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Abstract

This manuscript is devoted to establishing Hyers—Ulam stability for a class of non-linear impul-
sive coupled sequential fractional differential equations with multi point boundary conditions on a
closed interval [0,T] with Caputo fractional derivative having non-instantaneous impulses. Sufficient
conditions are introduced that guarantee the existence of a unique solution to the proposed prob-
lem. Furthermore, Hyers—Ulam stability of the proposed model is also presented and an example is
provided to authenticate the theoretical results.
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1. Introduction

Fractional order derivatives are the generalized forms of integer order derivatives. The idea about
the fractional order derivative was introduced at the end of sixteenth century (1695) when Leibniz
used the notation d% for n'* order derivative. By writing a letter to him, L’Hospital asked what we
can say about n = %? Leibniz answered in such words, “An apparent Paradox, a day will come to
get benefits of this notion” and this question becomes the foundation of fractional calculus. In that
time many mathematicians like Fourier and Laplace contributed in the development of fractional
calculus. After that when Riemann and Liouville introduced Riemann-Liouville derivative which is a
fundamental concept in fractional calculus, then fractional calculus became the most interested area

for researchers. Fractional order derivative is global operator, which is used as a tool for modeling
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different processes and physical phenomenon like mathematical biology [15], electro-chemistry [12],
control theory [22], dynamical process [19], image and signal processing [17] etc. For more applications
of fractional order differential equations, we refer the reader to [T, 8, [14, 16l 25] 27, 28], [34].

The most preferable research area in the field of Fractional Differential Equations (FDE’s) which
received great attention from the researchers is the theory regarding the existence of solutions. Many
researchers developed some interesting results about the existence of solutions of different boundary
value problems (BVP’s), using different the approach of fixed point [2, [5, [7, 18]. From the literature,
it has been observed that most of the time, the exact solution of nonlinear differential equations is
a tough job, in such situation different approximation techniques were introduced. The difference
between exact and approximate solutions is now a days dealing with the help of Hyers-Ulam (HU)
type stabilities, which was first initiated in 1940 by Ulam [20] and then extended by Hyers in the
next year, in the context of Banach spaces. Many researchers investigated HU type stabilities for
different problems with different approaches, [3, 6, [1T], 13, 23, 291 B0}, 31, 32, B3], B35].

Wang et al. [24], investigated the existence and HU stability of solutions:

“Dp(t) — Fa(t)p(t) = f(t,p(t),q(t), t€ T, t#1t,
“Dp(t) — Fa(t)q(t) = g(t,p(t),q(t), t€T, t#t,
Ap(t)]e=t, = L(p(t)), Aq(t)|e=t, = Li(a(t)),
P()]e=t, +0(p) = po, q(t)t=t, +©(q) = qo,

where “D°, “©? denotes the Caputo derivative of order o and 3. Influenced by the above discussion,
in this article, we present existence and stability analysis of sequential coupled FDE with non-
instantaneous impulses of the form

DD+ Np(t) = f(t,p(t),q(t)), te€ (tr,sx], 0<a<l, k=0,1,...,m,
DD+ wq(t) = g(t,p(t),q(t), te (ti,si], 0<B<1, k=0,1,....m,
p(t) = Ni(t,p(t)), q(t) = Mi(t,q(t)), te€ (sp_1,t], k=1,2,...,m,
p(0) =0, p(sg) =0, q(0)=0, q(sx) =0, k=0,1,...,m,

(1.1)

where @, “©” and © denotes Caputo derivatives of order «, 3 and ordinary derivative, respectively.
0=1t) <sop <t <s1< -+ <ty <s, =T for a pre-fixed number T" > 0 and \,u € R,.
The nonlinear continuous functions are defined as; f,g : [0,7] x R* - RVt € [0,7] = J and
M, Nkt (8p_1,tk] X R — R are non-instantaneous impulses such that My, N}, are continuous for
each k=1,2,....m

The rest of the paper have the pattern as: Section [2] is devoted basic notions. In Section |3 the
solution of the proposed system is investigated. HU stability is analyzed in Section [} Finally, an
example is provided in sectionf}

2. Preliminaries and Notions

Here we present the basic notations. Endowing the norms as ||p||g, = sup {|p(t)| for all t € J}
and ||¢||g, = sup {|q(t)] forall t € J }, where E; and E, are Banach spaces, respectively. Their
product E = E; x E, is also Banach space with norm ||(p, ¢)||g = ||p|lg, + ||¢|E,-

Let PC[J, E] denotes the space of piecewise continuous functions define as

PCIT,E|={f: T xE—> R, teJ}
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with norms

[fllpe = sup{|f(t)].t € T}.

We recall the following definitions from [26].

Definition 2.1. [9] The fractional order integral of order o > 0 for a function p € L*([0,T], R+)
in the sense of Caputo, where the lower limit is zero is defined by

Fop(t) = ﬁ /0 (t— 5) p(s)ds t >0,

provided that the integral on right side exists, where I' is Fuler Gamma function defined as
[ee]
INa) = / t* e tdt.
0

Definition 2.2. [9] The fractional order derivative of order a € Ry in the sense of Caputo for a
function p : [0,T] = R is defined as

1

Dp(t) = m/o (t—s)" " 1p"(s)ds,

where n = [o] + 1 and [ denotes the integer part of the real number «.
Definition 2.3. [10] The sequential fractional order derivative for a function p is defined as:
D(t) = DMUMD .. DY p(t),

where o = (1, ,Q3,...,Qy) s any multi-indez and the operator ®% can either be Caputo or
Riemann-Liouwville or any other kind of integro-differential operator.

Lemma 2.4. [J] For any o > 0, the solution of Caputo fractional differential equation “®*u(t) =0
1s of the form

u(t) = ag + art + agt®> + -+ ap_t"
where a; € R,i=0,1,2,...,n—1 and n = [a] + 1.
Lemma 2.5. [9] For any o > 0, we have
J*(“D*u(t)) = u(t) + ag + art + agt® + - + a, 1 t" 1,
where a; € R, {i =0,1,2,...,n— 1} and n = [o] + 1.

Theorem 2.6. (Altman [])])
Let B, # () be closed convex subset of Banach space E. Consider F , G be two operators
such that

e F(p.q) + G(p,q) € By, where (p,q), (p,q) € B:.

e The operator F is contractive.
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e The operator G is completely continuous.

Then the equation (p,q) = F(p,q) + G(p,q), (p,q) € E has a solution (p,q) € B,.

Definition 2.7. (Urs [21]) The coupled impulsive FDE is said to be HU stable if there exist
Vi(i =1,2,3,4) > 0 such that, for p;(i =1,2) > 0 and for every solution (p,q) € E of the following
mequalities

DD + M)p(t) — f(t,D(t),q(t)] < o1, t€ (t,s:], 0<a<l, k=0,1,...,m,
p(t) = Na(t, 5(D)] < 91, t€ (sp_n,te], k=1,2,....m,

D (D + p)q(t) — g(t,p(t),q(t)| < o2, t€ (tiysi], 0<B<1, k=0,1,....m,
q(t) — Mi(t,q(1)| < 2, k=1,2,...,m,

there ezists a solution (p,q) € E with

lp — Bllpe < Vigr + Vagpa,
llg — Gllpe < Va1 + Vipo.

Definition 2.8. Ifn; be the (real or complex) eigenvalues of a matrizx Q € C™*" fori=1,2,3...,n
then the spectral radius p(Q) is defined by

p(Q) = max{|n;|, fori =1,2,...,n}.
Further, the system corresponding to the matriz Q will converges to zero if p(Q) < 1.

Theorem 2.9. (Urs[21l/, Theorem 4)
Consider E be a Banach space with Z,, 25 : E — E be two operators such that

1Z1(p,q) — Z1(D,9)|lpc < Villp — p*|| + Vallg — ¢
1220, @) — Z2(5,9) |l pec < Vsllp — p*|| + Vallg — ¢
V(p,q),(p",q") € E

and if the system corresponding to the matriz
_ | Vs Vs
Q= { Vi Vs ]
converges to zero, then the fized points corresponding to operational system (1.1) are HU stable.

3. Existence theory of the proposed problem (|1.1))
In this section, we present existence, uniqueness and at least one solution of ([1.1).

Lemma 3.1. Let 0 <a<1,0< <1 and hy,he : J — R are given continuous functions, a pair
(p, q) is a solution of the linear impulsive coupled system
DD+ Mp(t) =hi(t), 0<a<l, k=0,1,...,m, teJ,
DD+ p)g(t) = ho(t), 0<B <1, k=0,1,....m, tcJ,
p(t) = Ni(t,p(t), q(t) = My(t.q(t)), k=1,2,...,m
p(0) =0, p(sk) =0, ¢(0) =0, q¢(sx) =0, k=0,1,....m,

(3.1)
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if and only if (p,q) satisfies the following fractional integral equations.

([} e XE0T0h, (s)ds + AN [0 G A0, (s)ds, t € [0, 5],
p(t) Nk(t), te (Skfl,tk], k=1,2,...,m,
- b —A(t—s)~a Sk ,—A(sp—s)yo
Jo, e I (s)ds + By [F e Mm% (s)ds
\ +(52\Nk(tk), te (tk,Sk], k::1,2,...,m,

( fg e M0TPhy(s)ds + Ar [0 e P00 38hy(s)ds, t € [0, sol,

Mi(t); te€ (sp1,te], E=1,...,m,

t) = s - 3.3
q(t) ft’; e‘“(t_s)Jﬂhg(s)ds + Bl ftkk e‘“(sk_s)ﬁhg(s)ds (3.3)
\ +(5£Mk(tk), te (tk,sk], k=1,2,...,m,

(3.2)

where
4 — 1—e
e~ — 1’
1 — ef’y(tftk)
Yy _
By=—mm—7 o
5 = 1 — e (t=sk)

Proof . Let (p,q) € E is a solution of the problem (3.1). To show that (p,q) € E satisfies the
fractional integral equations (3.2)), (3.3) we proceed in the following manner.
For t € [0, s¢], we consider

DD + AN)p(t) = hy(t). (3.4)

Using Lemma [2.4] and ordinary integration, we obtain

’ At ]' - 6_/\t At
p(t) = /0 e MEDT3R (5)ds + ¢ <T) + doe™ . (3.5)

For obtaining the arbitrary constants ¢y and dy, we apply the boundary conditions p(0) = p(sg) =0
on (3.5), we get

A

Co — ————
_1 + 6—)\80

0
/ e N0=I)3%n, (s)ds  and dy = 0.
0

Substituting the above ¢y and dy values in equation (3.5)), we get

t S0
p(t) :/ e_’\(t_s)’Jo‘hl(s)ds—i-A’\/ e A=) g30n (5)ds, t € [0, ), (3.6)
0 0
where .
1—e
A
AN = T

Now if t € (sg, t1] then p(t) = N (t).
For t € (t1, s1], (3.4)) gives

t 1— e—A(t—tl)
p(t) = / e N3N (5)ds + ¢ (f) + die. (3.7)
t1
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For obtaining the arbitrary constants ¢; and dy, we apply the impulsive and boundary conditions
p(t1) = Mi(t1) and p(s1) = 0 respectively on ([3.7), we have
7)\(817t1) _ 1)

A o — S1—S)~Qx A(
/ NIy (s)ds + DN )

a = 6—>\(S1—t1) _ 1

t1

and

dl = GAthl (tl).
By substituting the values of ¢; and d; in (3.7)), we get

t 51
[ e mm s + BY [ e 03 s)ds + 5N ),

p(t) =
t1 t
where
1 — e—)\(t—tl)
A
Bj P — and
g ol e
1 _ €—>\(81—t1)
In general: (Repeating the same steps).
For t € (sk_1,tx], we have
p(t) = Ni(t). (3.8)
For t € (tg, sx] the solution of (3.7) with boundary condition p(tx) = Ni(tx) and p(sx) = 0 gives
t Sk
p(t) = / e N=DF, (s)ds + B,;\/ e AT (s)ds + 0 NG (), k=1,2,...,m, (3.9)
tr tr
where
1 — —A(t—tg)
B,;\ = —/\(i w1 k=1,2,...,m and
e ST
1 — e—A(t—sk)
A _
0y, = o)’ k=1,2,....m

Hence, we obtained (3.2)), from (3.6)), (3.8) and (3.9). In similar way, we can obtain (3.3)). [J

The following assumptions will be helpful for our results.
(Hy) f,9:J xR* — R" are continuous functions, for all (p,q), (p,q) € E and t € J, there exist
Ly, Ly > 0 such that

[£(t,p(t), q(t) — f(t, (1), q(t)] < Lsl(p — D g — D),

|g(tap(t)7Q(t)> - g(taﬁ(t)vzﬂt)ﬂ < ‘Cg|(p _ﬁaq - ®|
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(Hy) f,9:J x R?* — R* are continuous functions, for all (p,q) € E and t € J such that

F(6,p(t), a(0)] < 65(6) + 0(0)| (P, 0)],
l9(t, p(t), ¢(1)] < @y (t) + @4 (D)(p, 9]

supf[a¢f )ds < widf supf[aqbf Yds < wQ¢f,

teJ tk teJ ty,

supf[5¢ )ds < ws¢}  and supfﬂ% Yds < w4¢*

ted ty, teJ ty,

(H3) Ng, My : [sp_1,tk] X R = R are continuous for all k = 1,2,...,m and there exist constants
Ly, Lag > 0 such that for any (p, q), (p,q) € E

Ni(t,p(t) = Ni(t, p(Y)| < Lylp — Pl and | Mi(t, q(t) = Mi(t, ¢(t)] < Lalg —ql-

(Hy) Nig, My @ [sg—1,t] X R — R are continuous for all &k = 1,2,...,m and there are ay,b; €
C(J,R") such that for any (p,q) € £

Ni(t, p(t)] < ax(t) + b1 (D) |p(t)] and |Mi(t, q(t))] < aa(t) + ba(t)]g(t)],

where a} = sup,c 7 a1(t), bf = supyc 7 b1(t), a3 = supyc 7 as(t) and b3 = supyc 7 ba(t).
Consider a closed ball B, = {(p,q) € E: ||(p,q)|| <7 with |p|| < %, |lql| <5} C E, where
Pl g} + Prwsd + af + ¢ + |9lai + [0 |}
A P L,

We define two operators F = (Fy,Fy) and G = (G1, G3) on closed ball B, as

(Funit) = | NI f (s pls), g(s))ds + A e e s ) oo
+ Ni(t, p(t)) + 3Nk (te, pltr),

Faalt) = [ 9y p(s)a(s))ds + 4 [T g0 p00), )

\ Myt (1) + S M, pl80).

(3.10)

and

Sk

G1(p,q)(t) = /t e_’\(t_s)TJo‘f(s,p(s), q(s))ds + B,;\/ e_’\(s’“_s)Jaf(s,p(s), q(s))ds,
th th (3.11)

t Sk
Ga(p, q)(t) :/ 6_”“_5)30‘9(8719(8),Q(S))ds+BZ/ e 3% (s, p(s), ¢(s))ds.
tr tk

Theorem 3.2. Under the assumptions, (H;) — (Hy), the coupled BVP(1.1) has at least one solution
mn E.
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Proof .For any (p, q) € B,., we have

IF(p,q) +G(p,q)|lpc < IF(p, q)|lpc + |G(p, 9)|lpc
< |IF1(p; @)llpe + [F2(p, 0l + 1G1(p, @)l + |G2(p; ¢)|lpe- (3.12)

From ({3.10), we get

Fu(p0) \ﬂ/ N3 s, s o))l + 14Y [ 300 s, s (o))
N6, p(0)]+ [5N (t,p(t)|
< [ e pls)alelds +14°] [ G pls) gl
ﬂMﬁmmuwmmm,mm

t t t t
</etsw/wmmw+/awww/wwwmm@
0 0

+ AN [ e Moo sds/ 3% (s)ds

+mw/ eosas [0 (5)dsl o)
+ (4B a1 (6) + MOl

Taking sup, we get
t>0

1— —At

I+ (p, @)llpe <( ) (@167 + wad3 | (p, @)) + (1 + [62]) (a5 + b3Ip)

1 — —Aso

€ * ~*
AN () (w167 + 031 )
1—e * e Al e Mo * e
S( h\ )(W1¢f+w2¢f7’) + ‘A ‘(T)(w1¢f+w2¢fr)
+ (1+ [0 (a5 +b13). (3.13)
On the same way, we can obtain
1 — e Mt _ p—HS0

I llpe < () (w6, + i) + | AP () (s, + )

* */r
+ (L+ 8] +di5). (3.14)
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Moreover, we obtain

G )] <1 [ eI ).l + 1) /< 3 (5.0l 0(5))ds
< [ e s pls)atolds + 1B / 2 5. p(5).a(5) s

t

< / e N ds / 3¢ (s)ds + / s [ 395, (5)aslp. )

+|Bk|/ d/ ds+|Bk|/ d/ 35()ds| (p, ).
tr tk

Taking sup, we get
t>0

— e~ At—tk) 1 — e~ Ase—t)

@1 (pra)llpe () @16} + w816, D) + 1B () (165 + @5 | p: D))

1 — e~ At—tx) _ o~ AMsre—tr)

() @) @b + B ) @d) g (315)

Similarly
1 — e H(t—ty) ~ 1 — e H(sk—tr)

G2 (p, q)|lpc S(T)(W:ﬂb; +wigyr) + | By (T)(W?@Z + w4$;r). (3.16)

Using (3.13), (3.14), (3.15) and (3.16) in (3.12), we get

IF(p: @) + G(p: @)l
[(1 _ e—/\t) + |A’\‘(1 _ e—Aso) + (1 _ e—/\(t—tk)) + |Bli\|(1 _ e—)\(sk—tk))

<

b\ W1¢}

L (L= ) 4 [AM(1L = ) o (1= M) o [B|(1 = etonw)
W

w3¢2
+af + ¢ + |oplat + léﬁlci‘]

(1= ) 4 JAN(L = &) 4 (1 ) 4 [BY(1 = o)
( A w2¢f

_|_

(1= ) + | AP|(1 = e7#0) + (1= =HC8) [ B|(1 — e t))
+ P W4¢g

Vi 16D + |5Z‘\dT]r
2
<Y g + Prwsey + ai + ¢ + |p]al + [6f |

i} . b |6t - | 0K dy
+ (¢Aw2¢f+¢uw4¢g+ 1 1 ’;’ 1 ‘ k’ 1),'6.
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Which implies that

IF(p, q) + G(p,q)|lpc <,
where

(1= €7 [AV|(L = ) 4 (1= 7)) o [ B|(1 = emonw0)
gl

YT =

Hence, this implies that F(p, q) + G(p, q) € B,.
We need to show that F is contractive. For this, let (p,q) and (p,q) € E, we get

F1(p, q) — F1(p, q)|
/o e M03% f (5, p(s), q(s)) — 3° (5, (5), 4(5))ds

<

+ A%

/0 e M0=30 f(s, pls), g(s)) — 3 (5, 5(5), 4(5))ds

+ | Mgt pl)) —Nk<t,p<t>>\ P

i, 1) = N, 1)

< / 30 (s, pls), a(s)) — £(5, 5(5), 4(s))|ds
+rA*r/ w37 f(s,p(s), a(s)) — £(s,p(s), a(s))|ds

+ [N (o) —Nk<t,p<t>>\ 1)

< [ [3ocsasp-pa-a)

50
+|AA|/ oo~ Sds/ 3L yds|(p — p,q — )| + Lar(L+ |5)p — Bl

Nie(te, p(te)) _Nk(tkap(tk))‘

Applying sup, we have

t>0
o ﬁf(l o e—)\t>ta+1 Ef‘AAl(l o e—)\so>ta+1 - -
_ < _ _
IF1(p, ) Fﬂn@Mw_{ Fa 12 NCEN |(p—p.q—q)|
+ La(1+ 1021l — Bll- (3.17)

Similarly

- Ly(1— e )hrt L[ A|(1 — erso)tf+!
Fs(p. q) — Fa(p, <|= + =
1F2(p: @) = F2(p, )| pe { NEED) T3+ 2
+ L1+ [0 Dlla — all- (3.18)

]H@—nq—wH
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Combining (3.17) and (3.18)), we obtain

IF(0) - B e <[ £, L LRI B e )
R W1 _ o—pso
P R
RS i s
Um0 e ) ey,

“llg —all

lp — Bl

o Lag(1 4 [0%))

+ L,

<o*llp—pll + o

Which implies that

IF(p, ) —F(p,9)llpc < oll(p —p,a — ),

where 0 < o = max{o*, 0™} < 1. Therefore, I is contractive.

Next, in order to prove the continuity and compactness of operator G, we consider a sequence
{X, = (Pn, qn)} in B, with (p,, ¢,) — (p,q) as n — oo in B,. Thus, we have

G (Pn ¢n) (1) — ( q)(t)]
<IG1(pns 4n)(t) — Gi(p, Q) (V)] + [Ga(pn, ¢0)(t) — Ga2(p, ¢)(t)]

< / X939 £(s, pu(s), an(5)) — F(5,p(5), q(5))]ds
+ 1B} / N5=5)30| (5, pa(5), 4u(5)) — £(5, p(s), a(s))|ds
+ / eI g(5, pa(s), gu(s)) — (5, (5), a(s))|ds

tr

+ 1B / Iy, (), 40 () — 95, p(9), 4(5)) s

Sk Sk
{|B/\|/ —A(sk SdS/ ~a£fd8+|Bu|/ w(sk— Sds/ rj,@ﬁgds
t
t t i t ¥
+ / e M)ds / JLypds + / e M0 ds / jﬁﬁgds]upn_ pon —q).
tr tx tr tk

Now applying sup, we get
>0
||G(pn7 Qn)(t) - G(p, C])(t) ||’PC
<|L |B£\|(Sk — tk)a+1(1 — G_A(sk_tk)) + (t — tk)a+1(1 — e_/\(t—tk)>
- (o +2))
[Bil(sr — t) (1 — 7)) 4 (£ — )T (1 — er(t)
L(B+2)u

+ L,

| (pr — Py G — -
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This implies that, |G(pn, ¢n)(t) —G(p, q)(t)|[pc — 0 as n — oo. Therefore, the operator G = (G1, Gs)
is continuous.

Here, we have to show that G is uniformly bounded on B,. From (3.15)) and (3.16)), we obtain

1G(p, @)llpe <||G1(p, ) llpc + [|G2(p, q)|lpc

§ 1 — e~ AMt—tx) + | B 1 — e~ Alse—tx)
! )+ B )
gy 0 = )
I p
~, 1 — e A=t)) 1 | BM(1 — e AMsk—tk)
! )+ 1B )
~ (1 — e—m(t—tx) BY|(1 — e~ #(sk—tx)
om0 =),
,u

Thus, G is uniformly bounded operator on B,.
Now for equi-continuity, take 7,7 € J with 7 < 7p and for any (p,q) € B, C E, where B, is
clearly bounded, we have

‘pr, 2)(n) — G (p, ) (m2)

T2

/ " A3 1 (5, p(s), q(s))ds — / e N3 (5, p(s), q(s))ds|.

t tk

<

This implies that ||Gi(p,q)(71) — G1(p,¢)(72)||lpc — 0 as 71 — 7». On the same way, we have

1G2(p, 9)(11) — Ga(p, ) (72)lpc — 0 as 71 — 7. Hence [|G(p, ¢)(71) — G(p, q)(72)[lpc — 0 as 1 — 7.
Therefore, G is relatively compact on B,. By Arzeli-Ascolli theorem, G is compact and hence
completely continuous operator. So there exist at least one solution of coupled BVP ([1.1)). [

Theorem 3.3. Suppose that the assumptions (Hy) — (Hs) holds and if 9* < 1. Then the coupled
problem (L.1)) has a unique solution.

Proof . Define the operator Z = (2;,2,) : E > E, i.e. Z(p,q)(t) = (Z1(p,q)(t), Z2(p, q)(t)), for
each t € J, where

S0

Z,(p, g)(t) = / 30 (s, p(s), g(s))ds + AP / N3 £, p(s), g(s))ds

+ B} /k e NTITf (5, p(s), q(s))ds +/ I3 (5,p(s), q(s5))ds

tk tk

+ Ni(t, p(t) + 5,;\Nk(tk,p(tk))

and

Zy(p, )(t) = / Iy (s, p(s), q(s))ds + A / e O3 (5, p(s), q(5))ds

Sk t
+B;if/ 6‘“(8‘“‘5)3‘39(871)(8),Q(S))ds+/ e " )38g(s,p(s), q(s))ds

tk t

+ Ni(t, p(t)) + 00N (tr, p(tr))-
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In view of Theorem [3.2] we have

Hzl(pa Q) - Zl(ﬁu q_>||77C

<r (1 _ e—)\t)ta—l-l + (t _ tk)a+1(1 o e_)\(t_tk))
- T(a+2)A
|A}\|(1 _ e—)\So)tOé"r‘]. + |B£\|(Sk _ tk)OH‘].(l o e—A(sk_tk)> ) )
i Tl + 2 (0=, - )|
+ Ly (1 + |02 lp - pll
<97]|(p — B¢ — 9|
and
122(p, q) — Z2(P. @)l cl|
op [ e 4 (£ — )P (1 - eH(t-te))
- LB+2)u
‘A/J"(l — e_ll'so)tﬁ-‘rl + ‘Bg’(sk _ tk>5+1(1 _ 6_“(516_1%)) ) )
" T(3+2)u |(p—p.a=a)
+ L1+ 16 )llg — gl
<3| (p - p.a — )|
Hence

12(p,qa) = Z(p, D)llpec < |(p,q) — (B DI,
where ¥* = max{d;,95}. This implies that Z is contractive operator. Therefore, ([1.1]) has a unique
solution. [
4. Hyers—Ulam stability analysis
In this portion, we analyze HU stability for the oupled system (|1.1)).

Theorem 4.1. Suppose that the assumption (Hy) to (H4) holds and 9* < 1 along with the condition

that the system corresponding to the matriz Q is converging to zero. Then the solution of (L.1)) is
HU stable.

Proof . From Theorem 3.2, we have

121(p,q) — Z:(p", 4") e
JAN(1 — e 50 )to+ L 4 | B (s, — t,) 01 (1 — e Mor—tw))

<
SLy T(a+2)\
1— 6—/\t ta+l T(t—t a+1(1 . e—A(t—tk)) i i
e (o~ "1+ la ')

+ Lar(1+ [0x )l = p7ll
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< £ |A>\|(1 o 6—/\80)1:04"1‘1 + |B£|(8k _ tk)a+1(1 _ 6_/\(5k_tk))
=1 (o + 2)A

1 — e M)t 4 (t — )T (1 — e AEte) .
R D) i+ 82|l -]
L |AM(1 — e o)ttt 4 | BY|(s), — 1)1 (1 — e Menmte))
d T(a+2)A
N (1 — e M)ttt 4 (£ — tp,) 0 (1 — e 1)) I
['(a+2)A
Villp ="+ Vallg — &’ (4.1)
where
v g (A = e )t 4 [ By (s — 1) " (1 — e T)
S T(a + 2)A
1 — e—At)taJrl + (t - tk)a+1(1 _ e—A(t—tk))
: A + Ll + 132
and

JAM(1 — e 50 )to+ L 4 | BY| (s, — t,) 01 (1 — e Mor—tw))
Vo =Ly

[+ 2)A
(e ()t (1 e )
Do+ 2)X '

In the same fashion, we can obtain

122(p. ) = Z2(p", ¢ )llpe < Vsllp — p*[| + Vallg — ¢ (4.2)

where
v, _ﬁg((l L e L (b — 1) P (1 — e )
L(6+2)u
n |AR|(1 — e=#=0 )P+ 4 | BE|(sy — )P+ (1 — e_:u'(sk_tk)>)
I'(B+2)p
and

(1 — e M)A 4 (t — t;,)0H (1 — e r(t—W))
Vi =L,
L'(B+2)u
| AP0 = e 4 B (s — 1) (1 — et
I'(8+2)u

Thus from the above two equations (4.1]) and (4.2)), we obtain the following inequalities

121(p,0) = Z:(p", @) lpe <Villp — 7| +Vallg — o’

122(p,q) — Z22(p", ¢")lpe <Vsllp — p*Il + Vallg — ¢*]I-

From these inequalities, we get

1Z(p,q) — Z(p",q")||lpc < |l(p,q) — (p*,¢")||Q,

) + L (14 165]).
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where
(V1 W
o-(wn)
With the help of Definition [2.8]and Theorem , we conclude that coupled BVP ([1.1)) is Hyers—Ulam
stable. [
5. Example

In this section, we are illustrating our main result by an example.

Example 5.1. Consider the BVP

(et e "sin [p(t)[ + [4(t)]
“D2(D +2)p(t) = t 1 2
HD -+ 2)p(t) T te (0.)U(23)
2 1+ |p(t)] + cos|q(t)]
“Ds(D+1 = 1 2
5(D+1)q(t) 0ot 0 t€0DUE3)
) p(t)] (5.1)
p t - ) 17 2 Y
Y= Eroapon
1+ q(t)]
q(t) = 1, 2],
= oo sy 2
(p(0) =p(3) =0, ¢(0)=4q(3)=
From the above system we see that o = %, B =2 AN=2,u=1 and the nonlinear functions
Ft.p(0). (1) = st S‘“Jé’ﬁiW and g(t,p(t), q(t)) = M

By Lemma we get the following integral equations

N

fotefz(tfs)jée*ssmlp( )|+la( S)|dS+A2 fo 2(1—s)ry5 ¢ sin|p(s)|+la(s ‘ds te[0,1)

p()] 20+82 o
p )
p(t) = (5+t2)(1+|p(t)|2 € (1,2] 5 L (5.2)
Se 72(t s)é) e~ sm2|g—(is)|2+\q s)|d8 + B% ; 672(373)/35 e~ stg_(ﬂLHQ(S ‘dS
o s e (2:3);
s)~21 cos ~2 1 8)|+cos |q(s
fo e (975 +|p3(0<)l—€:+8£q Lds + Afo Js%d‘s te(0,1)
Itlg(t)] . € (1,2]
Q(t) = (9t+t3)(t2+3‘Q( )‘1)—:—|p( )|+cos |g(s)| 2 1+4|p(s)|+cos|g(s)]| (53)
Joe 1):' (stﬂ”? N ==
q )
Horgrmeiaeen; b€ (23
where
A2 :1_—6_21:7 A= 1—e™
e 2 -1 et—1
B2 _ 1 — 6—2(t—2) B _ 1— 6—(t—2)
17 —2(3-2) _ 1’ L= =(6-2) _1
1 — ¢—2(t=3) 1 — ¢—(t=3)
62 = ¢ and &, ¢

1 — e 26-2) T 1 e Gy
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For Theore we find L = %, Ly = %, Ly = %1 and Ly = %. We easily get 9* = 0.2876, which
shows that (5.1)) has a unique solution. By using Theorem we find V; = 0.5366, Vo = —0.0054,
V3 = —0.1639 and V, = 0.5928. On calculation, we get the eigenvalues as 0.60572, 0.56133, which
shows that the matriz Q converges to 0, and by applying Theorem the solution of the coupled
BVP 1s HU stable.

Conclusion

With the help of Krasnoselskii’s fixed point theorem and Banach contraction principle, we pre-
sented sufficient conditions for the existence and uniqueness of solution of proposed BVP([1.1]). Like-
wise under specific assumptions and conditions, we gave the HU stability of mentioned coupled

BVP(L.1).
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