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Abstract

In this paper, we use the homoclinic orbit approach without using small perturbations to prove
the existence of soliton solutions of the discrete nonlinear Schrodinger equations with long-range
interaction by employing the properties of the symmetries of reversible planar maps. Moreover, the
long-range interaction by a potential is proportional to 1/I* with fractional a < 1 and [ as natural
number.
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1. Introduction

Recently much attention has been paid to the analysis of discrete equations with long-range
interaction driven by fractional powers of the discrete Laplacian [13] 8, 4, [I8] [5]. For example in [5]
the authors present the problem of a quite complete study of discrete diffusion equations with long-
range interaction involving the fractional powers. In [16] unidimensional chain of linear and nonlinear
oscillators with a long-range interaction power wise defined by a proportional term of 1/(n — m)!*®
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(n # m) has been considered. In [I§], a variational cadre for a fractional difference equation on 7Z
driven by the fractional discrete Laplacian has been introduced. In particular, in [I3], a fractional
version of the discrete nonlinear Schrodinger equation, in which the regular discrete Laplacian is
changed to a discrete fractional Laplacian, has been studied.

We focus that The existence of bright solitons for various cases was then discussed by the Melnikov
method assuming that the perturbation is small and for the anti-integrability method [12, [7], some
localized solutions persist for small coupling cases. In [I4], the variational approach can also be used,
but the frequency allowed region cannot be determined by the variational method explicitly.

In this paper, we look at the the existence of time periodic and spatially localized solutions in
which a complex amplitude algebraic equation is obtained.

We restrict our attention to real amplitudes and the case where corresponds to bright and dark
solitons, for example [2, [0} [10].

The homoclinic orbit approach for the existence of soliton solutions of DNLS equations utilised
in our paper is precisely a generalization of the work of [15] (local interaction).

The rest of of this paper is organized as follows: The second section we give some preliminaries
about the reversible planar map and the homocline (heterocline) points. In addition we present the
fondamental theorem for the existing of the the orbit homocline (heterocline) for a class of planar
map in n dimension. In section 3 we give the conditions to proove the existing the bright and dark
dark soliton for local solutions in the of discret schrodiger equations driven by fraction powers of
discret laplacian.

2. Homoclinic orbits of reversible planar maps

We will present a mathematical description of the time reversal symmetry in the context of
dynamical systems. In most applications of interest {2 = R"™. We will only consider diffeomorphisms
of R?". Let R be a smoothed diffeomorphism satisfying :

e Ro R = identity.

e The dimension of the fixed point set of R, Fiz(R), is n.

R is called inverse involution. A diffeomorphism T of R?" is called R-reversible if RoT = T-'o R.
Some periodic points are easy to find; these are the symmetric periodic points described by the
following proposition.

Proposition 2.1. [71] Let p € Fix(R) and suppose T*(p) € Fiz(R) as a consequence T?*(p) = p,
then we have:

T*(p) = RT*(p) = T""R(p) = T~"(p), therefore: T*(p)=p.

Hence, symmetric periodic points may be found geometrically; we search for self-intersections of the
set of fixed points of R under iteration of T'. We also can find some homoclinic points of geometrically
reversible diffeomorphisms of R-geometrically reversible diffeomorphisms, as is shown by the following
examples:

Proposition 2.2. [6] Let p € Fiz(R) be a symmetric fized point of T and let W*(p) and W*(p)
denote the stable and unstable manifolds of p, respectively. Then R(W"(p)) = W*(p) and R(W*(p)) =
W*(p).

In particular, if ¢ € W"(p) N Fix(R), then q is a homoclinic point.
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Let x € W*(p) such that lim 77 "(z) = p, and so we have:

n—aoo

p=R lim (T7"(z)) = lim T"(R(x)),
n——ao0 n—-ao0
in such a way that R(x) € W?*(p), where RW"(p) C W?*(p). We also have RW?*(p) C W*(p), such
that RW*"(p) = W?(p). If ¢ € W*(p) N Fiz(R), so ¢ = R(q) € W*(p) N Fiz(R) also, so that q is
a homoclinic point [6]. Therefore, to produce homoclinic points for reversible diffeomorphisms, it is
sufficient to find the intersections of w*(p) with Fiz(R). We note that both of the above propositions
are true in much more general terms. Homoclinic points that are also in Fiz(R) are classified as
symmetric homoclinic points. Such a point is called a regular homoclinic point if the unstable variety
(and thus also the stable variety) meets Fiiz(R) transversely to the homoclinic point.

Proposition 2.3. [T1] Let p be a symmetric fized point and let q be a symmetric homoclinic point in
W(p) . Let N be any neighborhood of p in Fiz(R). Then there exists an infinite number of periodic
symmetric points in N.

Proposition 2.4. [6] Let p be a non-symmetric periodic point. Suppose q € w"(p) N Fix(R). Then
qg € w'(p) Nw*(R(p)). Thus some heteroclinic points can be found geometrically as symmetric
homoclinic points. Reqular symmetric heteroclinic points are defined as reqular homoclinic points.

Proposition 2.5. [6] Let T be an R-reversible diffeomorphism of the plane and assume that p is a
non-symmetric saddle point for T. Suppose that a branch of w"(p) and a branch of w*(p) intersect
t. Suppose that a branch of w®(p) meets Fix(R) transversely. There are then an infinite number of
many symmetric periodic orbits entering any neighborhood of p and R(p).

A class of classical reversible planar maps is derived from symmetric difference equations of the
form [111, [15]:

Tn+1 +Tp1 = g(xn)a (21)

In this article we treat the most general case:

ol

—1
n+l n—I
x l1+a33 _ gz, (2.2)

=1

often appear in the discussion of stationary states of long-range interactions, [ is the distance between
oscillators and o« a fractional value. The system can be expressed as a planar application,
denoted T'.

We calculate the application T for the stationary states of the oscillators. We derive the applica-
tion T for the order M such that M = % -1

p
Tin+1l = To2n
Ton+1 = T3 n
TM4+1n+1 = TM+2,n
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M—-1

o T(M+1)—ln T T(M4+1)+1n o
Torgnir = —T1n — (M) (Z ey [ita ) )+ (M) 9(T@r11)0)-
=1

M-1
o x 1t
T(Jfl,.TQ, ...,IQM) = (IL’Q,Ig, ey Lopg, —T1 — (M)H_ (Z (M+1) lll+o¢ (M+1)+l)

=1

+ (M) g(zars))).

Calculate T 1
We set:

M-1

N tvog +t N
H(ty, o, i torr—1) = — (M) (D %H(M)H g(tu).
=1

Using the change of variable:

tl = T2,
t? = T3,

torv—1 = Tom,
then:

T(x1, T2, ...y ans) = (1, to, oy torr—1, —21 + H(t1, to, ..., tonr—1)),

and:
T~ o T (w1, @2, ..., xopn) =T (t1,to, ..., tang—1, —21 + H(t1, 1o, ..., tans—1))
:([L'l + H(tl,tg, ...,tzM_l) — H(tl,tz, ceey t2M—1)7t17t2a ...,th_1>
:('T17x27"‘7x2M)7
then
Tty tay oy torr—1,y) = (—y + H(ty, to, ooy tonr—1), tiy tay ooy tonr—1),
and

T Yy, 2, ..., Tons) =(—xons + H(t1, ta, ... tons—1), &1, Ta, ..., Tong—1)

M-1
o TpM—1+T o
=(—wans — (M) (Z %) + (M) g(xar), 21, 23, ., Wans 1),
I=1

Furthermore, T is a diffeomorphism of class C' if (M) g = H is C'.
We suppose that H is ever of class C! is an odd function. We verify that T' is R-reversible with
the respect of the involution:

Ry(w1, 02, s Tar, Taggns o Tan) = (Tangs Tang—1, -5 T1),
and Ry-reversible with respect to involution:

Rz(ﬂfl, Ly ey TMy T MA15 -5 9€2M) = (_332M7 —L2M—1y s —1'1)7
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as though H is an odd function. Note that the set of fixed points Fiz(R;) and Fiz(R,) are determined
by the lines S; and Sy, respectively. Let:
L
fleari) = 9(xarin) — 2x001 ) T (2.4)
I=1

Theorem 2.6. Assume that:
(i) f(2) is a C' and odd function, and has only three real zeros, —zy,0, and 2o(zo > 0) with f(0) > 0;
(ii) sup,>..(f(2) + 22 M =) < 0 for some 2’ > z.

Then the planar map T has a homoclinic orbit.

Proof . As f is an odd function and has three distinct real zeros, we can suppose that its real zeros
are —zp, 0 and zy with zg > 0. The function is therefore a function with three distinct real zeros.

Meanwhile, the planar map T has three fixed points P(—zg, ..., —20), O(0, ..., 0) and Q(zo, ..., 20)
, which are all symmetric with respect to the involution R;. The origin O is hyperbolic if f/(0) > 0.
Moreover, the unstable manifolds The unstable manifold W*(O) and the stable manifold W*(O) are
tangent to the stable and unstable eigenspaces E,(0) and FE,(0) of the Jacobian matrix of 7" at the
origin of the Jacobian matrix of 7.

First we show that the intersection of W*(O) with the interior of the segment EQ is nonempty,
where E(0,...,0, 20, ..., 20). One may easily check that one branch of W*(O) initially enters the
interior of the triangle AOEQ), denoted by int (AOEQ).

For each point A(z1,xg, ..., xapr) € int(AOEQ), one has that

!
0 < z <2V <z,

0 < To < Tpr42 < 2o,

0 < a2y <z < 29
and the coordinates of the image point T(A) are

M-1
a T(M+1)—1 T+ T(m ! o
T(1, @2, ooy Tors) = (0, T3, ooy g, —ay — (M) (Y T z1+a( PO L (M) g(zran)).

=1

Moreover, since f(Z(ar41),,) is positive for x(ar41), € (0, 20), the distance from point T'(A) to the
line S; is greater than the distance from A to S;. Consequently, the unstable manifold W*(O) in
the interior of AOFE(Q does not intersect the segments OFE and OQ).

In the following, we prove by contradiction that W*(O) meets the segment EQ.

Assume that the branch of W*(O) in the first quadrant always lies in the interior of AOEQ. Take
apoint B € W*(O)Nint(AOEQ). Then all the image points T"(B) € int(AOEQ) forn =1,2,---.
Moreover, the sequences of zj-coordinates, xo-coordinates,..., xop-coordinates of 7" (B) are both
strictly increasing and bounded above, hence convergent to (z1)*, (z2)*, ..., (zaps)*, respectively. As
a consequence, the sequence of points {T"(B)} is convergent to N((z1)*, (x2)*, ..., (x2pr)*) , which is
a fixed point of T

From the facts (z1)* > 0, (x2)* > 0, ..., (zapr)* > 0, it follows that N = . On the other hand,
the sequence of the distance between 7" (B) and S; is also strictly increasing, implying that N # @),
a contradiction. Therefore, the unstable manifold W*(O) pierces the segment EQ).



358 Mehazzem, Abdelouahab, Haouam

Secondly, we show that W*(O) in the first quadrant meets the line S; at some point. Denote by

HO($1,0> X205 -y TM,05 20y +++) Zo)

the intersection point of W*(O) with the segment EQ).
Let H,+1 =T(H,),n=0,1,---. The coordinates of H,, are (1, T2, s TMns TM+1,15 > L2M,n)
It then follows that xp41, > 2. Since

M-1 1

f(IM-i-Ln) + 2xM+1,n Z W <0 fOT’ TM+1n > TM+1,0
=1

we derive from assumption (i7) that:

M-1
1
sup  (f(zps1n) + 2T0410 Z m) < 0.
I=1

TM412TM41,M

We denote
M1y
sup  (f(@um+1,0) + 220110 Z llm) =—a (a>0).
TMA1Z2TM+1,M =1

Suppose that W*(O) in the first quadrant does not intersect the line S;. Then W*(O) lies between
the z-axis and the line Sy, and thus the points H,, lie above the line 5.

M-1
1
f(@rs1n) + 2% 410 Z jira < ¢ Jor n=1,2---.
=1

Let d,, denotes the distance of H,, to the line S;. Then

dn = /= ($M+j,n — Jlj,n>, n = 0, 1, (25)
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Consequently, one has that for n = 0,1, ...

Y

dpy1 = —E $M+j,n+1—$j,n+1)

slw

= —[(@mi2n — Ton) + (Trgsn — Tap) + oo + (Torin — Tarp) +
2

M—1
o T(M+1)—l;n + T(M+1)+1n @
(~1,0 — (M) (Y T QDAY L (M) g(earsnn) — Tarvin)]

ll—i—a
=1
V2
2

—[(@ms1n — T10) + (@prg20 — Ton) + (Tvssn — Tan) + oo+ (Tonin — Tan) —

M—-1

o T(M+1)—ln T T(M+1)+1n o
(M (D =R ) 4 (M) gl asay) — 20ari1)
=1
V2 o g M+1)—ln + T(M+1)+in o
= dy o+ (= (M) (Y SRR R o (M) g(aarina) — 20ar1.0)
=1
\/§ 1+a = T(M+1)—l,n +x M+1)+Iln 1+a
= ot S (N (3 T 4+ () (s +

« \/§ M-1 x(M—i—l)—l,TL + x(M+1)+l’n M—-1 1
B 7(_( [+ )+ f(x(M-i-l),n) + 2T p41 0 Z llﬁ)

=1 =1

It follows that

a — —1,0t -

dl = do + (M)H g(_( ;\il 1 T(Mm+1) l,lolj_z(]\/l-!—l)-&-l,o) + f(x(MJrl),O) —+ 2xM+170 Zgl 1 ll}ra)
« M-1z - T —1

dy = dy + (M) L2 (— (SO Bt RO Dy 4 f (a0 0) + 2800400 Doy 7

dpsr = dy + (M)H—a \/7§<_( l]\il—l m(M+1)—z,lnliz<z\4+1)+l,n) + f( (1), )_|_ 2xM+1nZ ll+a>
and hence

0 S \/ﬁdn—ﬁ—l
M-1

n M—1
o T(M+1)—1i T T(M4+1)+1, 1
= V2o + Z \/5(]\4)1+ (—(Z (M+]) ARk )+ f(xoars)) + 20041 Z /L )
i=0 =1 =1

ll—l—a +a
< \/ﬁdo—nb—na, b>0 and a>0.

Letting n — oo, one obtains a contradiction. Therefore, the intersection of W*(O) with the line S;
is nonempty.

Finally, from proposition [2.2]it follows that W*(O) and W#(O) intersect at some point ¢ on Sy,
implying the existence of a homoclinic orbit. [

Theorem 2.7. Assume that f(z) is a C' and odd function, and has only three real zeros, —z, 0 and
20 (z0 > 0) with f'(z9) > 0. So the planar map T' has a heteroclinic orbit
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Proof . The reversible map T has three fixed points, two of which, P(—z0, —z0, ..., —2¢, —2¢) and
Q(—20,—20, ..., —29, —20), are hyperbolic if f'(z) > 0.Similarly to the proof of the previous theorem
one can verify that W, (Q) intersects the zy, xo, ..., z) axis at H(xy, za, ..., 20,0,0, ..., 0) with

0 < r1 < 29,
0 < x9 < 2,

0 < x2pm <2

Simple calculations show that T'(H) and H are symmetric with respect to S».Then the intersection
of Wu(Q) with Sy is nonempty. Consequently, from proposition it follows that the intersection of
W*(Q) with W*(P) is nonempty, and hence the planar map T has a heteroclinic orbit. [J

3. Localized solutions in nonlinear Schrodinger lattices

From non-local discrete equations driven by fractional powers of the discrete Laplacian. This
equation is valid for all n :

. n
"ot

(] ¢ ) z/;nuzl/’”“ At g (3.1)

where h is C! function.
Great attention has been paid to localized solutions of the form v, = ¢,e
independent. Such solutions are time periodic and spatially localized.

Wt where ¢, are time

Our goal is to proving the homoclinic orbit approach by exploiting the properties of reversible
planar systems.
The equation (3.1)) becomes:

N
N_
iw iw iw ¢n+l — 2¢n + ¢”_l
—wone™ + h(| ¢ |)Pne™" + Je tlzl [T+ =0
SO
%
n+l - 2¢n + ¢nfl
gb - h( Z [+
where:
N_
¢n+l + ¢n l 2
wén — h(] ¢ Z [1+a —2J Z [1+a (3.2)
SO
N ——1

< n n— 1
3 et Juwo, =l 10+ 263 i 53
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we set:

vl

9(60) = F(6n) + 200 Y 72 (3.4)

=1

N
We will compute the application T" of order M such that M = 5 1.

By using a new variable :

( Tin = ¢n—M
Ton = gbn—(M—l)
TyMn = ¢n71
TM+1n = ¢n
Tp42,n = ¢n+1

SO:
(
Lint+l = (bnf(Mfl) = Tan
Lon+1 = ¢n—(M—2) = T3n
Tpn+1 = On = Tp4+1,n
TM+1n+1 = Ont1 = TpM42,n
ToM—-1n+1 = Dnyo = ToMn
\ T2Mn+1 = ¢n+M
We have:

Z ¢n+lll‘|—;j)n I g(¢n> (35)

g(¢y) is written as:

1 1
9(dn) = (Pn-1 + Pny1) + Y (Pn—2 + Ony2) + 3ita (Gn—3 + Ppts) + ... + (Gn—rr + Gninr)

Gnons = — (M) ( Z P llia¢n+l — Gunr + (M) g(é0)

from which one takes

Foarin) = (G = h(arl)oa)

where f(z) = (5(wz — h(|z])z). Define ho = lim, o h(r) if the limits exists, other wise ho, = 00.

Theorem 3.1. 1-Assume that h is strzctly increasing in [0,4+00[. Then there exist a bright Solitons
of the form ¢,e™t with h(0) + 221 1 11+a < w < hy for the system (3.1)) with J > 0.

2-Assume that h is stmctly decreasing in [0,+o0c[. Then there exist a bright Solitons of the form
Gn€™ with heo + 23 1 ' ks < w < h(0) for the system with J < 0.
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Proof . Assume that h is strictly increasing and J > 0. Then it follows that f(z) has only three
zeros if h(0) +23 1" s < w < heo and f/(0) = (w — h(0))/J < 0 for J > 0. Therefore system
admits bright solitons solutions by the theorem . Similarly the other cases can proved by
theorem 2.6l O

Theorem 3.2. Assume that h'(r) > 0 (< 0) forr € [0, +oc[. Then there exist a dark Solitons of the
form ¢net with h(0) +23 " e < w < hoo (heo +2 St s < w < h(0)) for the system (3.1)
with J < 0 (> 0).

Proof . The proof is abvious by the theorem 2.7] O

4. Conclusion

The existence of bright soliton solutions has been investigated by this method for a discrete
Schrodinger equation with short term interaction in [I5] and also by the variational method in
[T7]. The frequency w associated with the sequence ¢,, in which is a minimizer for some variational
problem. Thus, one must first solve a variational problem to obtain a minimizer, and then derive
the corresponding frequency. One cannot explicitly determine the allowed region of the w frequency
by the variational method. However, our approach gives the frequency w and the corresponding
sequence ¢, simultaneously, and thus one can obtain the existence interval of the frequency w.
Another efficient tool to find soliton solutions is the anti-integrability method [Il [7]. On the other
hand, if we apply the anti-integrability method, we need the coupling strength to be small in order
to apply the implicit function theorem. On the other hand, in our result, the existence of bright
solitons implies that the coupling strength could be large.
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