uutα− 2
√
s
√
α2 − 1 sin(Γ)utxα− 3

√
α− β cos(Γ)utxxα

−4s3/2
√
α2 − 1β2 sin(Γ)uxx − 4s

√
α− ββ2 cos(Γ)uxxx − s

√
α− β cos(Γ)ut

+2
√

α− ββ cos(Γ)uut + 2
√
s
√
α2 − 1β sin(Γ)utx + 3

√
α− ββ cos(Γ)utxx

}
.

3. Concluding remarks

In this work we studied the two-wave Korteweg-de Vries equation via Lie symmetry method
and applied the simplest equation method to generate travelling wave solutions. Finally, derived
conservation laws using multiplier approach.
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