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Abstract

In this paper, the concepts of almost maximal submodules are fuzzified and studied. Also, three
new concepts are introduced, which are: e-simple submodules, Ee-simple modules and e-maximal
submodules. Then these concepts are fuzzified and studied.
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1. Introduction

Let R be a commutative ring with unity and V' be an R-module. Recall that a proper submodule
U of V is called a maximal submodule if V' has no properly. Many generalizations of maximal
submodules were introduced such that semimaximal submodules, weakly maximal submodules and
2-maximal submodules [3, 4], Inaam and Riadh in [6] gave another type of maximal submodules
namely ”almost maximal submodules”), where proper submodule U of V is called almost maximal
if V' has no proper essential submodule W containing U properly; that is U < Wand W is essential
submodule in V', then U = W.

In fact, a submodule W of V' is called an essential(WW <, V). If whenever K < V. W NK = (0).
Then K = (0). These concepts maximal submodules, semimaximal submodules, weakly maximal
submodules and 2- maximal submodules had been fuzzified. Moreover, the concept of essential
submodules had been fuzzified and studied in [I1]. This lead us to introduce the concept of almost
maximal submodules, where a fuzzy submodule H of a fuzzy module X is said to be almost maximal
if there is a proper essential fuzzy submodule containing H properly. So that S.3 of this paper

*Corresponding author
Email addresses: maysoon.a.h@ihcoedu.uobaghdad.edu.iq (Maysoun A. Hamel ), inaam1976@yahoo . com
(Inaam M. A. Hadi)

Received: March 2021 Accepted: May 2021


http://dx.doi.org/10.22075/ijnaa.2022.5463

104 Hamel, Hadi

is devoted to studying almost maximal fuzzy submodules. Besides this, H is well known that a
submodule U of V is called simple if U has no proper nonzero submodule, and V' is a simple module
if V' is a simple submodule of V. Also, a proper submodule U of V' is maximal if and only if V/Uis
a simple R-module. These observations lead us to introduce three concepts: e-simple, Extremely
e-simple module(Ee-simple module and e-maximal submodule, where a nonzero submodule U of V'
is called e-simple if there is no W <, V such that W < U, that is (if W < U and W <_V, then
W =U. An R-module V is called Extremely e-simple (briefly Ee-simple) if every nonzero submodule
U of V is e-simple. A proper submodule U of V is called e-maximal if V/U is Ee-simple R-module.
Then in Section 4, these concepts are studied, where many properties and relations are introduced.
In Section 5, the concepts which are given in Section 4 are fuzzified and studies, where many
properties transform to fuzzy submodules and to fuzzy modules.
2. Preliminaries

This section contains some definitions and properties of fuzzy subset, and fuzzy modules sub-
modules), which we used in the next sections.

Definition 2.1. [1Z] Let S be a non-empty set and I be the closed interval [0, 1] of the real line
(real numbers). An F-set A in S (an F-subset of S) is a function from S into I”.

Definition 2.2. [§] Let A be an F- set in S, for allt € [0,1], the set A, = {x € S, A(x) > t}
15 called a level subset of A.

Note that, A(t) is a subset of S in the ordinary sense. Moreover, A, = Ay = {z € S, A(x) = A(0)}.

Definition 2.3. [8/ Let M be an R—module. A fuzzy set X of M is called F-module of an R—module
M if:

(i) X (xz—y) =min{X (z), X(y), for all z ;y € M},

(i) X (rz) > X (z) , for allz € M and r € R,
(i11) X (0) = 1.
Definition 2.4. [7] Let X and A be two F- modules of R—module M. A is called an F-submodule
of X if A< X

Proposition 2.5. [7/ Let A be an F-set of an R—module M.Then the level subset A;t € [0,1] is a
submodule of M if and only if A is an F-submodule of X where X is a F module of an R—module
M.

Definition 2.6. [9] A fuzzy module X is called simple if X has no nontrivial fuzzy submodules.

In other words; X is simple if whenever A < X, either A = X or A = 0;.
Moreover, let A < X, A is a fuzzy simple submodule of X if A is a fuzzy simple module.

Definition 2.7. [9] A fuzzy module X is called semisimple if X is sum of simple fuzzy submodule
of X.

Definition 2.8. [10)] Let A be a proper fuzzy submodule of fuzzy module X |, A is called fuzzy
mazimal if % is a fuzzy simple module. Equivalently A is a maximal fuzzy submodule if whenever
A <Band B< X, then B< X"

Definition 2.9. [10] Let A be a fuzzy submodule of fuzzy module X, then A is called semimaximal
if and only if % s a fuzzy semisimple module.
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3. Almost maximal fuzzy submodules

Definition 3.1. A is called almost mazimal if there is no proper essential fuzzy submodule B con-
taining A properly, where A, B < X e (if A< B<.X, then B=X ).

3.1. Remarks and Examples

(i) It is clear that every maximal fuzzy submodule is almost maximal fuzzy submodule, but the
converse may not be true as the following example shows:
Let M = Z45 as Z — module, and let X : M — [0, 1] defined by X (z) =1, Vo € Zy

1 ifre<6>,

0 otherwise '

The only fuzzy submodules which containing A properly are B : M — [0,1], C: M — [0,1],
with the forms

B(:z;):{l ifa:e<i>,’ C(a:):{l ifre<3>,

Define A: M — [0,1], by A (z) =

a €[0,1) otherwise p€1[0,1) otherwise

However B, =< 2 > and C, = < 3 > are not essential in M, so that B and C are not essential
in X ,by ([4], Proposition 2.1.4). Thus A is fuzzy almost maximal submodule.

(i) Let X : Z12 — [0,1] such that X (x) =1, Vx € Zo

1 ifze<6>,

0 otherwise '

A is not almost maximal fuzzy submodule, since there exists B where B : Z15 — [0, 1] defined
1 ze<2>,

Define A: Z15 — [0,1] by A(z) =

by, B(x) =
Y (z) 0 otherwise

As for each ,t >0, B, =<2><. X, =75 ,B<. X[6]. Thus A < B <, X.

(iii) Let X be a uniform fuzzy module (every fuzzy submodule of X is essential in X. Let A < X.Then
A is maximal fuzzy submodule of X is if and only if A is almost maximal fuzzy submodule of
X.

(iv) Let X be a chained fuzzy module VA ;B < X either A< Bor B< X)and let A < X. Ais
maximal fuzzy submodule of X is if and only if A is almost maximal fuzzy submodule of X .

Recall that for any fuzzy submodule A and B. If A and B are F-submodules of F- module X such
that A < B, then A, < B, .However the converse is not true [10].

In this paper we denote the following condition by (*) hold and we shall use it in some results.
For any fuzzy submodules A and B of fuzzy module X, A,< B, < A < B.

Theorem 3.2. A is an almost mazimal fuzzy submodule of X < A, is an almost maximal sub-
module of X,. Provided condition (*).

Proof .

= Assume A, < N< X, and N <, X, .

Define B : M — [0,1], Defined by: B (x) = L ifwe N’ .
0 otherwise

Then, B, =N <.X,, so A, < B, <X,.

By condition (*), A< B < X. But B <, X. ThusB = X and so B, = N = X,. Thus A, is an
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almost maximal submodule of X,.

< Assume A< B <, X. As B <. X, B, <. X.([4] ,Proposition 2.1.4). Also A, < B, < X,. But
A.is almost mazimal submodule in X,. So B, = X, and by condition (*) B= X. Therefore A
18 an almost maximal fuzzy submodule. [

Remark 3.3.

o Let A < B < X. A is almost maximal fuzzy submodule of X, then B is almost maximial fuzzy
submodule of X .Provided condition(*).

Proof . By Theorem Ayis an almost mazimal submodule in X, . But A, < B, , hence B,

is almost mazimal submodule in X, ([6], Remark 1.2(2)). Then, by Theorem B is an almost
mazimal fuzzy submodule of X. 0
e If A and B are almost mazimal F- submodules of F- module X, then AN B is need not be almost
mazimal t of X.

Ezxample :
1 aifre2”
Let M be the Z-module 7. Define X : M — [0,1] by X(x) = | e €22, e x. 9z,
3 otherwise
1 4 47 1 4 67
Let A,B: M — [0,1] , defined by: A(x) = 1 | e € ', B(x)=1, e € .
5 otherwise 5 otherwise

A and B are mazimal fuzzy submodules in X ([10],Remark 2.2.1). Hence A and B are almost max-
imal fuzzy submodules of X by Remark[3.1. Now

1 ifre127,

otherwise

AﬂB(m):{

N

ANB < B. But B, =67 <, Xy =27, Vt > % And for all 0 < t< QL,Bt =27 = X;. Hence
B <. X [2] and so AN Bis not almost mazimal.

Proposition 3.4. A homomorphic image of almost mazrimal fuzzy submodule is almost mazimat
fuzzy submodule. Provided condition (*).

Proof . Assume f: X — X' be a fuzzy epimorphism and A is an almost mazimal fuzzy submodule.
To prove f(A) is an almost mazimal fuzzy submodule of X'.

By Theorem 2.3 , A, is almost mazimal submodule in X, hence by ([6], Remark 1.2(5)) f( A,) is

an almost maximal submodule in (X)/*. But f( As) < f(A),. It follows that f(A), is an almost

mazimal submodule in X, (by ([0], Proposition. 3.1). Thus f(A is almost mazimal fuzzy submodule
of X' by Theorem 2.3 U

Proposition 3.5. Let M be an R-module, X : M — [0, 1]defined by X (x) = 1,Vo € M. If A is an
almost mazximal fuzzy submodule. Then X/A is semismiple fuzzy module.

Proof . Suppose A is an almost mazimal fuzzy submodule, A, is an almost maximal submodule in
X, Then X, /A, semismiple by ([6], Theroem 1.10). But (X/A). = X./A.. by ( [10], Proposition
1.3.7 ). Thus (X/A). is semismiple and by ([10], Proposition 2.1.11) X/A is semismiple. O]

Definition 3.6. Let A be a F- submodule of F- module X, then A is called semimazimal if and
only if X/A is a semisimple F- module.

Corollary 3.7. Let M be an R-module, X : M — [0,1] defined by X(z) = 1, VYo € M If
A< X and A is an almost mazimal of X , then A is semimazimal.
Proof . By previous proposition, X/A is semisimple, hence A is semimazimal. O
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Remark 3.8. The converse of Coorolary|3.7 is not true in general, for example:
Example 3.9. Let M be the Z-module Z .Define X : M — [0,1], by

1 ifzebs,

0 otherwise

X(zx)=1Ver e ZA(x) = {

ZJA. = Z)6Z = zg — [0, 1], since Zg is semisimple Z-module , X/A is semisimple fuzzy module by
([10], Remark 2.1.10) and so A is semimazimal . But A < B <.< X, where

B(as):{l ifee2,

0 otherwise

It is easy show that By =27 <, Xy = 2Z ¥t > 0 and so B <.X by [4].
Thus A s not almost mazimial

Proposition 3.10. Let X be a fuzzy module. Then the following statements are equivalent:

(1) (0), is an almost mazimal fuzzy submodule.

(ii) Every fuzzy submodule of X is almost mazima.

(1ii) X is semisimple.
Proof .
(i)= (i) Since (0), is an almost mazimal fuzzy submodule, then by Proposition X/(0); is
semistmple. Thus X s semisimple.
(i1i)=> (1) By ([10], Proposition 2.1.9 ) , X is has no proper essential fuzzy submodule. Thus there
is no proper essential fuzzy submodule containing (0), properly. Thus (0), is an almost mazimal
fuzzy submodule.
(ii)=> (i) It is obvious.
(1)= (ii) Let A < X. If there is B <. X and A < B. Then (0); < B. and so (0), is not almost
maximal fuzzy submodule, which is a contradiction. U

One might ask whether or not the direct sum of almost maximal fuzzy submodule. The answer is the
direct sum of almost maximal fuzzy submodule may be not almost maximal as the following example
shows:

Example 3.11.
1 ifzxe2z,
X(:zc):{l :
2

otherwise
Then
1 ifee2Z2627,
<X€]9X><x,y>={l D2,
2

otherwise

Define A, B : M — [0,1] by

A(a:):{i ifr €47 B<x):{1 ifee6z,

. b .
otherwise otherwise
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A, B are almost maximal fuzzy submodules in X

A @ Ble.y) — {1 ifee12@67 .

% otherwise

APBsX B=sX X ,where

(x eBBMx,y):{

But X @B <. X PX, sinceVt>1 (X PB), =X, DB =22P6Z <. X, DX, =

27

2227 andVit<i (X @B), =X, BB =22P2Z2<.X, X, = 22P2Z.

However with extra assumptions, the direct sum of almost maximal fuzzy submodules can be almost
maximal fuzzy submodule , but first the following lemma is needed.

Lemma 3.12. If N,W are almost mazimal submodules of the R-modules U,V then N@W 1is an
almost mazimal submodule in U@ V. Provided ann U + annV = R.

Proof . Assume NPW <Y <, UPV . Asann U+ annV = R. Then Y = CE@ D by ([1],
Proposition 4.2), for some C < U and D < V. Moreover, Y =C@D <., UPV. implies C <, U
and D <. V. ([3], Proposition 1.1) It follows that N < C <, U and W < D <, V. But N
and W are almost maximal submodules in U, V respectively. So that C' = U and D = V. Thus
Y=C@BD and NP W is an almost mazimal in UEP V. O

Theorem 3.13. Let X and Y be fuzzy modules over R- modules MyandM, . If G, H are almost
mazximal fuzzy submodules of X and Y (respectively), then G@ H is almost mazximal in X @Y.

Provided annX, + ann Y, = R. Provided condition(*).

Proof . Since G, H are almost maximal fuzzy submodules of X and Y (respectively), then G.and H.,
are almost mazimal submodules in X, and Y, ( respectively, by Theorem[3.9). By previous Lemma
G. @ BH, is an almost mazimal submodule in X, @ Y. It follows that (G + H), is almost mazimal
in (X+Y),, since ( G+H), =G. P H., and (X+Y), = X. @Y. [11]. Thus by Theorem
A B is fuzzy an almost mazimal in X @Y. O

ifr€2267 ,
otherwise '

YIRS

Next we have the following:

Proposition 3.14. Let A and B be fuzzy submodules of fuzzy module X | Y( respectively). If A B
is an almost mazimal in X @Y. Then A and B are almost mazimal fuzzy submodules of X Y (
respectively).

Proof . Let Py, P, be a natural projection from A@ B — A, A@ B — B, respectively, then by
Proposition 2.4, A and B are almost maximal of X |Y respectively. O

4. e-sitmple submodule, Ee —simple modules and e-maximal submodules

It is well-known that :A proper submodule N of an R-module M is mazimal if and only if M /N
1s simple R-module.
This motivate us to introduce new concepts e-maximal submodule, Extremely e-simple module and
e-stmple submodule Basic properties about these concepts are investigated and many relations with
other classes of submodule (modules) are given.

Definition 4.1. Let M be an R-module. (0) # N < M, then N is called e-simple submodule,if
there is no W <. M and W < N. M is called Extremely e-simple(FEe-simple) module if every
non-zero proper submodule of M is e-simple. If N < M, then N s called e-maximal submodule of M,
if % 18 Fe-simple R-module.
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4.1. Basic properties and Examples

(i) It is clear that every simple submodule is e- simple module and every simple module is Ee- simple
module , but not conversely where N =<2 >< Zi5 (as — Zmodule) is e-simple submodule,
but it is not simple. Also M = Z15 as — Zmodule is Fe-simple module, but M is not simple
module..

(ii) Every non zero proper submodule of the Z —module Z is not e-simple submodule.

(iii) Let M= Zg as — Zmodule , N =< 2 >< Zg 1is not e-simple submodule, but K =< 4 >is e-
simple submodule. Thus Zg 1s not Fe-simple module. However M= = Z, is Ee-simple module.
(iv) Every semisimple module is Ee-simple ,but the converse is not true, see part (iii).

(v) If M is uniform or chained module , N < M, then N is e-simple submodule iff N is simple

submodule

(vi) Let M be the Z- module Z, N =< 4 > W =< 12 >. N, W are e-mazimal submodules, since
% ~ Z4 and % ~ /19 are Fe-simple modules.

(vii) Let N < M, consider the following:
(a) N is a maximal submodule
(b) N is almost mazimal submodule
(c) N is a semimaximal submodule.
(d) N is e- maximal submodule. Then:
(a) = (b) = (c¢), but the reverse inclusion may be not hold.
(a) = (b) see [0].
(b) = (c) see [0].
(3) = (d) Since N is a semimazimal submodule, then submodule, M /N is semisimple and
hence by part (v), M/N is Ee-simple. Thus N is e- mazimal submodule.
By ([6], Exam. 2.3) (b) # (a), also (c) # (b) [0].
Now consider N =47 < Z as Z-module
Z/AZ = Zy is Ee- simpl module, so N = 47 is e-maximal , but N is not semimazimal submodule
since Z 47 =~ Zyis not semisimple.

(viii) It is clear that if N < W < M, W is e-simple submodule, then N is e-simple. Hence the
intersection (if the intersection# (0) of any two e- simple submodules is e- simple.

(ix) If N <W < M, W is e- simple submodule in M , then%/ 15 e- simple submodule in%.
Proof . Assume there exists U/N < M/N and U/N < W/N.

Then U <. M and U < W by ([1], Proposition 1.1.c) and so W is not e- simple submodule

which condration. O
(x) If M is Fe- simple R-module and N < M, then M/N is Ee-simple R-module .
Proof . It follows by part (iz). O

(xi) The converse of part (x) may be is not true in general as the following example shows:
Ezxample: Z as Z- module is not e- simple, but Z/< 4 >~ Zyis Ee-simple module.
(zii) If Myand My are R- modules such that My @ My is Ee-simple, then Myand My are Ee-simple

R- modules.
Proof . Since (M, @ Ms)/M, ~ My and (M, @@ Msy)/My ~ M; and M, @ M is Ee-simple
module . Hence by(z), Myand My are Fe-simple R- modules. O

(xi1i) The converse of (xii) may by false, see following example :
Example: Let My = Z,5, as Z-module, My = Zyas Z-module.
Miand My are Ee-simple, take N = Z1o @@ <2 > < M@ M,y , so there exists W =< 2 >
P<2><Zins@P <2>and W<, Mi @ M. That is N is not Ee-simple submodule . Hence
M, & Msis not Ee-simple .
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5. Fuzzy e-simple submodules, fuzzy Ee- simple modules and fuzzy e-maximal sub-
module

In this section we fuzzify and study the concepts which are given in Section

Definition 5.1. Let X be a fuzzy module over an R-module M.

(i) Let A< X ;A #(0);. Ais called e-simple fuzzy submodule if there is no B <, X such that B <
A
(i) X is called Fe-simple fuzzy module if every nonzero proper fuzzy submodule of X is e-simple
fuzzy submodule .
(1ii) Let A < X .A is called e-mazimal fuzzy submodule if X/A is Ee-simple fuzzy module.

Proposition 5.2. Let (0); # A < X, A is e-simple if and only if A, is e-simple in X,.
Proof . = Since (0); # A < X, then (0 ) # A, < X,. Assume there exists N <. X, and
N < A,. Definition B : M — [0, 1] by:

B<x>:{1 feeN,

0 otherwise

Hence B < X and B, = N. Hence B, <. X, and B, < A,.. Hence B <. X []|].

Thus A is not e-simple which is a contradiction.

<= To prove A is e-simple fuzzy submodule. Assume there exists B <. X and B < X . It follow
that B, <. X, and B, < A.. By [4l], Remark 2.1.4]. Thus A, is not e-simple submodule of X,
which 1s a contradiction. 0

Corollary 5.3. Let X be a fuzzy module over an R-module M, If X, 1is Ee-simple module, then X
is Fe-simple fuzzy module. The converse hold if condition (*) hold.

Proposition 5.4. Let X be a fuzzy module over an R-module M, let A < X , A is e-mazimal fuzzy
submodule if and only if A.is e-mazimal submodule in X, Provided X (x) =1, Yz € M.

Proof . = If A is e-maximal fuzzy submodule, then X/A is Ee-simple fuzzy module. By previous
Proposition (X/A).is Ee-simple module. But by ([10] Remark 1.3.7 ) (X/A). = X./A. Hence X, /A,
1s Fe-simple module and so A, is e-maximal submodule of X,.

< If A, is e-maximial submodule of X,.. Thus X, /A, is Ee-simple module.

But X (z) =1, so X,/A, = (X/A), by [10].

Hence X, /A, is Ee-simple module and by pervious proposition X /A is Ee-simple fuzzy module. There-
fore A is e-maximial fuzzy submodule [J

5.1. Remarks and Examples
(i) It is clear that every semisimple fuzzy module is Ee-simple fuzzy module, but not conversely for
example:
Let X : Zy = [0,1] defined by X (z) = 1,Vx € Z,
Let (0), # A< X, then (0) # A, < X, = Zgand so A, =< 2> . Hence A, is e- simple
submodule in X, = Z, Therefore A is e- simple submodule in X and X is Ee-simple fuzzy
module. However X is not semisimple fuzzy module since

A(x):{l fre< 2>,

0 otherwise

A is not direct summand of X .
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(i) If A < X, A is semimazimal, then A is e-mazximal fuzzy submodule but the converse is not
true.

Proof . If A semimazimal fuzzy submodule, then % is semisimple fuzzy module, hence by part (i)

X/A is Ee-simple fuzzy module, and so A is is e-mazximal fuzzy submodule. O
Example: Let X : Z — [0, 1] defined by X () = 1,Vo € Z. Let
1 47
Alz) = { ifx € 3

0 otherwise

A, = 47 = X, /A, = Z, which is Fe-simple module. So A, is e-maximal and hence A is e-
mazximal, by Proposition 4.4. But X./A. = (X/A). by [10]. Thus (X/A). ~ 4Z is not semisimple.
Therefore X/A is not semisimple by ([10], Lemma 2.1.7). Thus A is not semimazimal.

(i1i) By combining above properties with basic properties in S.3, we have

mazximal fuzzy submodule = almost mazimal fuzzy submodul = semimazimal fuzzy submodu —-
e-maximal fuzzy submodule, and

e-mazimal fuzzy submodule # almost mazimal fuzzy submodule # semimaximal fuzzy submodule
Mazximal fuzzy submodule.

Proposition 5.5. If A is e-simple of X, A < B < X, then B/A is e-simple fuzzy submodule in
X/A.

Proof . Assume there exists C/A < BJ/A and C/A <. X/A. Hence A < C < B and C <.< X [{J
i.e (A<C andC <. X).

Thus A is not e-simple fuzzy submodule which is a contraction. O

Corollary 5.6. If X is Ee-simple fuzzy module , A < X, then X/A is Fe-simple fuzzy module.
Proof . It is follows by Proposition|5.4. ([l

Hint: The converse of Corollary[5.6 may be not true, see the following example:

Example 5.7. Example: LetX : Zg — [0,1], let X (z) = 1.
X is not Fe-simple fuzzy module, since there exists fuzzy submodule.

AX) = 1 ifre<2>,
0 otherwise '

A is not e-simple fuzzy submodule. Since X, /A. = (X/A). by [10].
Therefore X, /A, = Zs| < 2 >~ Zy is Ee-simple module, hence (X/A), is Ee- simple module and by
C’oroally X/A is a fuzzy Ee-simple module .

Corollary 5.8. If X is Ee-simple fuzzy module, thenV A < X, A is e-maximal fuzzy submodule .
Proof . By Proposition X is Fe-simple fuzzy module, then X/A is Ee-simple fuzzy module
V A< X, then A is e-mazimal fuzzy submodule. O

Hint: If A< X, A# (0 ), such that A is e-simple , then it is necessary that A is e-mazimal.
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Example 5.9. Example: Let X: Zg — [0,1], such that X (z) =1, and

1 ifre<d>,
A(m’):{l .
2

otherwise

A is e-simple fuzzy module, but A is not e-mazimal, since there exists B < X, such that

B() 1 ifre<2>,
r) = )
% otherwise

Hence A < B. Moreover B <., X.

Corollary 5.10. If f : X — X' be epimorphism with ker f is e-maximal fuzzy submodule, then X'
18 Fe- simple fuzzy module.

Proof . Since ker f is e-maximal fuzzy submodule, then X/ker f is Ee-simple fuzzy module. But
X' =~ X/ker f. Thus X' is Ee-simple fuzzy module. O

Proposition 5.11. If A is e-mazimal of X . A < B, B is fuzzy submodule of X. Then B/A is
e-mazximial in X/A and B is e-mazimal in X.

Proof .Consider (X/A)/(B/A) ~ X/B. But A is e-mazximal e of X , then X/A is Ee-simple fuzzy
module. Hence (X/A)/(B/A) ~ X/B is Ee-simple by (Proposition 5.7) . Thus B/A is e-mazimal
fuzzy submodule in X/A. Also X/B is Ee-simple implies B is e-mazimal in X. 0

Corollary 5.12. If A, B < X such that A is e-maximial, then A+ B is e-mazximal.
Proof . It is Clear by Proposition [5.11] O

Remark 5.13. If Xiand X, be Ee-simple fuzzy modules overr My and My respectively, then X, @@ Xo
need not be Fe-simple fuzzy module.

Example 5.14. Let X1(z) =1, Ye € My =Zy5, Xo(x) =1, VYo € My = Z15,A: Z1oP Z12 —
[0,1] defined by:
1 ifx €25, ye<2>
A(x,y>={ Jo e B yE 2

0 otherwise

A, = Zins @ < 2 > which is note-simple fuzzy submodule in (X1). @(X1). = (X1 + Xo), =
Z1o @ Zis. Thus A is not e-simple fuzzy submodule in (X1) @(X1) (by Proposition[5.3).

Remark 5.15. Let Aand B be e-maximal fuzzy submodules of fuzzy module X .Then AN B need
not be e-mazximal fuzzy submodule, as the following example shows:

Let X : Z —[0,1] X(z)=1, Let A: Z—[0,1], B:Z —[0,1] defined by:

A(x):{1 ifz €42, B(x):{l v €9z, (AHB)@):{l ifx €367,

0 otherwise 0 otherwise 0 otherwise

(X/ANB), =X./(BNA), =27Z/36Z ~ Zs.

But Zsg is not Ee-simple module, since there exists N =< 2 >< Zsg and there exists W =< 6 ><<
2> and <6 > <., Zss . Thus (X/AN B), is not e-simple, so (X/A N B) is not e-simple by
(Proposition[5.4)). Thus AN B is not e-mazimal.
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Note that (X/A), = X./A. =~ Z; is Ee-simple module. So A is e- maximal.
(X/A). = X./A, = Zy is Ee-simple. So B is e- maximal.

Proposition 5.16. Let be X a fuzzy module of an R- module M. The following assertion are equiv-
alent :

(1) (0), is e-mazximal.
(ii) Every proper fuzzy submodule of X is e- maximal.
(iii) X is Ee-simple.

Proof .

(1) = (iii) Since (0), is e- maximal, then X/(0); is Ee- simple fuzzy module. Thus X is Ee-simple.
(111) = (i) X is Ee-simple, that is X/(0); = X Ee- simple. Thus (0), is e- mazimal.

(i) = (iii) It follows by Coroally[5.10

(111) = (ii) By (i), (0), is e-mazimal, so X/(0); = X is Ee-simple fuzzy module. O

Open Problems

(i) Let X be a fuzzy module over R-module M .

Define F-Rad X, = N all fuzzy almost maximal submodules. Suggest kind of fuzzy small
submodules.

(ii) Let X be a fuzzy module over R-module M
F- Soc(X)= N all fuzzy essential submodules of X, studying this concept.
Is F-Soc(x)=> all fuzzy simple submodules of X

(iii) It is known that Zy (M), the Z; —torisionsubmodules of an R-module M, where Zy(M)/Z(M) =
Z(M/Z(M)), where Z(M) is the singular submodules of M.
Fuzzifing and studying the concepts Z (M) and Z5(M)

6. Conclusion

Most of the results about almost maximal submodules transferred to fuzzy almost maximal sub-
modules . However some results needed some extra conditions.
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