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Abstract

Let R be a I'-ring and 0 be an RI'-module. A proper RI'-submodule. T" of an RI'-module 0 is called
Z-prime RI'-submodule if for each t € 0,7 € I' and f € 0* = Hompg.(0, R), f(t)yt € T implies that
either t € T or f(t) € [T :g. 0]. The purpose of this paper is to introduce interesting theorems
and properties of Z- prime RI'-submodule of RI’-module and the relation of Z-prime RI'-submodule,
which represents of generalization Z-prime R-submodule of R-module.
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1. Introduction

The topic of a I'-ring was introduced in 1964 by Nobusawa [4]. He considered a set of homeomor-
phisms of a module to another module, which as closed under the addition and subtraction defined
naturally but has no more a structure of a ring since he cannot have defined the product. After that,
Barnes in [4] 6] weakened the generalization of Nobusawa. Then, many papers studied the I'-ring in
several algebraic structures. In [3], Ameri and Sadeghi presented the concept of a gamma modules
in R investigate at some such modules. In this regard, we investigate submodules and homomor-
phism of a gamma modules and give the related basic results of a gamma modules. In 2005, Tekir
and Sengul [7] presented the concept of prime I'M-submodules of I'M-modules and discussed some
interesting and useful properties. Also, Zyarah and al-Mothafar provided the defining the semiprime
RI'-submodule of RI-module and the relation of semiprime RI-submodule. With multiplication
RT-modules [11]. Also, in another work [I0], they introduced some results and properties of primary
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RI'-submodule and the definition for primary radical of RI'-submodule of RI’-module besides some
of its basic properties. In this paper, Z-prime RI-submodule of RI'-module and are investigated
the basic properties, some theorems, and propositions. In addition, the relation between Z- prime
RT'-submodule with other RI-modules is investigated.

2. Preliminaries

Definition 2.1. [6/ Let R and T’ be an additive abelian groups, so we’ll consider R is a I'-ring R,
shortly (T'R) if there exists a mapping h : R x I' X R — R such that for every dy,ds,d3 € R and
v,0 € T', the following conditions are hold:

i. (dy + dy)vyds = dyyds + dyyds.
i, di(y+ 8)ds = dyyds + dy6ds.
i diy(d + ds) = dyyds + dyyds.
iv. (diyds)8ds = diy(dadds).

Definition 2.2. [3/ A left RT'-module is an additive abelian group O together with a mapping h :
R x T x 0 — 0 such that for all h,hy,he € O and v,71,v2 € ', r1,79,73 € R the following hold:

i. r3y(h1 + he) = r3yhy + ryyhs.
ii. (r1 +r2)vh = rivh + royh.
iii. r3(71 4+ 12)h = r371h + r32h.

iv. 171 (rey2)h = (r1yare)yeh, aright RT-module is defined in analogous manner.

Definition 2.3. [7] A proper RU —S. T of 0 is called prime RI-submodule, shortly (P.RI'—S.) if
for any an ideal J of 'R and for any RT' —S. H of 0, JITH C T implies H CT or J C [T :g. 0.

Definition 2.4. [12] Let T be a proper RI' — S. of a RI'-module 0. The RI' —S. T of 0 is called
that S-prime RI' — S., whenever o(K) C T, for some K be a RI' — S. of O and ¢ € Endg.(0),
implies that K C T or ¢(0) CT.

Definition 2.5. [/ An RT-module O is called Jacobson radical, denoted by Jr(0), by Jr(0) =
YAYY is Rp — small Rr — submodule of 0}.

Definition 2.6. [5/ An RI'-module O is called RT-faithful if it’s RT-annihilator is the zero ideal of
al'R.

Definition 2.7. [§/ An ideal A of a T'R is called prime if for any ideals I and J of R, ITJ C A
implies, either I C A or J C A.

Definition 2.8. [2/ Let O be an RT'-module. We said that O is a multiplication RT-module if any
proper RI' — S. T of 0, then there exist any ideal I of 'R such that T = IT0.
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3. Z-Prime RI'-submodule of RI'-modules

In this section, we introduced Z — P.RI' — S. of RI™-modules some propositions, and theorems.

Definition 3.1. A proper RI' — S. T of an RU'-module 0 is called Z — P.RU — S. if for each t € 0,
veTl and f € 0" = Hompg.(0,R), f(t)yt € T implies that eithert € T or f(t) € [T :g. 0.

Remark and Example 3.2. 1. Fvery Z-prime R-submodule is Z — P.RI' — S. but the converse
wsn’t true in general, as in the following example:
Let Z be a Zsyz-module, I' = 27 and 6Z be A proper Zsz — S. of Z. Then 67 is Z — P.Zyy — S.
of Z, since ¢ € Z* = Homy,, (Z,7Z) = Z and ¢ : Z — Z; p(a) = 3a, a € Z and so
p(a)y(a) € 6Z also p(a) € [6Z :z,, Z] =3Z. But6Z is not Z-prime of Z — S. of Z, since
o € Z*=Homzg(Z,Z) =Z and ¢ : Z — Z ; p(a) = 3a,a € Z and so p(a).a € 6Z also
pla) ¢ 6Z =67 :z Z].

2. Every P.RI' — S. is Z — P.RI' — S., but the converse is not true in general, as in the following
example: Let O = Zg be a Zyz-module, I' = 27 and T =< 4 > be a proper Zyz-submodule
of Zs. Then < 4 > is Z-prime Zyz-submodule, since f € Z* = Homy,,(2s,Z) = 0 and
so fla)aa = 0 €< 4 > for all a € Zg and 0 € [< 4 >:z,, Zg|. But < 4 > is not prime
Zyz-submodule, since 2 € 27,2 € Zg,1 € Z such that (1)(2)(2) €< 4 > but 2 ¢< 4 > and
2¢ (<4 >y, Zs).

3. Let I be an ideal of a TR, then I be a Z-prime ideal if for everyr € R, f € R* = Hompg,(R, R)
such that f(r)yr € I implies that either r € I or f(r) € I.

Lemma 3.3. Let D and F be any two RI' — S.s of an RI'-module 0, if [D :g. x| is a Z-prime ideal
of a 'R for each x € F, then |D :g. F| is a Z-prime ideal of a T'R.

Proof . Let f € R* = Hompg,(R, R),b € R such that f(b)ab € [D :p. F] and so, f(b)abau € E for
all a € I'u € D, then

f(b)ab € [D :p.< u >| (3.1)

But [D :g.< u >| is Z-prime ideal, so either f(b) € [D :g.< u >] or b € [D :g.< u >|. Thus
for any o € T',u € D, either f(b)au € D or bau € D. Suppose that f(b) ¢ [D :g. F] and
b ¢ [D :g. F], there exists v,w € F such that f(b)av ¢ D and bav ¢ D. Hence f(b) ¢ [D :g.< v >|
and b ¢ [D :p.< w >]. But by (B.1)), f(b)ab € [D :g.< v >] which is a Z-prime ideal, hence
b€ [D :g.< v >|. Thus bav € D, similarly, f(b)ab € [D :g.< w >| implies that f(b)abaw € D.
On the other hand, by f(b)ab € [D :p.< v+ w >|, so either f(b) € [D :gr.< v+ w >] or
b€ [D :g.<v+w >]. Hence either f(b)a < v+ w >€ D or ba < v+ w >€ D, which means either
f(b)av + f(b)aw = dy € D or bav + baw = dy € D. Then either f(b)av —d; = f(b)aw € D or
baw — dy = baw € D, which is contradiction. Therefore either f(b) € [D :g. F|or b e [D :x. F|. O

Proposition 3.4. Let L be a Z — P.RI' — S. of an RI'-module O and T be a summand of O, then
either T'C L or T(\L is a Z — P.RT' — S. of 0.

Proof . Let f € T* = Hompg.(T,R) and a € T such that f(a)ya € T'() L. Suppose that T" ¢ L,
then T() L be a proper RI' — S. of T. Suppose that a ¢ T ()L, since T be a summand of 0 then
there exist a projection p : 0 — T and f : T"— R such that f(a)ya = f o p(a)ya € L,y € I' and
a ¢ L. Then fop(a) € [L:g, 0] C[L:g. T], since L be a Z — P.R' — S. of 0. Thus f(a)['T C L
and f(a)['T C T, and therefore, f(a) € [L(T :g. T]. O
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Remark 3.5. LetT be a Z — P.RI'—S. of RI'-module O, then T is called P-Z-prime RI'—S., where
P = radp([T :g, 0]) and hence if <0 > is a Z — P.RI' — S. of 9, then < 0 > is P = radr([0 :p,
J]) = radr(annr(0))-Z — P.RT' — S. of 0.

Proposition 3.6. Let P be a Z-prime ideal of a T'R and let n be a positive integer. T; be a P — Z —
P.RT' — S. of an RT'-module O such that 1 <i <mn. Then (\;_,T; is also P —Z — P.RT' — S. of 0.

Proof . Let f € 0" = Hompg.(0,R) and = € O such that f(x)yz € (., T;. It’s clear that
P =radr([N-, Ti :ry 9]). Suppose that x ¢ (., T;, then there exist m € Z* with 1 <m < n such
that ¢ T,,. But f(z)yx € T,,, and T,,, isa P — Z — P.RI' — S. of 0. It follows that f(z) € P and

hence N, T;isa P—Z — P.RI'— S. of 0. O

Proposition 3.7. Let T be a RI' — S. of an RI'-module O and let P be a prime ideal of a T'R. If
[T :g. K] C P for each RT'—S.K of 0 containing T properly P C [T :g. 0|, thenT be a Z— P.RI'—S.
of 0.

Proof . Let £ € 0* = Hompg,. (0, R) and t € 0 such that £(t)yt € T. Suppose that © ¢ T and let
K =T+ <t > and so K RI' — S. properly containing T properly, but {(¢)yK = £(¢)yT + £(t)y <
t >C T. And hence {(t) € [T :g. K] C P C [T :g.0]. Thus T bea Z — P.RI'—S. of 0. O

Proposition 3.8. Let 0; and 0y be two RI'-modules and 0 = O\ @r02. If T = T1 P T is a
Z — P.RI'—S. of O, then T and T are a Z-prime Z — P.RI' — S.s of 01 and Oy respectively.

Proof . To show that 0y isa Z — P.RI' — S. of 0,. Let f € 0f = Hompg.(0;,R), t € O, and vy € T’
such that (¢)yt € Ty, then (f o p)(¢,0)v(¢,0) € Ty @ T, where p : 01 P 0> — 01. Since T is a
Z — P.RI' — S. of 0, then either (t,0) € T1 @ T or f(t) € [T1 DT :r. 01 @y 02). Thus either
teTyor f(t) € [Th :pp 0112 :ge O2) and f(t) € [T} :g. O1]. Therefore, T} isa Z — P.RI' — S. of 0
and similarly to prove Ty is a Z — P.RI' — S. of 0y. [J

Proposition 3.9. Let 0,0 be an RI'-modules and ¢ : 0 — 0 be an RI'-epimorphism. If T is a
Z — P.RT'—S. of 0 and Ker ¢ CT, then o(T) is a Z — P.RI' — S. of 0.

Proof . To show that ¢(T) is a proper RI' — S. of &’. Suppose that p(T) = J', since ¢ is an
RT'-epimorphism, then ¢(7T) = ¢(0) and 0 = T + Kery, but Kerpy C T, hence T = 0 which is
contradiction, since T"is Z — P.RI' — S. of 0. Now, we define ¢ € (0')* = Hompg.(9', R) and w € ',
let Y(w)yw € (T), v € T and, w ¢ ¢(T). Since ¢ is an RI'-epimorphism, then there exist u € 0
such that ¢(u) = w and u ¢ T. Then Y (w)yw = P(w)yp(u) € ¢(T) and p(Y(w)y(u)) € ©(T), since
Kerp C T, then ¥(w)y(u) € T. Since T'isa Z — P.RI' — S. of 0 and u ¢ T, then ¢¥(w) € [T :g. J].
Thus ¢((w)I'0) C p(T) and P(w)L'p(0) C ©(T'), then P(w) € [@(T) :g. &']. Therefore (T) is a
Z —PRI'—S.of 0. O

Proposition 3.10. Let 0,0 be an RI'-modules and ¢ : 0 — 0" be an RI'-monomorphism. If T' is a
Z — PRI —S. of &' and ¢(0) ¢ T', then o~ (T") is a Z — P.RT' — S. of 0.

Proof . To show that ¢ 1(T”) is a proper RI' — S. of 3. Suppose that ¢ 1(T") = 9, let x € 0
and x € 07'T", then ¢(9) C T’ which is contradiction. Now, we define f € (9)* = Homg.(9, R)
and w € 9. Suppose that w ¢ @ }(T") and v € T, then p(w) ¢ T'. Let f(w)yw € ¢ '(T"), then
o(f(w)yw) € T" and f(w)yp(w) € T'. Since ¢ is an R[-monomorphism, we put ¢ 'p(w) = w,
then f(p~!(p(w)))yve(w) € T" and fo~ (p(w))yp(w) € T"isa Z — P.RT — S. of &' and ¢(w) ¢ T",
then fo'(p(w)) € [T' :g. @]. Thus f(w)Tp(d) C f(w)L'd C T’ and f(w)['d C ¢ *(T"), hence
f(w) € [ (T") :g, ). Therefore ' (T")is a Z — P.RT' — S. of 9. O

Corollary 3.11. Let T and L be a two Z — P.RI' — S.s of RI'-module 0 and L C T, then T is a
Z — P.RT'—S. of 0 if and only if T/L is a Z — P.RU' — S. of 0/L [9].
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4. Z-Prime RI' — S.s of a Faithful Multiplication RI'-modules

We present in this section Z-prime RI' — S.s of multiplication RI'-modules and also give some
examples, propositions and theorems of this.

Proposition 4.1. Let T be a proper RTI'—S. of cyclic faithful RT'-module 0. If T is a Z — P.RI'—S.
of 0, then T is a P.RI' — S. of 0.

Proof . Let t € 0,k € R and 8 € " such that k5t € T and t ¢ T. Suppose that 0 =<z >,z € 0,
then t = xf8r,r € R. Define n: 0 — R by n(t) = n(kfz) = k. Since 0 is a faithful RI*-module, then
n is well-define and which implies that 7(t)5(t) € T and ¢ T, since T is a Z — P.RI" — S. of 0, then
n(t) € [T g, 9]. Thus k € [T :g. 9] and therefore T'is P.RT' — S. of 0. OJ

Corollary 4.2. Let T be a proper RU' — S. of a cyclic faithful RT'-module 0. If T is a« Z — P.RI' — S.
of 0, then [T :g. 0] is a Z-prime ideal of a TR.

Proposition 4.3. Let T be a proper RU — S. of a multiplication RTU-module 0. If [T :gr. 0] is a
Z-prime ideal of a 'R, then T is a Z — P.RI' — S. of 0.

Proof . Let f € 0* = Hompg,(0,R),t € 0 and v € I' such that f(¢)yt € T, then f(t) <t >C T
and < t >= II'0 for some an ideal I in a I'R. Since 0 is a multiplication RI'-module and so
fTITO C T, then f(t)I'] C [T :p. 0] and < f(t) > T'I C [T :p. J]. Now, we define g : R — R, it’s
clear that g € R*. Now, g(< f(t) >)I'I C [T :g. J]. Since [T :g. J] s a Z-prime ideal of a I'R, then
< f(t) >C [T :g. O)or I C[T g, 0. If < f(t) >C [T :g. 0], then f(t) € [T g, 0]. If I C [T g, 0],
then <t >C Tie,t€eT. ThusTisa Z — P.RI'—S. of 0. O

Corollary 4.4. Let T be a proper RI' — S. of a cyclic faithful RU-module 0. Then [T :g. J] is a
Z-prime ideal of a U'R if and only if T is a Z — P.RI' — S. of 0.

Proposition 4.5. Let 0 be a finitely generated multiplication RI'-module. If I is a Z-prime ideal of
a I'r such that anng.(0) C I, then IT0 is a Z — P.RI' — S. of 0.

Proof . Let f € 0* = Hompg.(0*, R),t € 0 and 7y € I" such that f(t)yt € IT0, then f(t)I' <t >C
IT'0. Since 0 is a multiplication RI-module, then < ¢t >= AI'O for some A be an ideal in a I'R,
and f(t)[AI'0 C IT'0. Then f(t)I'A C I 4+ anng.(0) = I by [? ]. Now, we define g : R — R, it’s
clear that g € R*. Now, g(f(t))TA C I. Since [ is a Z-prime ideal of a 'R, then f(t) € I and
f(t) € [ITO :g. 0) or A C I and AI'0 C IT'0 also < t >C IT'0. Thus f(t) € [IT'0 :g. 0] or t € IT'O
and therefore, I[T0isa Z — P.RI' — S. of 0. [J

Proposition 4.6. Let O be a cyclic RI'-projective RI'-module. If T is a Z — P.RI' — S. of 0, then T
is a S — P.RI'—S. of 0.

Proof . Let f € Endg.(0),w € d and 0 = RI'w,y € I such that f(w) € T and w ¢ T. Since 0
is a cyclic RI-module, then there exist h : R — 0 define by h(r) = ryw, for each r € R. Since 0
is projective RI'-modules, then there an exist RI'-homomorphism 6 : 0 — R, such that ho§ = f.
Clearly ho 6 € Endg.(0), f(w) = h(6(w)) = 8(w)yw € T since § € 0* = Hompg,.(0*,R) and T is a
Z —P.RI'—S.0of 0, w¢ T, then §(w)I'd C T. Now, f(9) = (ho0)(0)=h(0(9)) =60(0)'0 C T and
therefore, T'is a S — P.RI' — S. of 0. I

Proposition 4.7. Let 0 be a cyclic Rw3br-projective RI'-module and T' be a proper RI' — S. of 0,
then the following are equivalent:

1. TisaZ — PRI'—S. of 0.
2. TisaS—PRI'—S. of 0.
3. T isa PRI'—S. of 0.
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5. Conclusions

In this paper, Z-prime RI'-submodule of RI'-module and are investigated the basic properties,
some theorems, and propositions. In addition, the relation between Z- prime RI'-submodule with
other RI™-modules is investigated.
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