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Abstract

In this paper, the Kantorovich method for the numerical solution of nonlinear Uryshon equations
with a smooth kernel is considered. The approximating operator is chosen to be either the orthogonal
projection or an interpolatory projection using Legendre polynomial basis. The order of convergence
of the proposed method and those of superconvergence of the iterated versions are established. We
show that these orders of convergence are valid in the corresponding discrete methods obtained
by replacing the integration by a quadrature rule. Numerical examples are given to illustrate the
theoretical estimates.
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1. Introduction
We consider the following Urysohn integral equation defined on 2" = C[—1,1] by
1
x(s) —/ k(s,t,x(t))dt = f(t), se€[-1,1] (1.1)
-1

where the kernel «(., .,.) is a real smooth function and w is the unknown function to be determined.
Classical methods for solving (|1.1)) are the Galerkin method based on the orthogonal projection
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onto a finite dimensional subspace of 2  and the collocation method based on an interpolatory
projection. The iterated Galerkin /iterated collocation solutions are obtained by one step of iteration
and were studied for Urysohn integral equations in [€]. The discrete version of collocation and
iterated collocation methods was considered in Atkinson-Flores [3]]. The obtained solution is shown
to converge faster than the iterated Galerkin solution. Recently a modified projection method was
introduced in [13]]. More recently, a superconvergent Nystrom method which converges as rapid as
the modified projection method was proposed in [2].

The purpose of this paper is to investigate the Kantorovich method for solving , which is
based on ”Kantorovich regularization” (Kantorovich, 1948) using piecewise polynomial basis func-
tions. This method is discussed in Schock [15] and Sloan [16] for linear Fredholm integral equations.
Among these polynomials, Legendre or Chebyshev polynomial can be used as bases functions which
possess nice property of orthogonality and low computational cost.

Various polynomially based projection methods for nonlinear equations were studied. The Kumar
and Sloan’s method using Legendre polynomials was introduced in [7] and its discrete version was
proposed in [8]. The same method using Chebyshev polynomials basis functions was early considered
in Kumar [10]. A superconvergent version of the Kumar and Sloan method for solving Hammerstein
equations with smooth kernels was analysed in [1]. Other important results on the numerical
solutions of nonlinear integral equations using Legendre polynomials can be found in [5l, 9, [16].

Now for a summary of the paper. In Section 2, notation is set, the numerical methods are
described, and some relevant results are recalled. In Section 3, the orders of convergence of the
proposed method and its iterated version for both the orthogonal projection and the interpolatory
projection are obtained. In Section 4, we show that these orders of convergence are preserved after
taking into account the errors introduced by the numerical quadrature rule. Numerical results are
given in Section 5.

2. Preliminaries and method

Let X,, denote the space of all polynomials of degree < n defined on [—1, 1]. Then the dimension
of X,, is n + 1, and the Legendre polynomials {Lg, L1, ..., L,} defined by

Lo(s) =1, Li(s)=s, se[-1,1]

(Z-’-].)LZ_H(S) = 2Z+1)SLZ(S) —iLi_1<S), 1= 1,2,...771— 1 (21)

form an orthogonal basis for X,,. Since

2 .
L.LY=22i+1 '~
(Li, L

0, i # 7,

then, an orthonormal basis for X, is given by

2141
{gpi(s): Z;r Li(s):i:(),l,...,n}.

We consider two types of projections from C[—1, 1] to X,.
Orthogonal projection. For u,v € C[—1, 1], the inner product is given by

1

1 }
(u,v) :/ u(t)v(t)dt and the associated norm is  |lu|lg2 = </ u(t)zdt) :

1 1
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Let 7%z be the orthogonal projection operator defined from ¢[—1,1] to X,,. Then for all x € ¢[-1,1],
we have

n

(T x)(s) = Z@?» ©i)ei(s),

i=0
<7TS.’E,(,OZ'> ={(x,p;), 1=0,1,...,n.

(2.2)

Interpolatory projection. For x € C[—1,1], let 7¥x denote the unique polynomial of degree n
satisfying

(%) (1) = z(r;), i=0,1,...,n, (2.3)
c

where {79, 71,...,7,} are the zeros of the Legendre polynomial L, 1. In the Lagrange form, 7} x is

n

c
(mpx)(s) = ) _x(r)ty(s), s €[-1,1],
5=0
where ¢; is the unique polynomial of degree n that satisfies £;(1;) = &;;. Clearly, ¢ is a linear
operator on C[—1, 1], with the property 7¢ = (7¢)2. It is therefore a projection, having as range the
set X,,. Henceforth, we write 7¢ or 7& as m,. The crucial properties of m, are given in the following
lemma.

Lemma 2.1. (Golberg and Chen [5]) Let m, : C[—1,1] — X, be the orthogonal projection or the
interpolatory projection operator defined by and respectively. There ezists a constant p > 0
independent of n such that for x € C[—1,1],

[Tz 22 < pllz]| 22, (2.4)
o~ muzllee < (14p) inf |1z — ol (25)
peXn
Moreover, for any x € C"[—1,1],
|z — mpz]| 22 < en"||2™]| g2, (2.6)
Iz = mp)loo < ern” "2, (2.7)

where ¢1 is a constant independent of n,3 = % for the orthogonal projection and [ = % for the
interpolatory projection.

Remark 2.2. The estimate shows that ||z — T 2||ec 7 0 as n — oo for any z € C"[—1,1],
whereas the estimate imply that ||z — mx|| g2 — 0 as n — oo for all x € C[—1,1].

Let 2 be the Urysohn integral operator defined by

(%m)(s):/ w(s.t,2(0)dt, s € [1,1]. (2.8)

1

Thus, equation (|1.1)) can be writing in operator form as

r— A (x)=Ff. (2.9)
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For our convenience we let

z =X (z). (2.10)
Thus, writing the solution of (2.9)) as © = z + f, we have

2= H(z+ f). (2.11)

The Kantorovich method, is obtained by applying the classical projection method to the equation
(2.11)). Thus, the approximate solution is given by

Ty = 2pn+ f, (2.12)

where z,, satisfies
Zn — T (20 + f) = 0. (2.13)

The theoretical advantage of the proposed method is that the inhomogeneous term is now 0 rather
than 7, f in projection methods which may be smoother than f.
Note that the above equations are equivalent to a single equation for x,,

Ty — T () = f. (2.14)

Throughout this paper, this method will be called respectively Kantorovich-Galerkin method or
Kantorovich-collocation method when the orthogonal projection or the interpolatory projection is
used.

Finally, the iterated Kantorovich approximation is defined by

~n =X n) T J,
Tn = H(zn) +f (2.15)
=zp+ fa
where
Zn =K (zn+ f). (2.16)
From ([2.13) and (2.15]) we observe that z, = m,z,, and hence
Zn — K (mpzn + ) =0. (2.17)

For the implementation of the method, we define
Faly) =y — ma (y + f).
Then, equation (2.13]) becomes
F.(z,) = 0.

This last equation is solved iteratively by using the Newton-Kantorovich method. For an initial

approximation 27(10), define
At = 2 — [F () R,

n

where F,’L(zék)) is the Fréchet derivative of F), given by

F (2N =h — 7,7 (2 + f)h.

n

By a simple calculus, we get

20D o 7 (2D — o (2P f) — (232 (2.18)

n n n n
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Since 2" € X,,, we can write in the case of orthogonal projection

n

A=) (9, 05)0 Zy

=0
Then, (2.18)) is equivalent to the following linear system of size n + 1
(1= AP =P,

where for 7,7 =0,...,n,
AV, 5) = (" ()50,
r (i) = (A (2 + 1), i) = (CPY) ).

For the interpolatory projection, we can write

D= 2P0 =Yy 6
=0 =0

Then, we obtain the system of linear equations
(R
where for 7,7 =0,...,n,
B (i, j) = (") (1)),
i = H 0+ () — (BEYD)0).

3. Convergence rates

For the rest of the paper we assume that r > 1. Let g be an isolated solution of (|1.1]), and let
a, b be real numbers such that

i , C la,b].
) Byl <

Define
Q=[-1,1] x [-1,1] x [a, b].
Assume that r, 22 € ¢"(Q). Then, % is a compact operator from £>[—1,1] to ¢"[-1,1]. If f €
C[—1, 1], then, since
zo — A (20) = f, (3.1)
the solution zy belongs to C[—1,1]. Moreover, the operator J# is Fréchet differentiable and the
Fréchet derivative is given by

@6 = [ Ot algto

For &y > 0, let B(z,d0) = {y € X : |z — y[o < do}. Since 9% € ¢7(), it follows that £ is Lipschitz
continuous in a neighborhood B(zy, dy) of xq, that is, there exists a constant v such that

1" (x0) = A ()| < llwo —xll, = € Blx, dp). (3.2)
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For 7 =0,1,...,r we have

1[4 (20)g]" |l = sup

1 gitly
/1 M<S’t7x0(lf))g(t>dt’

s€[—1,1]

FoaRy ‘ /1 (3.3)
< su — (s, 1, xo(t t)| dt
< s |5 ge s b)) | le)

< 2[|#lrc0llglloo;

where .
Ity

S5 (s, t,xo(t))‘} .

The operator £ (zg) is compact. Assume that (I — (o))" : ¢[-1,1] — ¢[-1,1] is a bounded
linear operator and that 1 is not an eigenvalue of J#”(x(). Then, it can be shown that

M = (I — H"(z0))~ A" (o)

r

el = o, S~ {155
s,te[—1,1] 4

7=0

is the compact linear integral operator (See Riesz-Nagy [171)

1

(Mg)(s) = [ m(s,t)g(t)dt, se[-1,1], g€ X, (3.4)

-1

where the smoothness of kernel m is the same as that of kernel x, that is,
m e C"([-1,1] x [-1,1]).
The following lemma, which can be shown easily, will be used to prove the main results of this section.

Lemma 3.1. Let zo € C[—1,1] be an isolated solution of (1.1). Assume that k € C"() and that 1
is not an eigenvalue of H'(xy). Then for n large enough, the operators I — m, %" (xy) are invertible

i.e. there exists a constant Ay > 0 such that ||(I — 7, " (7)) o < A1 < 00.

Proof . Using estimates ([2.7)) and (3.3]), we have
[(mn 2 (20) = A (20))glloc = [|(T = 7) K" (20) |
< QClnﬁirH”iHr,wHQHw'

Since 0 < f < 1, for B <r=1,2..., it follows that
[0 (20) — ' (w0)[|oo = O(R”™7) =0, as n — oo.

Hence by Lemma 2.6 in [4], the operators (I — 7, %" (xy))~" exists and are uniformly bounded, for
some sufficiently large n. This completes the proof. [J The following theorem can be proved by using
Theorem 2 of Vainikko [18].

Theorem 3.2. Let z9 € C[—1,1] be an isolated solution of (1.1). Assume that k € C"(Q) and that
1 is not an eigenvalue of "' (xg). Then there exists a real number 6y > 0 such that the approzimate
equation has a unique solution x,, in B(xq,dy) for a sufficiently large n. Moreover, there exists
a constant 0 < g < 1, independent of n such that

Qy,
1—g¢q

where o, = ||(1 — 7, " (20)) ™ (A (20) — Wn%(xo))“m — 0 as n — oo.

Qn

14+¢

, (3.5)
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The next theorem establish the rate of convergence of the approximation x,, to the exact solution xg.

Theorem 3.3. Assume that k € C"(). Let xg, z,, be the solutions of and respectively.
Then, under the hypothesis of Theorem[3.3, for n large enough, we have

|20 — 20|l = O("™T). (3.6)
Proof . Using estimates (2.7)) , (3.5) and Lemma , we have

[0 — Zolloo < Ar[(1 — mn) K (20) |,
< 2A101n5_r||/<a\|mo.

This completes the proof. [ For the rest of the paper, we set

2o = A (x9) and mg(t) =m(s,t), s,te€[-1,1].

Theorem 3.4. Assume that s, 2 € ¢"(Q) and that f € C[—1,1]. Let ¢ be the iterated Kantorovich-
Galerkin approximation of xo given by . Then, for a sufficiently large n, we have

175 — @ollc = O(n72"). (3.7)
Proof . Note that from equations (2.15) and (3.1)) we have

Ty — w9 = H () — H (0)
= K (x,) — H " (x0)(xy, — x0) + H ' (0) (2, — x0) — H (20). (3.8)

Noting that
Ty — g = T (T, — x0) — (I — ) H (20), (3.9)

vields
T — 20 = [H (1) — A (20) (0 — T0) — A (20)]+ 7 (20) 70 (T — 20) — ' (20) (I — ) H (). (3.10)
Hence, using again (3.8)), we get
K (20) (T — 20) = A (0) (T — DK (20) — ' (20) (20 — 20) + A (20) (20 — 20) — H (20)]
+ K (20) (T, — x0)
and replacing in ([3.10)), we obtain the formula
o — a0 = {1 = (2] [H (2a) = (o) — 30) = H (o)}

— M(I — ) [ (xn) — H ' (x0)(@n, — 20) — H ()] (3.11)
— M(I — 7)) # " (o) (0, — 20) — M (I — 7,) % (20).

By the mean value theorem, the Lipschitz continuity of J#” and estimate ([3.6)) we obtain

| (2) — K (o) (@0 — w0) — H (20)|| = [ (w0 + O(z0 — 2n)) — " (w0)](2n — 20)]|
< (1 = O)zn — ol
— o(n2#"), (3.12)
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where 0 < 6 < 1. For each s € [—1, 1], we have

1

M(1 — 7€) () (5) = / (s, £)(1 — 70) 2 (t)dt

= <(_I — Wf)ms, (1 — 777?)20>.

Hence, using the Cauchy-Schwarz inequality and estimate (2.6)), we can show that

IM(1 = )¢ (@) < mmax [[(1 = )mall (1 = 7)zall 2

< max mfellf 3.13)
se|—1,

< 26107 || o0l | K|l 00

where ‘
’m

r,oo — - b 3'20,1,..., .
il = o { |5 s.0) 2 }

By (B4) we get

M(1 = 7). (x0)g(s) = / (s (1 = =) H (o)g 0
= (my, (1 —79)H " (0)g).

n

= (1 =7 )yms, (1 = 7)) A" (w0)g)

n

Then, using the Cauchy-Schwarz inequality and estimates ([2.6)),(3.3]), we obtain
IM(1 = 7)o" (20)glloo < Jax [|(7 = 0 )|l 2| (1 = 7)) 2 (20) g 22,

<t max [ml)2l| [ (@0)g]

< 2v263n 77 [m ool 00 9| oo

This implies that
1M (1 = 7). (20)l| < 2v/260 72 [[m |00 | 1,0 (3.14)

Now combining (3.11)), (3.12), (3.13) and (3.14)), the estimate (3.7]) holds. I

Theorem 3.5. Assume that s, 2 € ¢"(Q) and that f € C[—1,1]. Let € be the iterated Kantorovich-
Collocation approximation of xy given by . Then, for a sufficiently large n, we have

7€ — 20|00 = O(n7T). (3.15)
Moreover, we have the following superconvergence estimate for xS at the collocation points

max [16(7) = 2(7)] = 0(n™")

Proof . From (3.11f) we have

M(1 — 7€) (2)(5) :/ m(s, (I — 7€) z0(0)dt, s € [~1,1]
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Then, taking supremum and using the Cauchy-Schwarz inequality, we get

IM(1 = )8 (@)oo < o [l 21 = 7)) 2

< V2 ool 28 2, (3.16)

< 201n_r||m||r,00||’i||n<>0'

For the third term in (3.11)) , using the estimates ([2.6)),(3.3)) we obtain,

1M (1 = 7)) (0) gl 0 < Jnax [|msflz=f|(1 = ) A (20)gll 22,

< V2| m| oo | [ (20) 9] || 22,
< 2\/§C1n_r||m“r,oo”’€“r,oo||9”007

which means that
IM(1 = 7). (20) oo < 2V2e1n " || |1 | |1 00 (3.17)

Combining estimates (3.11)), (3.12)), (3.16|) and (3.17)), we obtain ({3.15]).
Now, applying 7¢ to both sides of equation (2.14)), we have that

Wga:n = Wg%/(xn) +7r§f
:w,%’n,

and therefore

CBS(E)ZE,?(%), 1=0,1,...,n.

Hence, the required result follows from (3.15)). O

4. Discrete methods

In practice, the integrals in the definitions of the orthogonal projection 7¢ and the operator .#~
involved in equations and are not computed exactly. It is necessary to replace them by
a numerical quadrature formula giving rise to discrete and iterated discrete Legendre-Kantorovich
methods, respectively. To introduce these discrete methods, we consider a quadrature formula defined
by

y f(t)dt ~ Z w; f(t:), (4.1)

where the weights are such that
w; >0, i=1,.... M

and the number of nodes is written simply M, with the dependence on n understood implicitly. We
suppose that this formula has degree of precision d > 2n, that is

/ 1 P(t)dt = w;P(t:), (4.2)

for all polynomials P of degree < d. Following Golberg [11] and Sloan [12] we define the discrete
inner product as

(f-9) 0 = Zwifm)g(ti), f.g9 € cl-1,1]. (4.3)



152 Allouch, Arrai, Tahrichi

Let 2¢ : c[-1,1] — X, be the hyperinterpolation operator defined by Sloan [12] as

n

(272)(s) =Y (@, 00 mpils), (4.4)

=0
and satisfying

<QS$,Q0¢>M =(z,0i)y, 1=0,1,...,n
For the discrete Legendre collocation method we will use the interpolatory projection operator 7¢

defined by (?2.3)). For notational convenience from now on we write 7¢ = 2¢ and 2, = 2¢ or 2¢.
The following crucial properties of 2,, are quoted from Sloan [12].

Lemma 4.1. Let 2, : C[—1,1] — X,, be the the hyperinterpolation or interpolatory projection oper-

ator defined by and . Then we have

120z 22 < V2|0, (4.5)
|z — 2,22 < 2V2 inf || — @ o (4.6)
$eX,
Moreover, for any x € C"[—1,1],
|7 = 202l < an™ ||z o, (4.7)

where ¢ is a constant independent of n, v =1 for the hyperinterpolation operator and v = % for the
interpolatory projection. Note that for any x € C"[—1, 1], we have also (see [8])

1
(. — Dpx,x — 2,2)% < V207|217 oo, (4.8)
where c¢1 is a constant independent of n and n > r.

Using the numerical integration method (4.1)), the Nystrém approximation of the integral operator
& is defined as

() (s) = Zwm(s,ti,x(ti)), se[-1,1]. (4.9)

The Fréchet derivative of J7, is given by

M

(H)g)) = D it 0ot

Since w; > 0 and 2 = f_ll dt = sz\il w;, we have for j =0,1...d,

, M 9tk
I (00l oo < 3 wn smp 1555, (5o mo(4) (4 (410
< 2[[lle0llgloo-
Theorem 4.2. Assume that k, 9% € ¢(Q), then we have
1 (0) = Ha(0)lloo < esn™||A]la o, (4.11)
17 (20)g — £, (20)glloe < e5n™[15]] .00 | 9laco- (4.12)

where c3 is a constant independent of n.
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Proof . For any p € X;, we have

[(H (0) — H(0)) |_‘/ K(s,t, xo(t )] dt — Zw, (s, ts, mo(t:)) — p(t:)]| ,

< Ik = plloe [/lduzwl-] ,
- =1
< 45 — plloc-

According to jackson’s theorem we have for all z € ¢"[—1, 1]

inf — bl < esn " l2™]] o 4.13
Jof o = dllee < esn™ |27 loc, (4.13)

where c3 is a constant independent of n. Thus
|(F (20) — Hu(20))(s)] < 4 nf Ik —pllec,
< dezd™ K| oo
Since d > 2n, we conclude that
(S (o) — Ha(wo))(s)] < des(2n) 6] d0c (4.14)
and therefore
1 (20) — H(0)|oo < e3n ™[] 0- (4.15)
Similarly, it can be shown that
1" (w0) = ) (20))9lloe < esn™ || ]lac0l|9]ld.00- (4.16)
This completes the proof. [ The discrete version of the approximate equation is given by
Yn — ZnHn(yn) = £, (4.17)
while the discrete iterated Kantorovich solution is defined as follows

Yn = Hn(Yn) + f- (4.18)

Theorem 4.3. Assume that k, % € C"(Q). Let xg, y, be the solutions of and respec-

tively. Then, for a sufficiently large n, we have
[0 = Ynlloo = O(n"™"). (4.19)
Proof . According to Theorem 2 of Vainikko [18], we can show that

170 = yalloo < ||(1 = 20) 7 (20) ™ (H (20) — Lut(0))]| .- (4.20)
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As in Lemma [3.1] it can be also shown that for a sufficiently large n, there exists a constant A > 0
such that [[(1 — 4,@,%%/”’(9(:0))_1||Oo < A,. Now, we write

(257 (z0) — 27 (20))glloc < (1 = 20) 2" (20)glloc + [[(Z (20) — £ (20)) 9l (4.21)
Since 0 < v < r and by the estimates and (4.10) we get
(I = 2,) %" (20)9]l0o < 2¢an” " ||E]lr00llglloc = 0, as n — . (4.22)

Thus, for any g € ¢"[—1,1] and d > 1, it follows from (4.12)), (4.21)) and (4.22)) that
1(20#,) (20) — A (w0))glloo < 2¢2n" |||l r00]lgllow + can™|Ailla00 |9l d,00-

This shows that 2,7 (x() converges pointwise to the operator £ (x¢) in infinity norm.

Hence from (4.7)), (4.10) and (4.11)) we have

1 (20) = Zndn(0)l|oo = (1 = Zn)Hn(w0) — Hin(0) + A (0) |0
<0 = 20) A0 (xo)lloo + |2 (x0) = Hn (o)l

|

< 209077 ||l 00 + c3n |l d,00

and therefore
||:L“0 - ynHoo < AQ(QCQWW_TH’{HT,OO + CSn_dH“Hd,OJ- (4-23)

Since d > r — ~y, the proof is reached. [J The following theorem give the order of convergence of the
discrete iterated Legendre-Kantorovich method.

Theorem 4.4. Assume that s, % € c4Q) and that xog € C[—1,1]. Let g be the iterated discrete
Kantorovich-Galerkin approzimation of xo given by . Then, for a sufficiently large n, we have

lzo = 7 o = O(n™™"). (4.24)
Proof . Again by [18], we can show that
lwo = nll < 11 = S/ (20)) ™ (H (w0) — Hn(0))l|oc-

From estimate (4.12)) we see that || (x¢) — #”(20)||cc — 0 as n — oo and similarly to Lemma
there exists a constant Ay > 0 such that ||(I — 2/ (z0)) !|e < Az. Note that

1 (o) = Hn(0)lloo = [ (20 + f) = Hn(Znz0 + [)lloo;

<1H (ot ) — Halzo + Pl + [ Halo + 1) — Ha(@uzo + Pl 2
First we have from (@.11)
1 (20 + ) = Ao+ Flloe < sl (4.26)
Next, by Taylor’s theorem,
K20+ [) = H( Lo + [) = 2, (20)(20 — Znz0) + O(|20 — Znz0]]?)- (4.27)
For a fixed s € [1, 1] let
00 = L.ty mo(t), e 1,1
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Using Cauchy-Schwarz inequality and estimate (4.8)), we have for each s € [—1, 1]

| ;! (20) (20 — 25 20) (s Zw, st,,xot))[(l—c@f)zo](ti)

= <€87 - ‘QS ZO>M
= <(1 — 2%, (1 — QG)ZO>M

sz I— QG (s ti, o(t)) (I — 29) 2 (t;)

(sz{z—gGg (s, ti, 2ot } ) (Zwl (1 — 29)z(t )})

= (1= 25)0u. (1= 2903, (1 = 25)20, (1 = 205,

< 260" |15 oo 125" [|oo

1
2

This implies that
127, (20) (20 — 25 20) oo < 263072 [|5]]7 (4.28)

Since d > 2r, then combining estimates (4.25)), (4.26)), (4.27)) and (4.28)), we get

lzo — T Il < Az (can™||w]laco + 2¢3n 7 [|K]]7 o) - (4.29)
which completes the proof of (4.24). [J

Theorem 4.5. Assume that r, 95 € () and that xo € C[—1,1]. Let §5 be the iterated discrete
Kantorovich-Collocation approximation of xo given by . Then, for a sufficiently large n, we
have

lzo = T lloe = O(n*’“)- (4.30)
Proof . Using Cauchy-Schwarz inequality and estimates and -, we have
’%(fﬂo)(Zo—QgZQ ‘ = |<%// I—QC)ZO( )‘

M

= Zwi%(satmﬂfo(tmu — 20)%(t:)

2

< Allroo (Zm) (Z w [(1 = 27)z(t )]2>
< V2K lrso (1 = 220, (1 — 2)2) 2,

which means that

12, (20) (20 — 27 20)loo < 2e2n7"||][7 (4.31)
By combining estimates (4.26)), (4.27)) and (4.31]), we obtain
lzo = Gy || < Az(esn™[|llaco + 2207|517 0)- (4.32)

Since d > r the proof is completed. [
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5. Numerical results

In this section, numerical examples are given to illustrate the theory established in the previous
sections. Note that, all required integrals were calculated by high precision with a 6-points Gauss
quadrature rule. Let X, denote the space of polynomials of degree < n. The computations are done
forn=2,3,4,5,6,7. We give the errors obtained by the discrete version of the Kantorovich method
and its iterated version. In the case of interpolatory projection we give also the error for y¢ at the
collocation points

max [y () — 2 (7)| = max [y, — i

Exemple .1 We consider the following Hammerstein equation with a degenerate kernel

2(s) /_ sinh(€s — 1) cosh(t — V)[z(t)]2dt = f(s) s € [-1,1],

1

where ¢ = /2 and f € C[—1,1] is selected so that z((s) = v/s + 1. The results are given in Tables
(5.1) and (5.2).

nyS — zollee 1155 — 2ol
2 9.08x 107t 1.27x1072
3 167x107! 1.34x10°*
4 3.11x1072 3.85x10°°
5 311x1073 3.24x10°6
6 4.11x107* 8.44 x 1077
7 3.02x107° 6.31x 1077

Table 1: Kantorovich-Galerkin method

nlyE = wolle maxi[yS; — w175 — ol
2 989 x 10T 1.27 x 1071 1.35 x 1072
3 1.93x 107! 3.04 x 1073 2.86 x 10~*
4 337Tx1072  539x107* 4.80x 107°
5 346x1073%  3.85x107° 3.88 x 1076
6 4.37x107% 3.02x10% 871x10°7
7 3.30x 1075 1.50 x 1077 6.32x 1077

Table 2: Kantorovich-Collocation method

6. Conclusion

The above tables illustrate that a high precision is reached even when the polynomials are of
low degree and the exact solution is only continuous. Therefore the numerical results prove that
the discrete version achieves relevant results. Note that to obtain an accuracy of comparable order
by piecewise polynomials a very much larger nonlinear systems are needed to be solved. It should
be mentioned that the analysis given in this paper can be extended to the case of weakly singular
kernels.
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