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Abstract

Here our aim is to prove the Hermite-Hadamard and Fejér inequalities for p-convex functions via
Caputo fractional derivatives. We also establish some useful identities in order to find further
Hadamard’s and Fejér type inequalities which are generalizations of the results given in the literature
cited here.
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1. Introduction

Fractional integral inequalities are helpful in establishing the uniqueness of solutions for certain
fractional partial differential equations. These inequalities also provide upper as well as lower bounds
for solutions of the fractional boundary value problems. These considerations have led various re-
searchers in the field of integral inequalities to explore certain extensions and generalizations by
involving fractional calculus operators.

On the other hand, convex analysis also plays important role in the advancement of inequalities
and in optimization problems. Our aim is to use convex analysis and fractional calculas in order to
find important inequalities which plays useful scientific role.

Let © be a real interval. Then a function ( : {2 — R is called convex if the following inequality
holds:

C(nhy + (1 = n)ha) < n¢(h1) + (1 —n)C(ha), (1.1)
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for all hy,he € Q and n € [0,1]. Convex functions have been used to investigate various scientific
problems. Many refinements have been built for convex functions in order to study problems of pure
and applied sciences. See [0, [7, 17, 18] [19].

The Hermite-Hadamard inequality [111, [10] for a convex function ¢ : € — R on an interval (2 is
defined by

C(h1+h2) < 1 i M (1'2)

dg <
5 S, ¢(g)dg < 5 ,

for all hy, hy € Q with hy < hy. Then Fejér [9] gave its generalization as:

ha ho ha
(B52) [ v@as < o [t v g < S e )

where Y : [hy, ho] — R is nonnegative, integrable and symmetric over (h; + hy)/2, called Hermite-
Hadamard-Fejér inequality.

Due to extensive applicability of Hermite-Hadamard and Hadamard-Fejér inequalities and frac-
tional integrals, number of researchers expand their research involving generalized fractional integrals
have been obtained for diverse classes of convex functions. For instance see [1} 2] 3], 4] [5, 14}, 16} 20,
211, 22, 23], 241, 25] etc.

Definition 1.1 ([13]). Let o > 0 be a non integer real number and m = [a] + 1. Let ( €
AC™[hy, ho|, the space of functions having mth derivatives absolutely continuous, then the left and
right sided Caputo fractional derivatives are characterised as:

o 1 ")
( CDhl-‘rC)(g) = F(m IR Oé) /hl (g _ ’U)aim#‘l d’U, g > h17 (14)
o _ =yt ()
(“Dp,_O)(g) = Fm —a) /g o g)a_deU, g < ha, (1.5)
respectively. If o =m = {1,2,3,...} and (‘m)(g) exists then following holds
(“Dy 4+ O(9) = (™(9) = (=1)™( “D;,—0)(9)- (1.6)
In simple words, we have
(“Dp,4O(9) = ¢9) = (“Dy,-¢)(9), (1.7)

where m =1 and a = 0.

Definition 1.2 ([12]). Consider an interval Q2 C (0,00), and p € R\{0}. A function ( : Q@ — R is
called p-convez if

1
¢ (I} + (1 = mBEJ? ) < () + (1= )¢ (ha), (1.8)
for all hy,hy € Q and n € [0,1]. If (1.8]) is reversed then ( is called p-concave.

Here we prove several Hermite-Hadamard and Fejér type inequalities for p-convex functions via
Caputo fractional derivatives.
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2. Hadamard’s type inequalities
First we prove Hadamard’s inequalities for p-convex function via Caputo fractional derivatives.

Theorem 2.1. Let ¢ : [hy, he] C (0,00) — R be a function with ¢ € C™[hy, he]. Further let (™ is
positive p-convex function. Then
(1) for p >0, we have

¢ < hP 1/p>
)

= 2(}#’ _a;rl [( LOuhE)) + (=1)™( Cpggfg)(u(hzf))] (2.1)
< <) ;r ¢ (ha)

1
where p(s) = sv, for all s € [hY, hY].
(1) for p <0, we have

hP 4+ hE 1/p
<q122]>

—;%fQQQUAWUb%mem+< Diy Q) (k)] (2:2)

("™ (hy) + (™ (h)
5 ;

<

where ji(s) = sv, s € [R5, hY].

Proof . From p-convexity of (", we get

o ([ap ; bp] é) L (@) ; S0}

Taking a? = nhf + (1 —n)h} and O» = (1 — n)h) 4+ nhl with n € [0, 1], we get

o th; J2r hg] i) . m ([nh’f +(1 - n)hé’]?) -Q%C’” ([(1 —n)hi + nhé’]?) | 2.3

Multiplying (2.3) by 7™ *~! on both sides with n € (0,1), @ > 0 and then integrating along 1 over
n € [0,1], we obtain

(5 e
< /01 et [k + (1= )7 ) dy + /01 0" (It + (1= i) )

Then by change of variable, we get

gmqwg@r>§5%:éﬁih Dl Q) + ("D Q)] (24)
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Now consider,
¢ (Inkh + (U= )87 ) + ¢ (kg + (1= )17 ) < [C™(hn) + ™ (h2)]. (2:5)

Multiplying (2.5) by n™~* on both sides with n € (0,1), @ > 0, and then integrating over n € [0, 1],

we obtain
I'(m—a+1)
2008 — e

Hence from inequalities (2.4]) and (2.6)), we get (2.1)).

(#4) The proof is analogous to (7). OJ

[(9Dgy, ) + (-1 (“Dpy_ uiap))] < SUEED o

Remark 2.2. In Theorem (1), if one takes p = 1 in inequality then one gets inequality 2.2
of Thoerem 2.3 in [8].

Corollary 2.3. Under similar assumption of Theorem (13). If we take p = —1, then we get
¢ ( 2h1hs )
hi + he

Bt o o (F) b )] e

< C(hy) ‘5 C(hz)’

where pi(s) = 3, 5 € [i i]

Lemma 2.4. Let  : [hy, ho] C (0,00) — R be a function such that ¢ € C™[hy, he] with hy < hy. If
(™t s posiative, then
() for p >0, we have

(Cm(hl) + Cm(hﬂ) _ DPm—a+1)
2 2(hh — hE)m—a

(D Ou) + (—1)™( “Diy_Q) (2|

p_ppy ol 1 ) (2.8)
= %/0 (L= =g ] Gy ¢ ([nhﬂ” +(1- n)hé”]g) dn,
where G, = [nh} 4+ (1 — n)hb] and
(i7) for p <0, we have
¢"(h1) 4 ¢" (ha) I'(m—a+1) m( Cyya p a p
() et [0 (Dl (k) + (i 1) ”

W —hb) (! b z
:ii@*ﬁﬂ [ = (U g (k- (0= ) ) do

where H,, = [nhb + (1 — n)hY)].
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Proof . (i) Consider,

_ (h'p_hp) ! m—a m—a %_1 m p p%
J—_22p : /0 (L= =" ] Gy <+1<[77h1+(1_77)h2] >dn

hp—hp 1 —a 19 m .
:%/O (L= ny=2Gy ¢ ([ghh + (1= )b ) di (2.10)
Y I N S 1
—(2—19)/ G (I + ()] )
0

Then applying by parts integration, we achieve

e — P 1 14 1
5= B [y et (fnng + (1= i) d
p 0

_ (=AY | p(Q =)™ 0!
- [ <" (=) |

o) [amameien (it + (- i) dn] 21)

M= plm—a) (" (B —s "7 ¢ (u(s))
Y [(fﬁ”—fﬂ”)C A / (hp h”) W — ds]

_(M(h)  T(m—a+1)

5~ gt gy V(D Q).
Similarly
)= % /0 e e (ot + (1 - ) dn
—— [h " (1 + L=l ) |
o) [t (g + 1 - i) dn] (212)

_ ) ) + B [ (B2 et
N [(hp gy ) e

= Dl O 8).

Hence from (2.11]) and (2.11)) we get (2.8).
(#7) The proof is similar to (i). O

Remark 2.5. In Lemma (1), if one takes p = 1 in identity then one gets identity 2.1 of
Lemma 2.2 in [§].

Theorem 2.6. Let ¢ : [hy, he] C (0,00) = R be a function such that { € C™[hy, he| with hy < hy. If
|C™ |9 4s p-convex with ¢ > 1, then
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(1) for p > 1, we have

() et (DR 8 + (-1 “Djy Q1) \

1 1 (2.13)
_ U =) - (1 ! ) (|cm“<hl>|q+ |<m+1<h2>|q>q
>~ 1 — .
2p 2m-a m—a-+1
Where vy = (1—1%,1;2;1—%).
(i7) for p <1, we have
m(h m(h I'(m — 1
() e [P ) + (D )|
2 2k — 1) .-

B 1) (1 . ) (|<m+1<h1>|q - |¢m+1<h2>|q) .

- 2p m= m—a+1
hP
Where vy = =2— 2F (1 ,1;2;1—h—%>.
p 1

Proof . Applying Power mean inequality on Lemma and p-convexity of [(™*1|? | we achieve

() e D[R () + (1) gy )]

()
2p

1—1

(h§ — 1) (/1 1 ) z
< = Gy d
N 2p o K

: (/ e (o ) ) ;

h” = </ Gp_ld”) (2.15)

1/q
( / 0=y - m—a|(nmm*l(hl)!u(l—n>1<m+1<h2>rq>dn)

(o)

x (/0 (1 =)= =™ (n|¢™ ()| + (1 = ) | (ha)|7) dn

/1 (1= =] Gv%*l(m“ ([nhﬁ’ +(1— n)hé’]%> dn’

0

1 1/q
w B T e ) ()l ) dn> .

Where

b hy P 1 hY
,,1:/ Gr 'y = 2y (1——,1;2;1——1>, (2.16)
0 p
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Also note that

1/2 1 1
1 — ) _ gm—a] — _ _2mmott 2.17
/0 n (=) " m—a+1l)(m—a+2) m-a+l (2.17)
1/2 1 5 1+
1= [(1 = pym—a — gm—a] — _ _pmed 2.18
| a=m =) e - (2.18)
1 1 2%
mea _ (1 — )™ ] = — e 2.19
/1/277[77 (X =mm] m—-—a+2 m-—a+1’ (2.19)
1 1 2 1+
1— mea _ (1 —p)m o] = — e 2.20
/1/2( = = = e a9 moatl (2.20

By substituting values from (2.16) to (2.20) in (2.15) and after simple calculations, we get the

inequality ([2.13)).

(73) Proof is similar to (). O

Remark 2.7. In Thearem (1), if we take p =1 and q = 1 then we get inequality 2.8 of Thoerem
2.4 in [g].

Theorem 2.8. Let ( : [hy, ha] C (0,00) — R be a function such that ¢ € C™[hy, hy| with hy < hy. If
|C™ |9 4s p-convex with ¢ > 1, then
(1) for p > 1, we have

‘(Cm(hl) +Cm(h2)) _Pm—a+1) [(

CDg Q) + (~1)™( “Dfy Q) (u(}))] \

2 Q(hg — hll))mfa
g —m) (2 T 1 ol (2.21)
= 2p <m—a+ 1 (¢ () |7 4 w4l (ho)] ) 7
Where
hlfp 1 hP hlfp . .
vy = 22 2F1(1_5’2;3;1—h—%) and vy = 22 2F1(1_13’1;3;1_h_’12’>'
) or p <1, we have
"(h —f—CMh) L(m—a+1) N X )
1 2
hp) 2\ 1 (2.22)
S 2p ( o+ 1 (ws|C™ (M) |7 + vl C™H (ha)|7) 7 .
Where

ho! 1 h? ho! 1 he
= Fi{l—-1;3;1— d = Fi{l—-,2,3;1— .
st an (1=t g) =S an (1 pan - g
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Proof . Applying Power mean inequality on Lemma and p-convexity of [¢(™*1|7 | we achieve

() Pt D €D ) + (-1 Dy )l

(hy — hi)

1 1_ 1
| [ = e e 63 (1 (- i) an
B —hE) ([ =
< U —M) 22p ) </O (1 =) —nma\dn>
1 1 L 1/q
x ( /0 Gi ¢ (Ink + (1= m)g)) ern)
=) ([ "
< ( 22p 1) (/(; |(1_n)m—a_nm—a’dn>
1oy 1/q
9 ( et e+ - i) dn)

_ (1) (/01 (1 =)™ + "] dn)l_;

2p

(2.23)

1o 1/q
(/ i (nlCm+1(h1)lq+(1—n)lCm“(hz)lq)dn> .

Note that .
2
1_ m—o m—o d —
/0 (A=) ™ dn =
S = hy " 1 hY
Gt dn=-"2-,F(1->,2:31——2
/077 n n 2 2 1( p7 39y hg)7
and . .
1 h; P 1 hY
1—-n)GE dn=—"=2-,FR(1->-131——2].
/0'( 7]) n 77 2 2 1< p7 ) 9y hg)

By substituting above values in (2.23) and after simple calculations, we get the inequality (2.21]).
(17) Proof is similar to (). O

Corollary 2.9. Consider the similar assumptions of Theorem [2.8, Let p = 1, then following holds
for convex functions:

'(C’”““) . <m<h2>) - zf((hm_‘ a jmfl (9D, ) () + (~1)™ CD;%_ow(hl)ﬂ)

_ (ha =) 2 = em L ()] 4 [ (hy)o %.
(mert) )

- 2 m—a+1 2

(2.24)

Remark 2.10. In Lemma[2.4] (ii), Theorem[2.6] (ii) and[2.8| (i1), if one takes p = —1 then one gets

similar results for harmonically convex functions.
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3. Hadamard-Fejér type inequalities
Kunt and Iscan definine p-symmetric functions as:

Definition 3.1 ([15]). Let p € R\{0}. A function Y : [hy, ha] C (0,00) — R is called p-symmetric

1/p
along [thrhp] L if

v(s) = (10 + 1 - )7
holds for all s € [hy, ha].
To prove Hadamard-Fejér inequality we need following lemma.

Lemma 3.2. Let p € R\{0}. Let Y : [hy, ho] C (0,00) — Rbe a function such that Y € C™[hq, ho].
P p 1/
If Y™ is p-symmetric over [}“LQ}LQ} p, then
(1) forp >0
( “Dpe, ) (u(hh))

1

=3 [( Dy, V) () + (=1)"( “Dpy_Y) (u(h})) (3.1)

= (=)™ “Dp_ ) (u(HE)),

with o > 0 and where u(s) = 57, for all s € [hY, hY).
(13) forp <0

(—1)™( DY _¥)(u(h))
o[ [ % V) (u(h8) + ( “Diy, ) (u(h)) (3.2)
— (“Dy v>< <hp>>

with a > 0 and p(s) = s%, for all s € [hh, hY].

=

. m . 2P L miesy — vm ([pP o P
Proof . Since Y™ is p-symmetric along | =5 , then by definition we have Y™ (s?) = Y™ ( [h] + h — s]
for all s € [h], hY]. Thus we have

( CD%{’JFY)(U(hg)) = F(ml_ a) /h:g (h;fx(;:)aﬂ dx

g Y™ ([RY + B — s
- F(ml— a) /hzf (E — pP)ym—at )ds (3.3)

)

=

ds

1 hg Ym (S%)
J

- T(m—a) v (s — hi)m—otl
= (=)™ “Dg,_Y)(p(hY)).

(#7) The proof is similar to (i). O
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Remark 3.3. In Lemma (1), if one takes p =1 in the identity then one gets the identity of
Lemma 2.1 in [§].

Theorem 3.4. Let p € R\{0}. Let Y, : [h1, ha] C (0,00) = R, hy < hg, be the functions such that
Y,(¢ € C™[hy, hy]. Also consider (™ is positve and p-convex and Y™ is nonnegative and p-symmetric

1/p
hp+hp
over [ L , then

(2) forp>0
WY+
< ([ :
< [(ODgp (VD () + (—1)™( Oy (¢ ) (D)) (3.4)
¢y
<

M) [ gy ) u(h) + (-1 (D ()]

hg He C o P m( Crya p
] )[( Dl ) ((B)) + (=1 ( Dy ) (1(}))]

where ju(s) = 57, for all s € [hY, hY).
(i7) forp <0

¢ ([h - W) (=17 D)) + ( “Dy, ) (0]

2
< [0 (ODgy (€ VDA + ( Dy (¢ )8 (35
¢
<

) S Ty gy (b)) + (D, YA

where p(s) = sv, s € [R5, hY).

Proof . From p-convexity of (", we get

o ([ap-gbp] é) < C@Ee®)

Taking a? = nhi + (1 —n)hb and O» = (1 — n)h) 4+ nhl with n € [0, 1], we get

¢ <[h€ 1] ;> b0 ) vem (0w ennt)

2 2

Multiplying (3.6 by nm_a_l Y ([nhp (1-— n)hg]%> on both sides with n € (0,1), a > 0 and then
integrating over n € [0, 1], we obtain

hp + hp ! m—o— m 1
( ) ey [k + (1= )b} ) di
0

< [Fammesen (i - mng) v (i (L= i) ) dn

0

-/ e (kg (=) v (i (- i) .
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Then by change of variable and symmetric property of Y™, we get

=1 hp m=a /hh yreten (se) v (s7) ds
ﬁ/ 0= ¢ (41— 0 ()
- i [y 08 () e o) o

1 hs m—oa— m 1 m 1
+W/hp (s —h)""71¢ (sp)Y ([h’f+h§—s]P)ds-
Hence by Lemma [3.2] we find

1 R+ hy] M
’ mc( L )(Csz+v><u<h£>>+<—1>m<%zgv><u<h’f>>
o (5541 I
< Gz gy L PR mE) + ()7 (DR (¢ )l
Now consider,
¢ (Inhh + (U= )] ) + ¢ (Inhg + (L= )17 ) < [ () + ™ (B2)]. (3.8)

Multiplying 1} by n™~* Y ([nhﬁ’ +(1- n)h’z’]%) on both sides with n € (0,1), a > 0, and then
integrating over n € [0, 1], we obtain

[ e (i =g (it 1= )
G (R R e (N (D T (5.9)
< ¢ () +¢ ()] [ e (I + (1= kg d

that is, we get

e [ i€ ) + (1) gy (o))

< el (D ) () + (1) (D))

Hence from inequalities (3.7]) and ( -, we get .

(77) The proof is analogous to (¢). O

(3.10)

Remark 3.5. In Theorem (1), if one takes p =1 in the inequaliity then one gets inequality
3.3 of Thoerem 3.2 in [§].



264 Mehreen, Anwar

Lemma 3.6. Let p € R\{0}. Let Y, : [h1,hs] C (0,00) — R, hy < hg, be the functions such
that Y,( € C™[hy, hy]. Also consider (™ is positve and Y™ is nonnegative and p-symmetric over

1/p
RP+hE
% . Then

(1) for p > 0, the following inequality holds:

SR [ gy ) () + (-1 Dy ) ()]

= [(Dp () ((RE)) + (=) ( “Dpy (¢ 1)) ((RD))]

< / [ [ = et e Gt 1y

W
= [ = B (s s ¢ Gt

Where ju(s) = s'/?, for all s € [hY, Bb).
(17) for p <0, the following inequality holds:

SR 2D [y DY) (1) + ( ODfy )]

= [(=1™CODgy (€ D)) + (“Dpg (¢ ) (R

<y [ v o 1

- / (s B () ds| ¢ ()

Where ju(s) = s'/?, for all s € [hb, BY).

Proof . (i) Note that

P
1

W[ (3.13)
- / ( / (s — HEym—a=1 ym (M(S))d8> ¢ () dt

ny t
r- | ( JRCEE (u<8))d8> ¢ (u(t))dt

p
1

=F) — F.
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By integrating by parts and using change of variable and Lemma [3.2] we get

= (/h (W —s)m=eiym (M(S))ds) ¢"(u(t))

p
1

hy

hy

h%
- / (B — £ty (u()) ™ () )t

p
1

= m — a) [ () D, V) ((AE) — (g (€ » ) ()] m
~ Dm — a) [%“”) (DR, V@) + (-1 Dy ) ()]

— (D (¢ Y))(u(hg))] :

Similarly,

hy

F,= (/t (s — Hpymetym (M(S))dé’) S 0)

N /h:“ BRI ()¢ ()t

. (3.15)
—T(m — o) [W [(ODgy ) (u(A) + (~1)( Dy ¥)(u(h)

— (=1)"( “Dy (¢ * Y))(u(h’f))] :

Then from (3.14) and (3.15]), we find
F == Fl - FQ

—T(m—a) {Cm(hl) + (" (h2)

2

[(ODg 1) ((BE)) + (~1)™( “Digy_ ) ((BD)) (3.16)
~ [ (D () () + (=1 OD_(C+ V) (k)| } .
Multiplying by w we obtain .

(17) Proof is similar to (). O
Remark 3.7. In Lemma (1), if one takes p = 1 in the identity then one gets the identity of
Lemma 3.3 in [§].

Note that in Lemma [3.2] (ii), Theorem[3.4] (ii) and Lemma [3.6] (1), if one takes p = —1 then one gets
similar results for harmonically convex functions. Also from Lemma [3.6] we can have many other
Hadamard-Fejér type inequalities for p-convex functions and hence for convex as well as harmonically
convex functions.
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