
Int. J. Nonlinear Anal. Appl. 13 (2022) No. 1, 253-266
ISSN: 2008-6822 (electronic)
http://dx.doi.org/10.22075/ijnaa.2020.21549.2269

Hadamard and Fejér type inequalities for p-convex
functions via Caputo fractional derivatives

Naila Mehreena,∗, Matloob Anwara

aSchool of Natural Sciences, National University of Sciences and Technology, H-12 Islamabad, Pakistan

(Communicated by Madjid Eshaghi Gordji)

Abstract

Here our aim is to prove the Hermite-Hadamard and Fejér inequalities for p-convex functions via
Caputo fractional derivatives. We also establish some useful identities in order to find further
Hadamard’s and Fejér type inequalities which are generalizations of the results given in the literature
cited here.
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1. Introduction

Fractional integral inequalities are helpful in establishing the uniqueness of solutions for certain
fractional partial differential equations. These inequalities also provide upper as well as lower bounds
for solutions of the fractional boundary value problems. These considerations have led various re-
searchers in the field of integral inequalities to explore certain extensions and generalizations by
involving fractional calculus operators.

On the other hand, convex analysis also plays important role in the advancement of inequalities
and in optimization problems. Our aim is to use convex analysis and fractional calculas in order to
find important inequalities which plays useful scientific role.

Let Ω be a real interval. Then a function ζ : Ω → R is called convex if the following inequality
holds:

ζ(ηh1 + (1− η)h2) ≤ ηζ(h1) + (1− η)ζ(h2), (1.1)
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for all h1, h2 ∈ Ω and η ∈ [0, 1]. Convex functions have been used to investigate various scientific
problems. Many refinements have been built for convex functions in order to study problems of pure
and applied sciences. See [6, 7, 17, 18, 19].

The Hermite-Hadamard inequality [11, 10] for a convex function ζ : Ω → R on an interval Ω is
defined by

ζ

(
h1 + h2

2

)
≤ 1

h2 − h1

∫ h2

h1

ζ(g)dg ≤ ζ(h1) + ζ(h2)

2
, (1.2)

for all h1, h2 ∈ Ω with h1 < h2. Then Fejér [9] gave its generalization as:

ζ

(
h1 + h2

2

)∫ h2

h1

⋎(g)dg ≤ 1

h2 − h1

∫ h2

h1

ζ(g)⋎ (g)dg ≤ ζ(h1) + ζ(h2)

2

∫ h2

h1

⋎(g)dg, (1.3)

where ⋎ : [h1, h2] → R is nonnegative, integrable and symmetric over (h1 + h2)/2, called Hermite-
Hadamard-Fejér inequality.

Due to extensive applicability of Hermite-Hadamard and Hadamard-Fejér inequalities and frac-
tional integrals, number of researchers expand their research involving generalized fractional integrals
have been obtained for diverse classes of convex functions. For instance see [1, 2, 3, 4, 5, 14, 16, 20,
21, 22, 23, 24, 25] etc.

Definition 1.1 ([13]). Let α > 0 be a non integer real number and m = [α] + 1. Let ζ ∈
ACm[h1, h2], the space of functions having mth derivatives absolutely continuous, then the left and
right sided Caputo fractional derivatives are characterised as:

( CDα
h1+

ζ)(g) =
1

Γ(m− α)

∫ g

h1

ζm(υ)

(g − υ)α−m+1
dυ, g > h1, (1.4)

( CDα
h2−ζ)(g) =

(−1)m

Γ(m− α)

∫ h2

g

ζm(υ)

(υ − g)α−m+1
dυ, g < h2, (1.5)

respectively. If α = m = {1, 2, 3, . . . } and ζ(m)(g) exists then following holds

( CDα
h1+

ζ)(g) = ζm(g) = (−1)m( CDα
h2−ζ)(g). (1.6)

In simple words, we have
( CDo

h1+
ζ)(g) = ζ(g) = ( CDo

h2−ζ)(g), (1.7)

where m = 1 and α = 0.

Definition 1.2 ([12]). Consider an interval Ω ⊂ (0,∞), and p ∈ R\{0}. A function ζ : Ω → R is
called p-convex if

ζ
(
[ηhp

1 + (1− η)hp
2]

1
p

)
≤ ηζ(h1) + (1− η)ζ(h2), (1.8)

for all h1, h2 ∈ Ω and η ∈ [0, 1]. If (1.8) is reversed then ζ is called p-concave.

Here we prove several Hermite-Hadamard and Fejér type inequalities for p-convex functions via
Caputo fractional derivatives.
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2. Hadamard’s type inequalities

First we prove Hadamard’s inequalities for p-convex function via Caputo fractional derivatives.

Theorem 2.1. Let ζ : [h1, h2] ⊂ (0,∞) → R be a function with ζ ∈ Cm[h1, h2]. Further let ζm is
positive p-convex function. Then
(i) for p > 0, we have

ζ

([
hp
1 + hp

2

2

]1/p)

≤ Γ(m− α + 1)

2(hp
2 − hp

1)
m−α

[
( CDα

hp
1+
ζ)(µ(hp

2)) + (−1)m( CDα
hp
2−
ζ)(µ(hp

1))
]

≤ ζm(h1) + ζm(h2)

2
,

(2.1)

where µ(s) = s
1
p , for all s ∈ [hp

1, h
p
2].

(ii) for p < 0, we have

ζ

([
hp
1 + hp

2

2

]1/p)

≤ Γ(m− α + 1)

2(hp
1 − hp

2)
m−α

[
(−1)m( CDα

hp
1−
ζ)(µ(hp

2)) + ( CDα
hp
2+
ζ)(µ(hp

1))
]

≤ ζm(h1) + ζm(h2)

2
,

(2.2)

where µ(s) = s
1
p , s ∈ [hp

2, h
p
1].

Proof . From p-convexity of ζm, we get

ζm

([
ap + bp

2

] 1
p

)
≤ ζm(a) + ζm(b)

2
.

Taking ap = ηhp
1 + (1− η)hp

2 and bp = (1− η)hp
1 + ηhp

2 with η ∈ [0, 1], we get

ζm

([
hp
1 + hp

2

2

] 1
p

)
≤

ζm
(
[ηhp

1 + (1− η)hp
2]

1
p

)
+ ζm

(
[(1− η)hp

1 + ηhp
2]

1
p

)
2

. (2.3)

Multiplying (2.3) by ηm−α−1 on both sides with η ∈ (0, 1), α > 0 and then integrating along η over
η ∈ [0, 1], we obtain

2ζm

([
hp
1 + hp

2

2

] 1
p

)∫ 1

0

ηm−α−1dη

≤
∫ 1

0

ηm−α−1ζm
(
[ηhp

1 + (1− η)hp
2]

1
p

)
dη +

∫ 1

0

ηm−α−1ζm
(
[ηhp

2 + (1− η)hp
1]

1
p

)
dη.

Then by change of variable, we get

ζm

([
hp
1 + hp

2

2

] 1
p

)
≤ Γ(m− α + 1)

2(hp
2 − hp

1)
m−α

[
( CDα

hp
1+
ζ)(µ(hp

2)) + (−1)m( CDα
hp
2−
ζ)(µ(hp

1))
]
. (2.4)
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Now consider,

ζm
(
[ηhp

1 + (1− η)hp
2]

1
p

)
+ ζm

(
[ηhp

2 + (1− η)hp
1]

1
p

)
≤ [ζm(h1) + ζm(h2)] . (2.5)

Multiplying (2.5) by ηm−α on both sides with η ∈ (0, 1), α > 0, and then integrating over η ∈ [0, 1],
we obtain

Γ(m− α + 1)

2(hp
2 − hp

1)
m−α

[
( CDα

hp
1+
ζ)(µ(hp

2)) + (−1)m( CDα
hp
2−
ζ)(µ(hp

1))
]
≤ ζm(h1) + ζm(h2)

2
. (2.6)

Hence from inequalities (2.4) and (2.6), we get (2.1).
(ii) The proof is analogous to (i). □

Remark 2.2. In Theorem 2.1 (i), if one takes p = 1 in inequality 2.1 then one gets inequality 2.2
of Thoerem 2.3 in [8].

Corollary 2.3. Under similar assumption of Theorem 2.1 (ii). If we take p = −1, then we get

ζ

(
2h1h2

h1 + h2

)
≤ (h1h2)

m−αΓ(m− α + 1)

2(h2 − h1)m−α

[
(−1)m( CDα

1/h1−ζ)

(
µ

(
1

h2

))
+ ( CDα

1/h2+
ζ)

(
µ

(
1

h1

))]
≤ ζ(h1) + ζ(h2)

2
,

(2.7)

where µ(s) = 1
s
, s ∈

[
1
h2
, 1
h1

]
.

Lemma 2.4. Let ζ : [h1, h2] ⊂ (0,∞) → R be a function such that ζ ∈ Cm[h1, h2] with h1 < h2. If
ζm+1 is posiative, then

(i) for p > 0, we have(
ζm(h1) + ζm(h2)

2

)
− Γ(m− α + 1)

2(hp
2 − hp

1)
m−α

[
( CDα

hp
1+
ζ)(µ(hp

2)) + (−1)m( CDα
hp
2−
ζ)(µ(hp

1))
]

=
(hp

2 − hp
1)

2p

∫ 1

0

[
(1− η)m−α − ηm−α

]
G

1
p
−1

η ζm+1
(
[ηhp

1 + (1− η)hp
2]

1
p

)
dη,

(2.8)

where Gη = [ηhp
1 + (1− η)hp

2] and
(ii) for p < 0, we have(

ζm(h1) + ζm(h2)

2

)
− Γ(m− α + 1)

2(hp
1 − hp

2)
m−α

[
(−1)m( CDα

hp
1−
ζ)(µ(hp

2)) + ( CDα
hp
2+
ζ)(µ(hp

1))
]

=
(hp

1 − hp
2)

2p

∫ 1

0

[
ηm−α − (1− η)m−α

]
H

1
p
−1

η ζm+1
(
[ηhp

2 + (1− η)hp
1]

1
p

)
dη,

(2.9)

where Hη = [ηhp
2 + (1− η)hp

1].
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Proof . (i) Consider,

J =
(hp

2 − hp
1)

2p

∫ 1

0

[
(1− η)m−α − ηm−α

]
G

1
p
−1

η ζm+1
(
[ηhp

1 + (1− η)hp
2]

1
p

)
dη

=
(hp

2 − hp
1)

2p

∫ 1

0

(1− η)m−αG
1
p
−1

η ζm+1
(
[ηhp

1 + (1− η)hp
2]

1
p

)
dη

− (hp
2 − hp

1)

2p

∫ 1

0

ηm−αG
1
p
−1

η ζm+1
(
[ηhp

1 + (1− η)hp
2]

1
p

)
dη

= J1 − J2.

(2.10)

Then applying by parts integration, we achieve

J1 =
(hp

2 − hp
1)

2p

∫ 1

0

(1− η)m−αG
1
p
−1

η ζm+1
(
[ηhp

1 + (1− η)hp
2]

1
p

)
dη

=
(hp

2 − hp
1)

2p

[
p(1− η)m−α

hp
1 − hp

2

ζm
(
[ηhp

1 + (1− η)hp
2]

1
p

) ∣∣∣1
0

+
p(m− α)

hp
2 − hp

1

∫ 1

0

(1− η)m−α−1ζm
(
[ηhp

1 + (1− η)hp
2]

1
p

)
dη

]

=
(hp

2 − hp
1)

2p

[
p

(hp
2 − hp

1)
ζm(h2)−

p(m− α)

hp
2 − hp

1

∫ hp
1

hp
2

(
hp
1 − s

hp
1 − hp

2

)m−α−1
ζm(µ(s))

hp
1 − hp

2

ds

]

=
ζm(h2)

2
− Γ(m− α + 1)

2(hp
2 − hp

1)
m−α

(−1)m( CDα
hp
2−
ζ)(µ(hp

1)).

(2.11)

Similarly

J2 =
(hp

2 − hp
1)

2p

∫ 1

0

ηm−αG
1
p
−1

η ζm+1
(
[ηhp

1 + (1− η)hp
2]

1
p

)
dη

=
(hp

2 − hp
1)

2p

[
pηm−α

hp
1 − hp

2

ζm
(
[ηhp

1 + (1− η)hp
2]

1
p

) ∣∣∣1
0

− p(m− α)

hp
2 − hp

1

∫ 1

0

ηm−α−1ζm
(
[ηhp

1 + (1− η)hp
2]

1
p

)
dη

]

=
(hp

2 − hp
1)

2p

[
− p

(hp
2 − hp

1)
ζm(h1) +

p(m− α)

hp
2 − hp

1

∫ hp
1

hp
2

(
hp
2 − s

hp
2 − hp

1

)m−α−1
ζm(µ(s))

hp
1 − hp

2

ds

]

= −ζm(h1)

2
+

Γ(m− α + 1)

2(hp
2 − hp

1)
m−α

( CDα
hp
1+
ζ)(µ(hp

2)).

(2.12)

Hence from (2.11) and (2.11) we get (2.8).
(ii) The proof is similar to (i). □

Remark 2.5. In Lemma 2.4 (i), if one takes p = 1 in identity 2.8 then one gets identity 2.1 of
Lemma 2.2 in [8].

Theorem 2.6. Let ζ : [h1, h2] ⊂ (0,∞) → R be a function such that ζ ∈ Cm[h1, h2] with h1 < h2. If
|ζm+1|q is p-convex with q ≥ 1, then
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(i) for p > 1, we have∣∣∣∣(ζm(h1) + ζm(h2)

2

)
− Γ(m− α + 1)

2(hp
2 − hp

1)
m−α

[
( CDα

hp
1+
ζ)(µ(hp

2)) + (−1)m( CDα
hp
2−
ζ)(µ(hp

1))
]∣∣∣∣

≤ (hp
2 − hp

1)

2p
ν
1− 1

q

1

(
1− 1

2m−α

) 1
q
(
|ζm+1(h1)|q + |ζm+1(h2)|q

m− α + 1

) 1
q

.

(2.13)

Where ν1 =
h1−p
2

2 2F1

(
1− 1

p
, 1; 2; 1− hp

1

hp
2

)
.

(ii) for p < 1, we have∣∣∣∣(ζm(h1) + ζm(h2)

2

)
− Γ(m− α + 1)

2(hp
1 − hp

2)
m−α

[
(−1)m( CDα

hp
1−
ζ)(µ(hp

2)) + ( CDα
hp
2+
ζ)(µ(hp

1))
]∣∣∣∣

≤ (hp
2 − hp

1)

2p
ν
1− 1

q

2

(
1− 1

2m−α

) 1
q
(
|ζm+1(h1)|q + |ζm+1(h2)|q

m− α + 1

) 1
q

.

(2.14)

Where ν2 =
hp−1
2

2 2F1

(
1− 1

p
, 1; 2; 1− hp

2

hp
1

)
.

Proof . Applying Power mean inequality on Lemma 2.4 and p-convexity of |ζm+1|q , we achieve∣∣∣∣(ζm(h1) + ζm(h2)

2

)
− Γ(m− α + 1)

2(hp
2 − hp

1)
m−α

[
( CDα

hp
1+
ζ)(µ(hp

2)) + (−1)m( CDα
hp
2−
ζ)(µ(hp

1))
]∣∣∣∣

=
(hp

2 − hp
1)

2p

∣∣∣∣∫ 1

0

[
(1− η)m−α − ηm−α

]
G

1
p
−1

η ζm+1
(
[ηhp

1 + (1− η)hp
2]

1
p

)
dη

∣∣∣∣
≤ (hp

2 − hp
1)

2p

(∫ 1

0

G
1
p
−1

η dη

)1− 1
q

×
(∫ 1

0

∣∣(1− η)m−α − ηm−α
∣∣ |ζm+1

(
[ηhp

1 + (1− η)hp
2]

1
p

)
|qdη

)1/q

≤ (hp
2 − hp

1)

2p

(∫ 1

0

G
1
p
−1

η dη

)1− 1
q

×
(∫ 1

0

∣∣(1− η)m−α − ηm−α
∣∣ (η|ζm+1(h1)|q + (1− η)|ζm+1(h2)|q

)
dη

)1/q

=
(hp

2 − hp
1)

2p

(∫ 1

0

G
1
p
−1

η dη

)1− 1
q

×

(∫ 1/2

0

[
(1− η)m−α − ηm−α

] (
η|ζm+1(h1)|q + (1− η)|ζm+1(h2)|q

)
dη

+

∫ 1

1/2

[
ηm−α − (1− η)m−α

] (
η|ζm+1(h1)|q + (1− η)|ζm+1(h2)|q

)
dη

)1/q

.

(2.15)

Where

ν1 =

∫ 1

0

G
1
p
−1

η dη =
h1−p
2

2
2F1

(
1− 1

p
, 1; 2; 1− hp

1

hp
2

)
, (2.16)
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Also note that ∫ 1/2

0

η
[
(1− η)m−α − ηm−α

]
=

1

(m− α + 1)(m− α + 2)
−

1
2m−α+1

m− α + 1
, (2.17)

∫ 1/2

0

(1− η)
[
(1− η)m−α − ηm−α

]
=

1

m− α + 2
−

1
2m−α+1

m− α + 1
, (2.18)

∫ 1

1/2

η
[
ηm−α − (1− η)m−α

]
=

1

m− α + 2
−

1
2m−α+1

m− α + 1
, (2.19)

∫ 1

1/2

(1− η)
[
ηm−α − (1− η)m−α

]
=

1

(m− α + 1)(m− α + 2)
−

1
2m−α+1

m− α + 1
. (2.20)

By substituting values from (2.16) to (2.20) in (2.15) and after simple calculations, we get the
inequality (2.13).

(ii) Proof is similar to (i). □

Remark 2.7. In Theorem 2.6 (i), if we take p = 1 and q = 1 then we get inequality 2.8 of Thoerem
2.4 in [8].

Theorem 2.8. Let ζ : [h1, h2] ⊂ (0,∞) → R be a function such that ζ ∈ Cm[h1, h2] with h1 < h2. If
|ζm+1|q is p-convex with q ≥ 1, then

(i) for p > 1, we have∣∣∣∣(ζm(h1) + ζm(h2)

2

)
− Γ(m− α + 1)

2(hp
2 − hp

1)
m−α

[
( CDα

hp
1+
ζ)(µ(hp

2)) + (−1)m( CDα
hp
2−
ζ)(µ(hp

1))
]∣∣∣∣

≤ (hp
2 − hp

1)

2p

(
2

m− α + 1

)1− 1
q (

ν3|ζm+1(h1)|q + ν4|ζm+1(h2)|q
) 1

q .

(2.21)

Where

ν3 =
h1−p
2

2
2F1

(
1− 1

p
, 2; 3; 1− hp

1

hp
2

)
and ν4 =

h1−p
2

2
2F1

(
1− 1

p
, 1; 3; 1− hp

1

hp
2

)
.

(ii) for p < 1, we have∣∣∣∣(ζm(h1) + ζm(h2)

2

)
− Γ(m− α + 1)

2(hp
1 − hp

2)
m−α

[
(−1)m( CDα

hp
1−
ζ)(µ(hp

2)) + ( CDα
hp
2+
ζ)(µ(hp

1))
]∣∣∣∣

≤ (hp
2 − hp

1)

2p

(
2

m− α + 1

)1− 1
q (

ν5|ζm+1(h1)|q + ν6|ζm+1(h2)|q
) 1

q .

(2.22)

Where

ν5 =
hp−1
2

2
2F1

(
1− 1

p
, 1; 3; 1− hp

2

hp
1

)
and ν6 =

hp−1
2

2
2F1

(
1− 1

p
, 2; 3; 1− hp

2

hp
1

)
.
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Proof . Applying Power mean inequality on Lemma 2.4 and p-convexity of |ζm+1|q , we achieve∣∣∣∣(ζm(h1) + ζm(h2)

2

)
− Γ(m− α + 1)

2(hp
2 − hp

1)
m−α

[
( CDα

hp
1+
ζ)(µ(hp

2)) + (−1)m( CDα
hp
2−
ζ)(µ(hp

1))
]∣∣∣∣

=
(hp

2 − hp
1)

2p

∣∣∣∣∫ 1

0

[
(1− η)m−α − ηm−α

]
G

1
p
−1

η ζm+1
(
[ηhp

1 + (1− η)hp
2]

1
p

)
dη

∣∣∣∣
≤ (hp

2 − hp
1)

2p

(∫ 1

0

∣∣(1− η)m−α − ηm−α
∣∣ dη)1− 1

q

×
(∫ 1

0

G
1
p
−1

η |ζm+1
(
[ηhp

1 + (1− η)hp
2]

1
p

)
|qdη

)1/q

≤ (hp
2 − hp

1)

2p

(∫ 1

0

∣∣(1− η)m−α − ηm−α
∣∣ dη)1− 1

q

×
(∫ 1

0

G
1
p
−1

η

(
η|ζm+1(h1)|q + (1− η)|ζm+1(h2)|q

)
dη

)1/q

=
(hp

2 − hp
1)

2p

(∫ 1

0

[
(1− η)m−α + ηm−α

]
dη

)1− 1
q

×
(∫ 1

0

G
1
p
−1

η

(
η|ζm+1(h1)|q + (1− η)|ζm+1(h2)|q

)
dη

)1/q

.

(2.23)

Note that ∫ 1

0

[
(1− η)m−α + ηm−α

]
dη =

2

m− α + 1
,∫ 1

0

ηG
1
p
−1

η dη =
h1−p
2

2
2F1

(
1− 1

p
, 2; 3; 1− hp

1

hp
2

)
,

and ∫ 1

0

(1− η)G
1
p
−1

η dη =
h1−p
2

2
2F1

(
1− 1

p
, 1; 3; 1− hp

1

hp
2

)
.

By substituting above values in (2.23) and after simple calculations, we get the inequality (2.21).
(ii) Proof is similar to (i). □

Corollary 2.9. Consider the similar assumptions of Theorem 2.8. Let p = 1, then following holds
for convex functions:∣∣∣∣(ζm(h1) + ζm(h2)

2

)
− Γ(m− α + 1)

2(h2 − h1)m−α

[
( CDα

h1+
ζ)(µ(h2)) + (−1)m( CDα

h2−ζ)(µ(h1))
]∣∣∣∣

≤ (h2 − h1)

2

(
2

m− α + 1

)1− 1
q
(
|ζm+1(h1)|q + |ζm+1(h2)|q

2

) 1
q

.

(2.24)

Remark 2.10. In Lemma 2.4 (ii), Theorem 2.6 (ii) and 2.8 (ii), if one takes p = −1 then one gets
similar results for harmonically convex functions.
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3. Hadamard-Fejér type inequalities

Kunt and Iscan definine p-symmetric functions as:

Definition 3.1 ([15]). Let p ∈ R\{0}. A function ⋎ : [h1, h2] ⊆ (0,∞) → R is called p-symmetric

along
[
hp
1+hp

2

2

]1/p
, if

⋎(s) = ⋎
(
[hp

1 + hp
2 − sp]

1
p

)
holds for all s ∈ [h1, h2].

To prove Hadamard-Fejér inequality we need following lemma.

Lemma 3.2. Let p ∈ R\{0}. Let ⋎ : [h1, h2] ⊆ (0,∞) → Rbe a function such that ⋎ ∈ Cm[h1, h2].

If ⋎m is p-symmetric over
[
hp
1+hp

2

2

]1/p
, then

(i) for p > 0

( CDα
hp
1+
⋎)(µ(hp

2))

=
1

2

[
( CDα

hp
1+
⋎)(µ(hp

2)) + (−1)m( CDα
hp
2−
⋎)(µ(hp

1))
]

= (−1)m( CDα
hp
2−
⋎)(µ(hp

1)),

(3.1)

with α > 0 and where µ(s) = s
1
p , for all s ∈ [hp

1, h
p
2].

(ii) for p < 0

(−1)m( CDα
hp
1−
⋎)(µ(hp

2))

=
1

2

[
(−1)m( CDα

hp
1−
⋎)(µ(hp

2)) + ( CDα
hp
2+
⋎)(µ(hp

1))
]

= ( CDα
hp
2+
⋎)(µ(hp

1)),

(3.2)

with α > 0 and µ(s) = s
1
p , for all s ∈ [hp

2, h
p
1].

Proof . Since⋎m is p-symmetric along
[
hp
1+hp

2

2

]1/p
, then by definition we have⋎m(s

1
p ) = ⋎m

(
[hp

1 + hp
2 − s]

1
p

)
,

for all s ∈ [hp
1, h

p
2]. Thus we have

( CDα
hp
1+
⋎)(µ(hp

2)) =
1

Γ(m− α)

∫ hp
2

hp
1

⋎m
(
x

1
p

)
(hp

2 − x)m−α+1
dx

=
1

Γ(m− α)

∫ hp
2

hp
1

⋎m
(
[hp

1 + hp
2 − s]

1
p

)
(s− hp

1)
m−α+1

ds

=
1

Γ(m− α)

∫ hp
2

hp
1

⋎m
(
s

1
p

)
(s− hp

1)
m−α+1

ds

= (−1)m( CDα
h2−⋎)(µ(hp

1)).

(3.3)

(ii) The proof is similar to (i). □
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Remark 3.3. In Lemma 3.2 (i), if one takes p = 1 in the identity 3.1 then one gets the identity of
Lemma 2.1 in [8].

Theorem 3.4. Let p ∈ R\{0}. Let ⋎, ζ : [h1, h2] ⊂ (0,∞) → R, h1 < h2, be the functions such that
⋎, ζ ∈ Cm[h1, h2]. Also consider ζm is positve and p-convex and ⋎m is nonnegative and p-symmetric

over
[
hp
1+hp

2

2

]1/p
, then

(i) for p > 0

ζ

([
hp
1 + hp

2

2

]1/p)[
( CDα

hp
1+
⋎)(µ(hp

2)) + (−1)m( CDα
hp
2−
⋎)(µ(hp

1))
]

≤
[
( CDα

hp
1+
(ζ ∗⋎))(µ(hp

2)) + (−1)m( CDα
hp
2−
(ζ ∗⋎))(µ(hp

1))
]

≤ ζm(h1) + ζm(h2)

2

[
( CDα

hp
1+
⋎)(µ(hp

2)) + (−1)m( CDα
hp
2−
⋎)(µ(hp

1))
]
,

(3.4)

where µ(s) = s
1
p , for all s ∈ [hp

1, h
p
2].

(ii) for p < 0

ζ

([
hp
1 + hp

2

2

]1/p)[
(−1)m( CDα

hp
1−
⋎)(µ(hp

2)) + ( CDα
hp
2+
⋎)(µ(hp

1))
]

≤
[
(−1)m( CDα

hp
1−
(ζ ∗⋎))(µ(hp

2)) + ( CDα
hp
2+
(ζ ∗⋎))(µ(hp

1))
]

≤ ζm(h1) + ζm(h2)

2

[
(−1)m( CDα

hp
1−
⋎)(µ(hp

2)) + ( CDα
hp
2+
⋎)(µ(hp

1))
]
,

(3.5)

where µ(s) = s
1
p , s ∈ [hp

2, h
p
1].

Proof . From p-convexity of ζm, we get

ζm

([
ap + bp

2

] 1
p

)
≤ ζm(a) + ζm(b)

2
.

Taking ap = ηhp
1 + (1− η)hp

2 and bp = (1− η)hp
1 + ηhp

2 with η ∈ [0, 1], we get

ζm

([
hp
1 + hp

2

2

] 1
p

)
≤

ζm
(
[ηhp

1 + (1− η)hp
2]

1
p

)
+ ζm

(
[(1− η)hp

1 + ηhp
2]

1
p

)
2

. (3.6)

Multiplying (3.6) by ηm−α−1 ⋎
(
[ηhp

1 + (1− η)hp
2]

1
p

)
on both sides with η ∈ (0, 1), α > 0 and then

integrating over η ∈ [0, 1], we obtain

2ζm

([
hp
1 + hp

2

2

] 1
p

)∫ 1

0

ηm−α−1 ⋎m
(
[ηhp

1 + (1− η)hp
2]

1
p

)
dη

≤
∫ 1

0

ηm−α−1ζm
(
[ηhp

1 + (1− η)hp
2]

1
p

)
⋎m

(
[ηhp

1 + (1− η)hp
2]

1
p

)
dη

+

∫ 1

0

ηm−α−1ζm
(
[ηhp

2 + (1− η)hp
1]

1
p

)
⋎m

(
[ηhp

1 + (1− η)hp
2]

1
p

)
dη.
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Then by change of variable and symmetric property of ⋎m, we get

2

(hp
2 − hp

1)
m−α

ζm

([
hp
1 + hp

2

2

] 1
p

)∫ hp
2

hp
1

(hp
2 − s)m−α−1 ⋎m

(
s

1
p

)
ds

≤ 1

(hp
2 − hp

1)
m−α

∫ hp
2

hp
1

(hp
2 − s)m−α−1 ζm

(
s

1
p

)
⋎m

(
s

1
p

)
ds

+
1

(hp
2 − hp

1)
m−α

∫ hp
2

hp
1

(hp
2 − s)m−α−1 ζm

(
[hp

1 + hp
2 − s]

1
p

)
⋎m

(
s

1
p

)
ds

=
1

(hp
2 − hp

1)
m−α

∫ hp
2

hp
1

(hp
2 − s)m−α−1 ζm

(
s

1
p

)
⋎m

(
s

1
p

)
ds

+
1

(hp
2 − hp

1)
m−α

∫ hp
2

hp
1

(s− hp
1)

m−α−1 ζm
(
s

1
p

)
⋎m

(
[hp

1 + hp
2 − s]

1
p

)
ds.

Hence by Lemma 3.2, we find

1

(hp
2 − hp

1)
m−α

ζ

([
hp
1 + hp

2

2

]1/p)[
( CDα

hp
1+
⋎)(µ(hp

2)) + (−1)m( CDα
hp
2−
⋎)(µ(hp

1))
]

≤ 1

(hp
2 − hp

1)
m−α

[
( CDα

hp
1+
(ζ ∗⋎))(µ(hp

2)) + (−1)m( CDα
hp
2−
(ζ ∗⋎)(µ(hp

1))
] (3.7)

Now consider,

ζm
(
[ηhp

1 + (1− η)hp
2]

1
p

)
+ ζm

(
[ηhp

2 + (1− η)hp
1]

1
p

)
≤ [ζm(h1) + ζm(h2)] . (3.8)

Multiplying (3.8) by ηm−α ⋎
(
[ηhp

1 + (1− η)hp
2]

1
p

)
on both sides with η ∈ (0, 1), α > 0, and then

integrating over η ∈ [0, 1], we obtain∫ 1

0

ζm
(
[ηhp

1 + (1− η)hp
2]

1
p

)
ηm−α ⋎

(
[ηhp

1 + (1− η)hp
2]

1
p

)
dη

+

∫ 1

0

ζm
(
[ηhp

2 + (1− η)hp
1]

1
p

)
ηm−α ⋎

(
[ηhp

1 + (1− η)hp
2]

1
p

)
dη

≤ [ζm(h1) + ζm(h2)]

∫ 1

0

ηm−α ⋎
(
[ηhp

1 + (1− η)hp
2]

1
p

)
dη

(3.9)

that is, we get

1

(hp
2 − hp

1)
m−α

[
( CDα

hp
1+
(ζ ∗⋎))(µ(hp

2)) + (−1)m( CDα
hp
2−
(ζ ∗⋎)(µ(hp

1))
]

≤ ζm(h1) + ζm(h2)

2(hp
2 − hp

1)
m−α

[
( CDα

hp
1+

⋎) (µ(hp
2)) + (−1)m( CDα

hp
2−
⋎)(µ(hp

1))
]
.

(3.10)

Hence from inequalities (3.7) and (3.10), we get (3.4).
(ii) The proof is analogous to (i). □

Remark 3.5. In Theorem 3.4 (i), if one takes p = 1 in the inequaliity 3.4 then one gets inequality
3.3 of Thoerem 3.2 in [8].
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Lemma 3.6. Let p ∈ R\{0}. Let ⋎, ζ : [h1, h2] ⊂ (0,∞) → R, h1 < h2, be the functions such
that ⋎, ζ ∈ Cm[h1, h2]. Also consider ζm is positve and ⋎m is nonnegative and p-symmetric over[
hp
1+hp

2

2

]1/p
. Then

(i) for p > 0, the following inequality holds:

ζm(h1) + ζm(h2)

2

[
( CDα

hp
1+
⋎)(µ(hp

2)) + (−1)m( CDα
hp
2−
⋎)(µ(hp

1))
]

−
[
( CDα

hp
1+
(ζ ∗⋎))(µ(hp

2)) + (−1)m( CDα
hp
2−
(ζ ∗⋎))(µ(hp

1))
]

≤ 1

Γ(m− α)

∫ hp
2

hp
1

[ ∫ t

hp
1

(hp
2 − s)m−α−1 ⋎m (µ(s))ds

−
∫ hp

2

t

(s− hp
1)

m−α−1 ⋎m (µ(s))ds
]
ζm+1(µ(t))dt.

(3.11)

Where µ(s) = s1/p, for all s ∈ [hp
1, h

p
2].

(ii) for p < 0, the following inequality holds:

ζm(h1) + ζm(h2)

2

[
(−1)m( CDα

hp
1−
⋎)(µ(hp

2)) + ( CDα
hp
2+
⋎)(µ(hp

1))
]

−
[
(−1)m( CDα

hp
1−
(ζ ∗⋎))(µ(hp

2)) + ( CDα
hp
2+
(ζ ∗⋎))(µ(hp

1))
]

≤ 1

Γ(m− α)

∫ hp
1

hp
2

[ ∫ t

hp
2

(hp
1 − s)m−α−1 ⋎m (µ(s))ds

−
∫ hp

1

t

(s− hp
2)

m−α−1 ⋎m (µ(s))ds
]
ζm+1(µ(t))dt.

(3.12)

Where µ(s) = s1/p, for all s ∈ [hp
2, h

p
1].

Proof . (i) Note that

F =

∫ hp
2

hp
1

(∫ t

hp
1

(hp
2 − s)m−α−1 ⋎m (µ(s))ds

)
ζm+1(µ(t))dt

−
∫ hp

2

hp
1

(∫ hp
2

t

(s− hp
1)

m−α−1 ⋎m (µ(s))ds

)
ζm+1(µ(t))dt

= F1 − F2.

(3.13)
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By integrating by parts and using change of variable and Lemma 3.2, we get

F1 =

(∫ t

hp
1

(hp
2 − s)m−α−1 ⋎m (µ(s))ds

)
ζm(µ(t))

∣∣∣hp
2

hp
1

−
∫ hp

2

hp
1

(hp
2 − t)m−α−1 ⋎m (µ(t))ζm(µ(t))dt

= Γ(m− α)
[
ζm(µ(hp

2))(
CDα

hp
1+
⋎)(µ(hp

2))− ( CDα
hp
1+
(ζ ∗⋎))(µ(hp

2))
]

= Γ(m− α)

[
ζm(µ(hp

2))

2

[
( CDα

hp
1+
⋎)(µ(hp

2)) + (−1)m( CDα
hp
2−
⋎)(µ(hp

1))
]

− ( CDα
hp
1+
(ζ ∗⋎))(µ(hp

2))

]
.

(3.14)

Similarly,

F2 =

(∫ hp
2

t

(s− hp
1)

m−α−1 ⋎m (µ(s))ds

)
ζm(µ(t))

∣∣∣hp
2

hp
1

+

∫ hp
2

hp
1

(t− hp
1)

m−α−1 ⋎m (µ(t))ζm(µ(t))dt

= Γ(m− α)

[
ζm(µ(hp

1))

2

[
( CDα

hp
1+
⋎)(µ(hp

2)) + (−1)m( CDα
hp
2−
⋎)(µ(hp

1))
]

− (−1)m( CDα
hp
2−
(ζ ∗⋎))(µ(hp

1))

]
.

(3.15)

Then from (3.14) and (3.15), we find

F = F1 − F2

= Γ(m− α)

[
ζm(h1) + ζm(h2)

2

[
( CDα

hp
1+
⋎)(µ(hp

2)) + (−1)m( CDα
hp
2−
⋎)(µ(hp

1))
]

−
[
( CDα

hp
1+
(ζ ∗⋎))(µ(hp

2)) + (−1)m( CDα
hp
2−
(ζ ∗⋎))(µ(hp

1))
] ]

.

(3.16)

Multiplying (3.16) by 1
Γ(m−α)

we obtain (3.11).

(ii) Proof is similar to (i). □

Remark 3.7. In Lemma 3.6 (i), if one takes p = 1 in the identity 3.11 then one gets the identity of
Lemma 3.3 in [8].

Note that in Lemma 3.2 (ii), Theorem 3.4 (ii) and Lemma 3.6 (ii), if one takes p = −1 then one gets
similar results for harmonically convex functions. Also from Lemma 3.6 we can have many other
Hadamard-Fejér type inequalities for p-convex functions and hence for convex as well as harmonically
convex functions.
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