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Abstract

The aim of this research paper is to present and study a new class of generalized closed sets in
double fuzzy topological spaces, by using the fuzzy a™-closed set, that was previously presented.
This new class is called the fuzzy o™ — g*-closed set. The relationship of the new concept with
previous concepts is studied and the characteristics of this concept is investigated through important
theorems that determine the position of this set in relation to sets that have been studied or that
will be presented later. Also, generalizations of the functions are presented according to the concept,
their properties are studied, and some necessary examples that show the properties of this concept
and its relationships.

Keywords: DFT, DFa™ — g* f closed set, DF-a™ — g*-continuous function.

1. Introduction

In 1965, the concept of fuzzy set was introduced and studied by Zadeh in his classical paper
[11]. In 1968, the fuzzy topological space was first defined by Chang [4]. The concepts of fuzzy
semi open (fuzzy semi closed) and fuzzy semi continuous mappings in fuzzy topological spaces was
studied by Azad [3]. F. M. Mohammed, et.al. [5] in 2017 presented and studied the concept of
(mq,nq) — a™—fuzzy closed sets in double fuzzy topological spaces. Then, in the same year, they
generalized and studied some types of functions across (my,ny) — a™—fuzzy closed sets [9, 2] where
the notion of a™—continuous and o™ —generalized continuous in the double fuzzy topological space
was introduced.
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In this paper, we propose and develop the concept of o™ — g* fuzzy closed set in double fuzzy topo-
logical space and introduce definition, relationships, theories and study some of their characteristics
related to this concept.

2. Preliminaries

In this section, we describe some basics which are useful for the rest of this study.

Definition 2.1. [5/ A double fuzzy topology (L., L£E) on a non-empty set X is a pair of functions
L., L5 IX — I, which satisfies the following properties:

(i) £.(v) <1 — £.(v) for each v € IX.
(i) £.(v1 Ave) > L.(v1) A La(ve) and L£:(vy A v2) < L:(v1) V L5 (v2) for each vy, vy € TX.
(iii) £:(Vig, vi) = Nig, La(vi) and £5(V,g, vi) < Ve, £3(vi) for each v; € I*ie3.

The triplex (X, £,, £,+) is called a double fuzzy topological spaces (dfts).

Definition 2.2. [3, [10] Let X be a dfts, then for each my € Imy,ny € Iny and v € IX, we define
the double fuzzy closure and interior operator Ce, o= : I © Imy x Iny — I as follows:
Coe,,ex(v1,m1,m) = N{Q € IX:v< Q,Sm(i - Q) > ml,Sz(i — Q) <ny}.

Ig, ¢:(vi,my,ny) = \/{Q € I :Q < v, L£,(0) >my, £:(Q) < ni}.

Definition 2.3. Let (X, £,,£") be a dfts,sv,Q € IX,my € I,

Landny € 1, a fuzzy set v is called:

(1) [0 An (my,n1) fuzzy open set ((my,ny) — fo) if £,(v) > my and £i(v) < ny. A fuzzy set v
is called an (my,ny)-fuzzy closed set (for short, (my,n1)—fc), whenever £,(1 —v) > my and
£l —v) <ny.

(ii) [0, [8] An (mq,ny)-fuzzy a-open set ((mq,n1) — fa — open),
if v < g, 0:(Ce, ox(Le, ex(V,m1,n1), M1, M0), M0, M)
and an (my,ny)-fuzzy a-closed set ((my,n1) — fa — closed),
if Co,0x(Ig, 0:(Ce, 2 (U, ma,m1),m1,m1), My, 1) < 0.

(iii) An (mq,n1)-generalized fuzzy closed ((my,n1) — gf closed), if Cg, ¢x (v, m1,n1) < Q whenever
v < QL) > my and £5(Q) < ny. v s called (my,n1) generalized fuzzy open ((my,n1) —
gf open) if (1 —v) is an (mq,ny)-gfc set.

Definition 2.4. Let (X, £,, £.+) be a dfts, v € [, my € I,, and ny € I,,,, a fuzzy set v is called:

(i) [9.[2,[7] An (mq,n)-fuzzy o™ -closed set ((m1,n1)—fa™—closed), if I, o: (Cg, ¢z (v, m1,11), M1, 11) <

Q whenever v < Q and Q is (my,n1) — fa — open. v is called (my,nq)-fuzzy o™ -open set iff
I —wv is (mq,ny)-fuzzy o™ -closed set.

(ii) [9.12] An (mq1,nq1)- o™ -generalized fuzzy-closed set ((m1,n1)—fa™—gf closed). if & Cg, o (v,m1,n1) <
Q such that v < Q and Q is (mq,n1) — fa™-open set. v is called (mq,ny) — a™-generalized
fuzzy-open set ((my,nq) —a™ — gf —open) iff 1 — v is an (my,ny) — o™ — gf — closed set.
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Definition 2.5. [9,[7] If X is a dfts, for eachv,Q € I*,my € I,,,, and ny € I,, then, the a™ Closure
of v is defined as:
a™Cle, ox(U,mi,n1) = N{Q € I* 1 v < Q,Qis(my,ny) — fa™ — closed}.

Definition 2.6. Let (X, £,,£;) and (Y, £,, £7) be dfts,s. A function h: (X, £,, £5) — (Y, £y, £5)

15 called.

(i) [1) Double fuzzy continuous function iff £,(h~"(v)) > £,(v) and Li(h~'(v)) < £i(v) for each
vel.

(ii) Double fuzzy a™-continuous functions [, 2] (df —a™ —c) if R=1(Q) is an (my,ny) — fa™ — open
such that £,(Q2) > my and £,(Q) < ny.

(iii) [9, [2] Double fuzzy a™-generalized -continuous function (df — o™ — g c¢) if the h™1() is an
(m1,m1) —a™ — gf — closed set in X for each £,(1 — Q) >my and £;(1 — Q) < ny.

3. (my,ny) — a™ — g* Fuzzy Closed Set in DFTS

Definition 3.1. Let (X, £,, £,+) be a dfts, v € [*,my € I,,, and ny € I,,,, then v is called:

(i) An (my,n1)—g* fuzzy closed set ((my,nq) —g*f closed) if Cs, ¢x (v, m1,n1) < Q whenever v < Q)
and Q is (my,n1) — g f open set in X.

(ii) An (mq1,n1) —a™ — g* fuzzy closed set ((mq,n1) — g*f closed) if aCyq, ¢ (U my,ny) < Q
whenever v < Q and Q is (my,n1)—g [ open set in X v s called an ((mq,n1) —a™ —g* f open)
if it is (1 —v) is an ((mq,n1) — @™ — g* f closed) set.

Remark 3.2. Every (mq,n1) — fg closed set is an (my,n1) — fg* closed set, the converse need not
true. The following example show this case.

Example 3.3. Let X = {b d} and we define (£,(8), £5(B)) on X by
I, if®e{0,1}, 0, if® e {0,1},

Sx(qj) = %’ QS(x) =6, ’2;(6) = %7 ®($) =0,
0, otherwise 1, otherwise

Such that, 1(b) = 0.4, &, (d) = 0.5, Bo(b) = 0.7, Bo(d) = 0.5
B < By, 85 < By s (%,%) foo—open — Cg, ¢ (&5, ;,%) < By,85 < By So, & is an (%,%) —
gf — closed — &, is an (;,l) gf — open. & < By, Co, 0:(61,3,3) < Gy, 55 < By — & is an

(%, %) — g*f — closed. But, &1 is not an (;, %) gf — closed since By 1s not (2, 5) f open.

Definition 3.4. Let (X, £, £;) and (Y, £,, £7) be dfts’s. A function h: (X, £, £;) — (Y, £, £7)
is called double fuzzy—a™ — g* continuous function (df —a™ — g*c) if A=1(Q) is (my,n1)a™ — g* f
open set in X, such that £,(2) > my and £;(2) < ny whenever my € Iy and ny € ;.

Theorem 3.5. Leth: (X, £,, L) — (Y, £, £) is (df —a™—g*c) function iff h~'(Q) is (ma, n1)a™ —
g*f closed set. Such that £,(1 —Q) > m; and SZ(i — Q) >ny.

Proof . Suppose that h : (X, £,,£5) — (Y,£,,£) is (df — a™ — g*c) function — h~'(Q) is
(ma,m1)a™ — g f open set, such that £ (1 —Q)>myand £(1-Q) <ny. K11 -Q)=1-r"1(Q)

is (my,ny)a™ — g*fuzzy open set in Y. h=1(Q) is (mq, ny)a™ —g" [ closed set. Suppose that h™ 1(Q) is
(ml, ny)a™ —g*fuzzy closed set in Y. Put v =1—-Q, £,(1 — (1 —v)) > m; and 2;’;(1 —(I—v)) < ny.
Since h ' (v) =h (1 -Q)=1-h"1Q). O
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Theorem 3.6. h: (X, £,,£;) — (Y, £, £7) is df — c function then h is df —a™ — g*c function, but
not conversely we can show by following example.

Proof . Suppose that £,(v) > m; and 2;(0) < my. . Since h is df —c function, then £,(h~1(v)) > my
and £5(h™'(v)) < ny. So h71(v) is (my,n1)a™ — g* f open set in X. Therefore, h is df —a™ — g*c
function. [J

Example 3.7. Let X = {b,d}, Y = {r,s} and we define (£.(8), £,(&)) on X by:

I, ifec{0,1}, (), if& e {0,1},
i 6(z) =61, 5, O(z) =61
- 2 2 g
£2(®) 5 O(z) =62, 5 O(z) = 62,
0, otherwise 1, otherwise
Such that, &1(b) = 0.3, 051(d =0.4,85(b) =0. 7 ®y(d) = 0.6

Also, we define (£,(7), £;(7y)) on Y by:

I, ifye{0,1}, 0, ifye{0,1},
1 1
)5 y) =1, ) o5 y) =1,
&) = 7 @) =72, L) = 5 oY) =12,
0. otherwise 1, otherwz'se

71(r) = 0.7,7(s) = 0.8,72(r) = 0.3,72(s)
When, the function h between two dfts (£ x((’5) 2;((’5)) and (£,(7), £5(7)) is defined by: h: (X, £, £;)
(Y, Sy,£;j) as, h(b) = r, h(d) =

So, h™H(m1) = (0.7,0.8), A7 (11) < B, &, is an (1,1)
M € 7 h7H () < G} = &y < By, h™! () is an
Since h™'(v1) ¢ (29&,2*) — h is not df —c. And, h
Copor(Ley oo (' ()1, 3)33) = 0, h' (1) £ 0. So
not df —a™ — c.

fam-closed set. a™Cryror (B H (1), 1,3) =
%)— ™ —gqgfclosed set—>hzsdf a™—gc.
1) £ Copen(Le, oo (' (1), 5. 3)%. 3), since,
o

1) is not (}l, %) fa™- open set — h is

(5
1(

Theorem 3.8. (X, £,,£;) and (Y, £,, L)) be dfts’s. h: (X, £,,£;) — (V,£,,£;) is df —a™ — gc
function then h is df — o™ — g*c function.

Proof . Let h: (X, £,,£;) — (Y, £,,£5) is df —a™ — gc function and £,(v) > m; and £(v) <
ny whenever m; € I, and n; € I, such that h='(v) is an (my,n;) — a™gfopen set in X,
a™Cyg, e (h(v), m1,m1) < Q, whenever v < Q.

Since, every an (mq,n;)— fg closed set is an (my, s1) — fg* closed set, and a™Clg, ¢ (b1 (v), my,11) <
Ce,.e:(h™H(v),mi,m) < w, put w = 1 — Q. h~'(v) is an (m1, 1) — o™ — g*f open set in X, such
that w is an (my,ny) — g fuzzy open set. O

Definition 3.9. Let (X, £,, £%) be a dfts’s is called df —(£,, £5)Ta™ space if every (my,ny)—a™—g*
fuzzy closed set is an (mq,nq) — f closed set.

Theorem 3.10. Let (X, £,, £;) — (Y, £y, £7) isdf —a™—g*c function, (X, £,, £;) is df —(£,, £;)La™
space.
Then f is df — ¢ function.

Proof . Let £,(1—v) > m; and £ (1 —v) < ny, since f is df —a™ — g*c function. Then h~'(v) is an
(my,ny)a™g*fuzzy closed set in X. Since (X, £,, £3) is df — (£, £)La™ space, so £,(1—-h7'(v)) < ny.
Thus h is df — ¢ function. [J
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Theorem 3.11. Let h : (X, £,, L) — (V,£,,£;) is df — o™ — ¢ function, (X,L£,,£}) is df —
(L., £5)La™ space.
Then h s df —a™ — g* — ¢ function.

Proof . Similar proof of theorem [3.10] []

Theorem 3.12. Let (X, £,,£3), (Y, £, L) and (Z,£.,£}) be dfts’s. h: (X, £,,L;) — (Y, £, £)
and k : (Y, £,,£5) = (Z,£.,£7) are both df —a™ — g* continuous function, (Y, £,,£;) is df —
(1y, 7y )Ta™. Then hok : (X, £,,£;) — (Z,£.,£}) is df —a™ — g* continuous function.

Proof . Assume that £,(1—v) > my and £:(1—v) < n;. Then k= (v) is (mq, ny)—a™—g*fuzzy closed
set in Y. Since (Y, £, £;) is df — (£,, £;)7a™ space, then £,(k~"(v)) > my and £(k~(v)) < my
And, since f is df — a™ — g*continuous function, so h=*(k71(v)) is (my,n1) — a™ — g*fuzzy closed
set in X. That is hok is df — o™ — g*continuous function. [J

4. Conclusions

In the presented study, we investigated a new class of generalized closed sets in double fuzzy
topological spaces called fuzzy o™ — g*fuzzy, by using the fuzzy—a™closed set. In this way, the
relationship of the new concept with previous concepts as well as the characteristics of this concept
is investigated through important theorems. Moreover, generalizations of the functions are presented
according to the concept, their properties are studied, and some necessary examples that show the
properties of this concept and its relationships.
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