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Abstract

The aim of this research paper is to present and study a new class of generalized closed sets in
double fuzzy topological spaces, by using the fuzzy αm-closed set, that was previously presented.
This new class is called the fuzzy αm − g∗-closed set. The relationship of the new concept with
previous concepts is studied and the characteristics of this concept is investigated through important
theorems that determine the position of this set in relation to sets that have been studied or that
will be presented later. Also, generalizations of the functions are presented according to the concept,
their properties are studied, and some necessary examples that show the properties of this concept
and its relationships.
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1. Introduction

In 1965, the concept of fuzzy set was introduced and studied by Zadeh in his classical paper
[11]. In 1968, the fuzzy topological space was first defined by Chang [4]. The concepts of fuzzy
semi open (fuzzy semi closed) and fuzzy semi continuous mappings in fuzzy topological spaces was
studied by Azad [3]. F. M. Mohammed, et.al. [5] in 2017 presented and studied the concept of
(m1, n1) − αm−fuzzy closed sets in double fuzzy topological spaces. Then, in the same year, they
generalized and studied some types of functions across (m1, n1)− αm−fuzzy closed sets [9, 2] where
the notion of αm−continuous and αm−generalized continuous in the double fuzzy topological space
was introduced.
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In this paper, we propose and develop the concept of αm − g∗fuzzy closed set in double fuzzy topo-
logical space and introduce definition, relationships, theories and study some of their characteristics
related to this concept.

2. Preliminaries

In this section, we describe some basics which are useful for the rest of this study.

Definition 2.1. [5] A double fuzzy topology (Lx,L
∗
x) on a non-empty set X is a pair of functions

Lx,L
∗
x : IX → I, which satisfies the following properties:

(i) Lx(υ) ≤ 1̆− Lx∗(υ) for each υ ∈ IX .

(ii) Lx(υ1
∧

υ2) ≥ Lx(υ1)
∧

Lx(υ2) and L∗
x(υ1

∧
υ2) ≤ L∗

x(υ1)
∨
L∗
x(υ2) for each υ1, υ2 ∈ IX .

(iii) Lx(
∨

i∈z υi) ≥
∧

i∈r Lx(υi) and L∗
x(
∨

i∈z υi) ≤
∨

i∈z L
∗
x(υi) for each υi ∈ IX , i ∈ Z.

The triplex (X,Lx,Lx∗) is called a double fuzzy topological spaces (dfts).

Definition 2.2. [5, 10] Let X be a dfts, then for each m1 ∈ Im1, n1 ∈ In1 and υ ∈ IX , we define
the double fuzzy closure and interior operator CLx,L∗

x
: IX x Im1 x In1 → IX as follows:

CLx,L∗
x
(υ1,m1, n1) =

∧
{Ω ∈ IX : υ ≤ Ω,Lx(1̆− Ω) ≥ m1,L

∗
x(1̆− Ω) ≤ n1}.

ILx,L∗
x
(υ1,m1, n1) =

∨
{Ω ∈ IX : Ω ≤ υ,Lx(Ω) ≥ m1,L

∗
x(Ω) ≤ n1}.

Definition 2.3. Let (X,Lx,L
∗
x) be a dfts,s υ,Ω ∈ IX ,m1 ∈ Im1 and n1 ∈ In1, a fuzzy set υ is called:

(i) [10] An (m1, n1) fuzzy open set ((m1, n1) − fo) if Lx(υ) ≥ m1 and L∗
x(υ) ≤ n1. A fuzzy set υ

is called an (m1, n1)-fuzzy closed set (for short, (m1, n1)–fc), whenever Lx(1̆ − υ) ≥ m1 and
L∗
x(1̆− υ) ≤ n1.

(ii) [6, 8] An (m1, n1)-fuzzy α-open set ((m1, n1)− fα− open),
if υ ≤ ILx,L∗

x
(CLx,L∗

x
(ILx,L∗

x
(υ,m1, n1),m1, n1),m1, n1)

and an (m1, n1)-fuzzy α-closed set ((m1, n1)− fα− closed),
if CLx,L∗

x
(ILx,L∗

x
(CLx,L∗

x
(υ,m1, n1),m1, n1),m1, n1) ≤ υ.

(iii) An (m1, n1)-generalized fuzzy closed ((m1, n1) − gf closed), if CLx,L∗
x
(υ,m1, n1) ≤ Ω whenever

υ ≤ Ω,Lx(Ω) ≥ m1 and L∗
x(Ω) ≤ n1. υ is called (m1, n1) generalized fuzzy open ((m1, n1) −

gf open) if (1̆− υ) is an (m1, n1)-gfc set.

Definition 2.4. Let (X,Lx,Lx∗) be a dfts, υ ∈ IX ,m1 ∈ Im1 and n1 ∈ In1, a fuzzy set υ is called:

(i) [9, 2, 7] An (m1, n1)-fuzzy α
m-closed set ((m1, n1)−fαm−closed), if ILx,L∗

x
(CLx,L∗

x
(υ,m1, n1),m1, n1) ≤

Ω whenever υ ≤ Ω and Ω is (m1, n1) − fα − open. υ is called (m1, n1)-fuzzy αm-open set iff
1̆− υ is (m1, n1)-fuzzy αm-closed set.

(ii) [9, 2] An (m1, n1)- α
m-generalized fuzzy-closed set ((m1, n1)−fαm−gf closed). if αmCLx,L∗

x
(υ,m1, n1) ≤

Ω such that υ ≤ Ω and Ω is (m1, n1) − fαm-open set. υ is called (m1, n1) − αm-generalized
fuzzy-open set ((m1, n1)− αm − gf − open) iff 1̆− υ is an (m1, n1)− αm − gf − closed set.
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Definition 2.5. [9, 7] If X is a dfts, for each v,Ω ∈ IX ,m1 ∈ Im1 and n1 ∈ In1 then, the α
mClosure

of v is defined as:
αmCLx,L∗

x
(υ,m1, n1) =

∧
{Ω ∈ IX : v ≤ Ω,Ωis(m1, n1)− fαm − closed}.

Definition 2.6. Let (X,Lx,L
∗
x) and (Y,Ly,L

∗
y) be dfts,s. A function h : (X,Lx,L

∗
x) → (Y,Ly,L

∗
y)

is called.

(i) [1] Double fuzzy continuous function iff Lx(h
−1(v)) ≥ Ly(v) and L∗

x(h
−1(v)) ≤ L∗

y(v) for each
v ∈ Iy.

(ii) Double fuzzy αm-continuous functions [9, 2] (df −αm− c) if h−1(Ω) is an (m1, n1)−fαm−open
such that Ly(Ω) ≥ m1 and L∗

y(Ω) ≤ n1.

(iii) [9, 2] Double fuzzy αm-generalized -continuous function (df − αm − g c) if the h−1(Ω) is an
(m1, n1)− αm − gf − closed set in X for each Ly(1̆− Ω) ≥ m1 and L∗

y(1̆− Ω) ≤ n1.

3. (m1, n1) − αm − g∗ Fuzzy Closed Set in DFTS

Definition 3.1. Let (X,Lx,Lx∗) be a dfts, υ ∈ IX ,m1 ∈ Im1 and n1 ∈ In1, then υ is called:

(i) An (m1, n1)−g∗ fuzzy closed set ((m1, n1)−g∗f closed) if CLx,L∗
x
(υ,m1, n1) ≤ Ω whenever υ ≤ Ω

and Ω is (m1, n1)− g f open set in X.

(ii) An (m1, n1)− αm − g∗ fuzzy closed set ((m1, n1)− αm − g∗f closed) if αmCLx,L∗
x
(υ,m1, n1) ≤ Ω

whenever υ ≤ Ω and Ω is (m1, n1)−g f open set in X. υ is called an ((m1, n1)−αm−g∗f open)
if it is (1̆− υ) is an ((m1, n1)− αm − g∗f closed) set.

Remark 3.2. Every (m1, n1)− fg closed set is an (m1, n1)− fg∗ closed set, the converse need not
true. The following example show this case.

Example 3.3. Let X = {b, d} and we define (Lx(G),L∗
x(G)) on X by

Lx(G) =


1̆, ifG ∈ {0̆, 1̆},
1
2
, G(x) = G,

0̆, otherwise

L∗
x(G) =


0̆, ifG ∈ {0̆, 1̆},
1
2
, G(x) = G,

1̆, otherwise
Such that, G1(b) = 0.4,G1(d) = 0.5,G2(b) = 0.7,G2(d) = 0.5
G1 ≤ G2,G

c
2 ≤ G1 is

(
1
2
, 1
2

)
− fα − open → CLx,L∗

x
(Gc

1,
1
2
, 1
2
) ≤ G1,G

c
2 ≤ G1. So, Gc

2 is an
(
1
2
, 1
2

)
−

gf − closed → G2 is an
(
1
2
, 1
2

)
− gf − open. G1 ≤ G2, CLx,L∗

x
(G1,

1
2
, 1
2
) ≤ G2, β

c
1 ≤ G2 → G1 is an(

1
2
, 1
2

)
− g∗f − closed. But, G1 is not an

(
1
2
, 1
2

)
− gf − closed, since G2 is not

(
1
2
, 1
2

)
− f open.

Definition 3.4. Let (X,Lx,L
∗
x) and (Y,Ly,L

∗
y) be dfts’s. A function h : (X,Lx,L

∗
x) → (Y,Ly,L

∗
y)

is called double fuzzy−αm − g∗ continuous function (df − αm − g∗c) if h−1(Ω) is (m1, n1)α
m − g∗f

open set in X, such that Ly(Ω) ≥ m1 and L∗
y(Ω) ≤ n1 whenever m1 ∈ Im1 and n1 ∈ In1.

Theorem 3.5. Let h : (X,Lx,L
∗
x) → (Y,Ly,L

∗
y) is (df−αm−g∗c) function iff h−1(Ω) is (m1, n1)α

m−
g∗f closed set. Such that Ly(1̆− Ω) ≥ m1 and L∗

y(1̆− Ω) ≥ n1.

Proof . Suppose that h : (X,Lx,L
∗
x) → (Y,Ly,L

∗
y) is (df − αm − g∗c) function → h−1(Ω) is

(m1, n1)α
m − g∗f open set, such that Ly(1̆−Ω) ≥ m1 and L∗

y(1̆−Ω) ≤ n1. h
−1(1̆−Ω) = 1̆− h−1(Ω)

is (m1, n1)α
m−g∗fuzzy open set in Y. h−1(Ω) is (m1, n1)α

m−g∗f closed set. Suppose that h−1(Ω) is
(m1, n1)α

m− g∗fuzzy closed set in Y. Put υ = 1̆−Ω, Ly(1̆− (1̆− υ)) ≥ m1 and L∗
y(1̆− (1̆− υ)) ≤ n1.

Since h−1(υ) = h−1(1̆− Ω) = 1̆− h−1(Ω). □
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Theorem 3.6. h : (X,Lx,L
∗
x) → (Y,Ly,L

∗
y) is df − c function then h is df −αm − g∗c function, but

not conversely we can show by following example.

Proof . Suppose that Ly(υ) ≥ m1 and L∗
y(υ) ≤ n1. . Since h is df−c function, then Lx(h

−1(υ)) ≥ m1

and L∗
x(h

−1(υ)) ≤ n1. So h−1(υ) is (m1, n1)α
m − g∗f open set in X. Therefore, h is df − αm − g∗c

function. □

Example 3.7. Let X = {b, d}, Y = {r, s} and we define (Lx(G),L∗
x(G)) on X by:

Lx(G) =


1̆, ifG ∈ {0̆, 1̆},
1
2
, G(x) = G1,

1
4
, G(x) = G2,

0̆, otherwise

L∗
x(β) =


0̆, ifG ∈ {0̆, 1̆},
1
2
, G(x) = G1,

3
4
, G(x) = G2,

1̆, otherwise
Such that, G1(b) = 0.3,G1(d) = 0.4,G2(b) = 0.7,G2(d) = 0.6
Also, we define (Ly(γ),L

∗
y(γ)) on Y by:

Ly(γ) =


1̆, ifγ ∈ {0̆, 1̆},
1
2
, γ(y) = γ1,

1
4
, γ(x) = γ2,

0̆, otherwise

L∗
y(γ) =


0̆, ifγ ∈ {0̆, 1̆},
1
2
, γ(y) = γ1,

3
4
, γ(y) = γ2,

1̆, otherwise
γ1(r) = 0.7, γ1(s) = 0.8, γ2(r) = 0.3, γ2(s) = 0.2
When, the function h between two dfts (Lx(G),L∗

x(G)) and (Ly(γ),L
∗
y(γ)) is defined by: h : (X,Lx,L

∗
x) →

(Y,Ly,L
∗
y) as, h(b) = r, h(d) = s.

So, h−1(γ1) = (0.7, 0.8), h−1(γ1) ≤ G2, G2 is an
(
1
4
, 1
2

)
− fαm-closed set. αmCτx,τx∗(h−1(γ1),

1
4
, 1
2
) =∧

{G2 ∈ IX , h−1(γ1) ≤ G2} = G2 ≤ G2, h
−1(γ1) is an (1

4
, 1
2
)−αm−gfclosed set → h is df−αm−gc.

Since h−1(γ1) /∈ (Lx,L
∗
x) → h is not df − c. And, h−1(γ1) ≰ CLx,L∗

x
(ILx,L∗

x
(h−1(γ1),

1
4
, 1
2
)1
4
, 1
2
), since,

CLx,L∗
x
(ILx,L∗

x
(h−1(γ1),

1
4
, 1
2
)1
4
, 1
2
) = 0̆, h−1(γ1) ≰ 0̆. So h−1(γ1) is not

(
1
4
, 1
2

)
− fαm- open set → h is

not df − αm − c.

Theorem 3.8. (X,Lx,L
∗
x) and (Y,Ly,L

∗
y) be dfts’s. h : (X,Lx,L

∗
x) → (Y,Ly,L

∗
y) is df − αm − gc

function then h is df − αm − g∗c function.

Proof . Let h : (X,Lx,L
∗
x) → (Y,Ly,L

∗
y) is df − αm − gc function and Ly(υ) ≥ m1 and L∗

y(υ) ≤
n1 whenever m1 ∈ Im1 and n1 ∈ In1, such that h−1(υ) is an (m1, n1) − αmgfopen set in X,
αmCLy ,L∗

y
(h(υ),m1, n1) ≤ Ω, whenever υ ≤ Ω.

Since, every an (m1, n1)−fg closed set is an (m1, s1)−fg∗ closed set, and αmCLx,L∗
x
(h−1(υ),m1, n1) ≤

CLx,L∗
x
(h−1(υ),m1, n1) ≤ ω, put ω = 1̆ − Ω. h−1(υ) is an (m1, n1) − αm − g∗f open set in X, such

that ω is an (m1, n1)− g fuzzy open set. □

Definition 3.9. Let (X,Lx,L
∗
x) be a dfts’s is called df−(Lx,L

∗
x)τα

m space if every (m1, n1)−αm−g∗

fuzzy closed set is an (m1, n1)− f closed set.

Theorem 3.10. Let (X,Lx,L
∗
x) → (Y,Ly,L

∗
y) is df−αm−g∗c function, (X,Lx,L

∗
x) is df−(Lx,L

∗
x)Lα

m

space.
Then f is df − c function.

Proof . Let Ly(1̆−υ) ≥ m1 and L∗
x(1̆−υ) ≤ n1, since f is df−αm−g∗c function. Then h−1(υ) is an

(m1, n1)α
mg∗fuzzy closed set in X. Since (X,Lx,L

∗
x) is df−(Lx,L

∗
x)Lα

m space, so Lx(1̆−h−1(υ)) ≤ n1.
Thus h is df − c function. □
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Theorem 3.11. Let h : (X,Lx,L
∗
x) → (Y,Ly,L

∗
y) is df − αm − c function, (X,Lx,L

∗
x) is df −

(Lx,L
∗
x)Lα

m space.
Then h is df − αm − g∗ − c function.

Proof . Similar proof of theorem 3.10. □

Theorem 3.12. Let (X,Lx,L
∗
x), (Y,Ly,L

∗
y) and (Z,Lz,L

∗
z) be dfts’s. h : (X,Lx,L

∗
x) → (Y,Ly,L

∗
y)

and k : (Y,Ly,L
∗
y) → (Z,Lz,L

∗
z) are both df − αm − g∗ continuous function, (Y,Ly,L

∗
y) is df −

(τy, τ
∗
y )τα

m. Then hok : (X,Lx,L
∗
x) → (Z,Lz,L

∗
z) is df − αm − g∗ continuous function.

Proof . Assume that Lz(1̄−υ) ≥ m1 and L∗
z(1̄−υ) ≤ n1. Then k−1(υ) is (m1, n1)−αm−g∗fuzzy closed

set in Y. Since (Y,Ly,L
∗
y) is df − (Ly,L

∗
y)τα

m space, then Ly(k
−1(υ)) ≥ m1 and L∗

y(k
−1(υ)) ≤ n1

And, since f is df − αm − g∗continuous function, so h−1(k−1(υ)) is (m1, n1) − αm − g∗fuzzy closed
set in X. That is hok is df − αm − g∗continuous function. □

4. Conclusions

In the presented study, we investigated a new class of generalized closed sets in double fuzzy
topological spaces called fuzzy αm − g∗fuzzy, by using the fuzzy−αmclosed set. In this way, the
relationship of the new concept with previous concepts as well as the characteristics of this concept
is investigated through important theorems. Moreover, generalizations of the functions are presented
according to the concept, their properties are studied, and some necessary examples that show the
properties of this concept and its relationships.

References

[1] S.E. Abbas, (R,S)-generalized intuitionistic fuzzy sets, J. Math. Soc. 14(2) (2006) 283–297.
[2] S.I. Abdullah, The Continuity in Double Fuzzy Topological Spaces via αm-closed Sets, Master Thesis, Tikrit

University, 2018.
[3] K.K. Azad, On fuzzy semi-continuity, fuzzy almost continuity and fuzzy weakly continuity, J. Math. Anal. Appl.

82(1) (1981) 14–32.
[4] C.L. Chang, Fuzzy topological spaces, J. Math. Anal. Appl. 24(1) (1968) 182–190.
[5] J.G. Garcia and S.E. Rodabaugh, Order-theoretic, topological, categorical redundancies of interval-valued sets,

grey sets, vague sets, interval-valued “intuitionistic” sets, “intuitionistic” fuzzy sets and topologies, Fuzzy Sets
Syst. 156(3) (2005) 445–484.

[6] A. Ghareeb, Normality of double fuzzy topological spaces, Appl. Math. Lett. 24(4) (2011) 533–540.
[7] T.H. Jasim, S.I. Abdullah and K.S. Eke, Contra continuity on double fuzzy topological space, Int. J. Math. Comput.

Sci. 15(4) (2020) 1309–1319.
[8] A.D. Kalamain, K. Sakthivl and C.S. Gowri, Generalized alpha closed sets in intuitionistic fuzzy topological spaces,

Appl. Math. Sci. 6(94) (2012) 4691–4700.
[9] F.M. Mohammed and S.I. Abdullah, Some types of continuous function via (r0, s1) − fuzzyαm- closed sets,

Tikrit J. Pure Sci. 23(8) (2018) 101–104.
[10] F.M. Mohammed, M.S.M. Noorani and A. Ghareeb, Slightly double fuzzy continuous functions, J. Egyptian Math.

Soc. 23(1) (2015) 173–179.
[11] L.A. Zadeh, Fuzzy sets, Inf. Cont. 8(3) (1965) 338–353.


	Introduction
	Preliminaries
	(m1,n1)-m-g Fuzzy Closed Set in DFTS
	Conclusions

