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Abstract

This paper focuses on the solvability and approximate analytic solution of composed linear descriptor
operator with constant coefficient, using functional (Variational) approach. This approach is based
on finding a suitable functional form whose critical points are the solution of the proposed problem
and the solution of a proposed problem is a critical point of the obtained variational functional de-
fined on suitable reflexive Hilbert space since the existence of this approach is based on the symmetry
and positivity of the composed linear descriptor operator on Hilbert space. The necessary mathe-
matical requirements are derived and proved. A step-by-step computational algorithm is proposed.
Ilustration and computation with the giving exact solution are also proposed.

Keywords: Descriptor System, Differential-Algebraic Operator equation, Functional Analysis,
Variational Formulation, {1}-Inverse Matrix, Ritz Method.

1. Introduction

The linear descriptor system is a linear system expressed in descriptor form, which is capable of
handling systems that are not possible to be formed as state-space expression, such as those involving
order changes and algebraic constraints among internal variables. The descriptor systems are also
called differential-algebraic systems, due to the present of both differential and algebraic equations.
These equations may also contain hidden constraints, consistency requirements for initial conditions,
and unexpected regularity requirements, [3, 12, 14, 11].
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A large number of physical problem of constrained dynamical systems are modeled as differential-
algebraic equations, there are numerous applications in the modeling and simulation of DAE’s, such
as electrical circuits[8], mechanical multibody systems [13], the approximation of singular perturba-
tion problems arising in fluid dynamics, mathematical economics the analysis of chemical processes,
biotechnology, radio physics, circuit theory, and chemical and biological kinetics, for more application
of DAE’s, we refer to [21, 23, 10, 26, 9].

Many considerable progress has been made to investigating in the descriptor system, for linear
descriptor system and for nonlinear system see surveys [7, 15], on the investigation of stability,
solvability and controllability of general descriptor system many result have been derived [9, 19, 20].

The linear differential-algebraic equations are also arised typically from the linearization of non-

linear DAE systems along a reference trajectory, see [5].
The solvability of constant square singular matrix system of differential algebraic equation has been
developed by [5], the author used the application of Drazin inverse theory and core-nillpotent de-
composition, to formulate the compact form solution of the descriptor system. Composed linear
descriptor operator which is an (n-coupled pair) mixing the descriptor operator together with the
initial condition operator. The normal solvability and some functional properties of this composed
descriptor operator have been developed in [24, 18].

In this paper, A descriptor - composed operator is proposed. The solvability and approximate
analytic solution in operator form are proved. numerical illustration using the theoretical results
are provided. This approach will help to solve a large numbers of applications easily. The following
preliminary are needed later on.

2. Preliminary
The following mathematical concepts are needed:

Definition 2.1. [22] A given linear operator D : dom (D) C X — Y, where X,Y are suitable
spaces, 18

(i) Symmetric with respect to the chosen bilinear form (x, y) if the condition (Dz1, z3) = (Dxg,x1)
is satisfied for every x1, xo € dom(D) .

(ii) Positive in its domain, if it is symmetric and (Dz, x) > 0,Vz(t) € dom (D) and (Dzx, z) =
0 x=0, Yo edom (D), hold .

Definition 2.2. [1] For any square or rectangular matriz E of real or complex number, there exist
unique matriz ET satisfies the following

(i) EEYE = E,

(i) EYEE* = E*,
(iii) (E*E)* = E*E,
(iv) (EE*)" = EE*

If the matrix E* satisfies (i), it is called {1}-inverse of the matrix FE, if it is satisfied (i)-(ii), then
it is called {1-2}- inverse, if it is satisfy (i)-(iii), it is called {1-2-3}- inverse, and if it is satisfied the
conditions (i)-(iv), then it is known as the Moore-Penrose inverse of E.
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3. Statement of the Problem

Consider the linear constant coefficient descriptor system of the form
d
Eax(t) + Azx(t) = f(t),tel (3.1)

where 0 < rank (E) < m, wher m > n and E is singular, define
d
Dz = Eﬁx(t) + Ax(t), x(t) € domD C X (3.2)

where D : dom (D) C X — im (D) CY, X,Y areseparable Hilbert space, the matrices F, Ac L(R™, R")
are mxn, the compact interval I1isdefined by I = [to, 1], and for given functions f(t) € im (D) C Y
being at least continuous on the interval I C R, with the initial condition

Ex(ty) =d € R”, (3.3)

which is assumed to be consistent. The consistency of (3.3) may be obtained using the following
requirement ETEd = d, For some E* € L (R", R™) is {1} — invers of the matrix F, the solution of
(3.3) can be obtained as

a(t)) = ETd+ (Inxa — ETE )y(to)

for arbitrary y (to) € R",
Ex(ty) = EETd+ E (Iyxn — EVE)y(ty) = EEYd+ E y(t)) — EETEy(t,) =d

The initial value problem corresponding to (3.1) - (3.3) is redefined as descriptor - composed operator
is given by:
(Dz(t), Ex(ty)) = (f,d), z(t) € dom (D), x(ty) = x9 € R™ (3.4)

def def

Let X =Ly, (I,R") X R™,Y =1Ly (I,R") x R" are the Catesian product of Hilbert spaces, for
all pairs (z,xz¢),where x € Ly (I, R™), zo € R™, under the operations

(z,20) + (y,%0) = (x +y, 20 + H0)
a(x,z) = (ax, axy) ,

and endowed inner product defined as follow:

((2(t) (o)), (w(t) o))y = () y(O)r, (1pm + (@to),y(t0)) g

- / T (y()dt + 2 (to)y(to), (3.5)

to

t1 %
2 2
||<x,xo>uyz||qu2<I,Rn>+||x<to>||Rn=(/ |x<t>|Rndt) e+ 1)l

to

Now let us define the set
GF = {(z,2(t)) €Y : Ex(t) € Wit Exg=d, ETEd=d},E" is {1}-invers of E where W
denotes the collection of all absolutely continuous vector functions from Ly (I, R™) whose derivatives
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lie in Ly (I, R™) and Ez(t) is an m-vector function whose i component is a linear combination
of components of z(t), with coefficients {£3}_,. The density of the set G¥ is coming from the fact
that the set of all polynomials are dense in Wi", with Wi ¢ GE.

Then the densely define linear descriptor-composed operator (D, E) : GF C X — im ((D,E)) CY
can be defined as:

(Dx(t), Ex(to)) = (f,d)eY, for (z(t),z(ty)) € G¥ (3.7)
4. The solvability of densely define linear descriptor-composed operator

The solvability of the linear descriptor-composed operator defined by (3.4)-(3.7) by Variational
formulation is proposed on the fact that the linear descriptor-composed operator is symmetric with
respect to usual endowed inner product form (3.5). The following lemma shows that the operator
defined by (3.4)-(3.7) is not symmetric with respect to usual endowed inner product (3.5).

Lemma 3.1. The linear descriptor-composed operator (D, E) : GF — im ((D,E)) CY given by
(3.4)-(3.7) is not symmetric with respect to usual endowed inner product (3.5).

Proof . Let (2(t) ,2(to)) and (z(t) ,x(ty)) € GF,t € [ty . 11 ]

(Do) Balt)) () 2y = [ (B2 4 Aat0)) sto)it + (Eoteo)” 2()

— /to [(dfdt( ) ET E+T) ET2(t) —|—ATxT(t)z(t)} dt + 7 (to) BT 2(to)

(3.8)

where ET is {1}-invers of the matriz E, using integration by parts for the first part of (8),

— ( )ETE+T ET ( )to _/1501 |: ( )ETE+T E'Tdd(t) AT T() (t):| dt + ZL’T(to)ETZ(tQ)

_ /t T <_ETE+T E" dz—? + ATz(t)) dt + o (to) E"2(to) + 2" (1) ET BT BT 4(1)

to

:/ttl xT(t) ( E'Tddgf) —|—AT ()) dt + xT(tO)ETZ(to)—i—l‘T(t)ETEJFT ETZ(t>
+xT( )ETE+T ET2(ty)

=—((D"2(t) ,E"2(t)) . (x(t),z(t0)) )y + " () ETEFT ET2(t) + 2" (to) ETETT E"2(ty)
O

Remark 3.2. Due to the present of the operator B2 dt , where 0 < rank(E) < m, the descriptor-
composed operator (3.4)-(3.7) is not symmetric with respect to usual endowed inner product (3.5).
Even when is full rank E (is invertible), the system is still not symmetric linear ordinary equation
[24], in [24] the author suggest to used convolution bilinear form with zero initial condition to insure
the symmetry. while in [16] the author have shown that there exist infinity of bilinear forms so that
the linear operator is symmetric. In this work a class of descriptor-composed operator is considered,
and a composed Cartesian product bilinear form is defined to ensure the symmetry and positivity of
the descriptor-composed operator (3.4)-(3.7). This will help us to study the solvability of the composed
operator and then the approrimate analytic solution is obtained.
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let (z(t),x(to)), (y(t),y(ts)) € G¥ |, the composed Cartesian product bilinear form will defined as
follows:

((2(t), 2(to)) s (Y(), y(t)) y,newy = (1), 2(t0)) , (Dy (1), By(to))] (3.9)

which makes the given linear operator (D, F) : G¥ — im ((D, F)) C Y symmetric and positive with
respect to (3.9).

Lemma 3.3. The linear descriptor-composed operator (D, E) : G¥ — im((D,E)) CY given by
(3.4)-(3.7) is symmetric and positivity with respect to composed Cartesian product bilinear form (3.9).
Proof . For any (z(t),z(t)) € G

<(D (), Ez(to)) , (y(t), y(t0))) (v, new)
E—+ A ())T <Ed“”<t) + A:c(t)) dt + (Ey(to))" Ex(t)

= [(Da(t), Ex(to)) , (Dy(t), Ey(to))]
/ (=%
NG ;

), E

2(t) | Ax(t)) (Edfl—f) 4 Ay(t)) dt + (Ex(ty))” Ey(to)
[(Dy(t), Ey(to)) , (Dx(t), Ex(to))] = (Dy(t), Ey(to)) , (2(t), 2(t0))) (v new) -

Then it is symmetric.

Now to prove the positivity of the descriptor-composed operator,

((Dx(t), Ex(to)) , (x(t), (t0))) (v, new)

= [(Dx(t), Ex(to)) , (D(t), Ex(to))] = [(Dx(t), Ex(to)) , (D(t), Ex(to))]
= (Dx(t), Dx(1)) + (Ex(ty), Bx(to)) = || Dl + [|Exo|* > 0, ¥ (2(1),2(to)) € G, t € [to, t]

By the continuity and positivity of the norm,

| Dz||” + || Exo||> = 0 & Da(t) = 0 and Ex(ty) = 0 = [(Dxz(t), Ex(ty)) , (Dxz(t), Ex(ty))] = (0,0)

= ((Dx(t), Ex(to)) , (x(t), 2(t0))) (v.vew) = (0,0) = (2(t), 2(to)) = 0, V(2 (t), 2(to) € G",1 € [to, ta].
0

The following theorem is a generalization of the Minimum of a Quadratic Functional Theorem [5].
Theorem 3.4. Consider the problem formulation (3.1)-(3.7), If the operator

(D,E) : GF — Im ((D,E)) CY satisfying Lemma 3.3, then minimum values (Z(t), z(ty)) € G¥ of
the functional

¢ [(x(t), z(to)] = % (Dx(t), Ex(to)) , (x(t), 2(to)) (v new) — (s d), (@(8), 2(t0)) (v, vew)
:% [/t (Edfjff) + Ax(t)) (Edz( )4 A ())dt+(Ex(to))T (Ex(ty))

_/: ()" (Edfl( ) | 4q ()) dt + d7 (Ea(to))

(3.10)
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s a solution of
(Dz(t), Ex(ty) = (f,d) inY (3.11)

and vice versa.
Proof . let (Z(t),Z(ty) € GF be a solution such that that (DZ(t), EZ(ty)) = (f,d). from functional
(3.10), we obtain,

from lemma 3.3, one gets

= 5 (D201, Bat)) w0), 00D ey — (D0) Bxlt))  ((2(0), 7(00))) v
— ((Da(t), Bz (to)), ((2(), 2(t0)) v | (3.12)

— ((Da(t), Ea(t0)), ((2(8),2(t6))) .y + (D20, Ealle))  (2(0): 2(00))) v v
— ((Da(t), B (to)) , (2(6), 7(t0))) v (313)
= 2 [{Da(t), Balto)) — (Da(t), Ba(t0)) , (2(1), 2(00)) — @(2), 00)) v,

From Lemma (3.3) and the independence ((DZ(t), EZ(to)), (Z(t), Z(t0))) (v new) Srom (z(t),z(to))
which remains this constant and not effective on the minimum value of the functional, for the first
term of the right- hand side of (3.13) we obtained that

81(r(t), w(to)) = 5 [(Dr(r), Ba(te)) — (DFE), Ba(t0)) , (1), 2(10)) ~ (7(0), (1)) yveu |
>0 for evrey (2(t),z(ty)) € GF

(3.14)

with
5 [((D2(), Bxlto) — (D2(2), B2(t0))  (2(6),(10)) — (@0), 7(00))) v,y = O
> (z(t),2(ty)) — (2(t),z(ty)) = 0 in GE.

Form (3.14) one can get

with
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Conversely, let ¢ [(x(t), z(to))] be a minimum functional for the element (
choose an arbitrary element (v(t),v(tg)) € G¥ and an arbitrary e, so that

GP, and we have
¢ [(2(t),z(to)) + € (v(t), v(to))] = ¢ [(2(¢), T(to))]

t),Z(to)), that means if we
0

(£), (to))+-e€ (v(t), v(to)) €
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From Lemma 3.3
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¢ [(2(t), 2(t0)) + € (v(t), v(to))]
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), (v(t), v(t ))>(yzvew>+€2 <(Dv(t)7Ev(t0>>7(U<t>7v<t0))>(Y,New):|
Z(t0))) (v.newy — € ((f5d), (0(1), v(t0))) (v, ew)
to)) s (Z(t), (t0))) (v new) T 2€ (DI (1), EZ(to)) , (v(t), v(t0))) (v vew)

1
+e((Dz

— ((f.d). (a(t
=5 [z, B
€ ((Dult), Bult)) (v(8), 0(t0))) v e ) = (D) @) Z(t0)) v v
— e {(£.), (0B, 0(t0)) v vy

It comes from the functional ¢ [T + ev] has a local minimum at € = 0, and first derivative is equal to
zero at € = 0,

=0, for an arbetrary element (v(t),v(ty)) € GF.
e=0

d, .,_.. _
ZO1(@(1), 7(t0)) + € (v(1), v(t0))]
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Or from (3.14)

that means

(Dz(t), Ex(to)) — (f, d), (v(t),v(t0))) (v, new) = O

I . (3.15)
= (Dz(t), Ez(ty)) — (f,d) =0 € im((D, E)) CY.

The element (v(t),v(to)) € GF is fized and arbitrary, so that (3.15) is true for every (v(t),v(ty)) €
G¥, using the fundamental variatuinal lemma [20], one gets

(Dx(t), Ex(to)) — (f,d) = 0.

Thus (z(t),z(to)) is a solution of (Dz(t), Ex(ty)) — (f,d) in im((D,E)) C Y , of the equation
(Dz(t), Ex(to)) = (f,d), which was to be proved. (]

To make the variational approach is a suitable for some type of application, one can mix this approach
with Ritz method [5], and using the fact that the Hilbert space Ly (I, R™) x R™ is separable space,
that implies the existence of a (at most countable) base

(;(t),¢;(to)) for i=0,1,2,...,n (3.16)
Now find an approximate solution for the descriptor-composed operator system (3.4)-(3.7), which is
near enough to exact solution, one can follow the next algorithm:
Algorithm (1)

Step 0: Input E ) 4+ Ax(t) = f(t), satisfies the problem formulation where

€11 €12 ... €Iy a1 Q2 ... Qip [ f1] z1(t)

€21 €22 ... €24 apy Q22 ... Q2 Ja (1)
E=|€en €2 ... en|, A= |a ap ... am|, f=|f3],tetots], == |zs(t)
_eml €m2 ... emn_ _a'ml m2 .- amn_ _fn_ _Im (t)

with the initial condition Ex(ty) =d

€11 €12 e €1n l’l(t) dl
€921 €929 P €on i) (t) dQ
€31 €32 ... €3p .133(t) — d3

eml €m2 - Emnl| |Tm(t) d,
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Step 1: Input Dz = Edm +Az(t);x = [x1(t), 2o(1), ..., zm()]", % = [&1(t), 22(t), ..., Zm(t)]".

Step 2: Define the Cartesian product bilinear form:

(2 (1), 2(t0) , (y(8), ¥(t0))) v wew) = [(2(1), 2(t0)) , (Dy (), Ey(to))]

:/1 (Ed’z;t) + Az ()) (Edfli) + A ()) dt + (Ex(to) Ey(to)), = [te,ta], to,ts

are real numbers and ¢ > .

Step 3: the varational functional is defined as:

¢ [(x(t), 2(to)] = % (D (), Ex(to)), (x(), (o)) (vvewy = ((f5d), (2(8): 2(t0)) (v, mew)
1

-2 [ /t:l (EdL(t) + Ag:(t))Tdt+ (Ex(to))" Ex(to)

it
_ [ /: /7 (Edz_i’” T Ax(t)) dt + dTE:v(to)]

Step 4: parameterization the solution of linear independent set of basis defined on reflexive Hilbert
space Ly (I, R™) x R™ by

(z(t),z;(t0)) Zajz/ﬂ Zajwj to) |, j=12...,m,

where 1[15(25) is a linearly independent set of basis, N = N; + Ny + ...+ N,, is the number of

the selected basis, and

Step 5: Set
t1 ~(—> T ~ (—>
_1 / LD s @) (BELDD LA z(@4)) a
2| /., dt dt

+(EZ(d,t)" Ef(ﬁ,to)] - [ /: fr (E%T‘j’t) + A f(ﬁ,to)) dt + (d"EZ (1))

with @ = (a(l],a%,...,a}vl,ag,a%,...,a?VQ,...,agl,aT,...,aﬁm), and (55(7,15), 3(7,750)) =

(;(t), 7;(to))

Step 6: Calculate—_;—0<:> 6¢ *0 ,where 1 =0,1,...,N;and j =1,2,...,m

Step 7: Since the functional ¢ [(Z (' ,t), Z(d,1y))] is quadratic functional, %5 = 0 leads to the
following solution of the linear system of the algebraic equation

((Deb0), B (o)), (¥30,v5(t0))) o @b+ (PRS0, BUd(0), (oh (0 wh o)) o aly = ((Frd), (60, w5 C0))) (o
((Deb0), B o)), (21, ¥1(00))) o oy @b+ o+ (DY), Bot (o) (oh (0 vk o)) o aly = ((Fd), (010, w160))) g

<(Dwé(t)vE¢(%(t0>)’(wjl\r(f)ijlv(’;o))hy’]vew)a(l)+-»-+<(D¢11v(t)!E1P11v(t0))v(w}vét)»w}v(to))><Y7NEw) at = ((f.0). (o), ) RN
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((Pe3®), Bv3(t)) , (v3(®), w3 (t0)))
((pv3®), B3 t0)) » (w3, vi(t0)))

ag
(Y,New)

a,
(Y,New) 0

((pv3®), B3 t0)) . (v& ), ¢12v(;0))>

~~

(DU (8), BYF(t0)) » (R (1), ¥R (10))) (v nrew) 48" + -

+o+ (De @), Bvd (o)), (v (0), w3 (t0)))
+o+ (Dei®), Bvi o)) (v (0, w3 (t0))

(v Newy @O (w3 ). B 0)) . (v (0, VR 0))) (4 xony O = (5.0, (¥ (0, 9% (1))

(DY (1), EYg* (t0)) > (w8 (1), 98 (t0))) (v, New) @6 + -+ -

)
(DU (), BYE (10)) 5 (¥ (0, 77 (40))) (v o) @8+ - - + (DU, BT (00)) s (B0, ¥R (10))) (v ) @

Al-Helli, Zaboon

(Y,New)

(vonew N = (D) (930, v (0)) )
Lok = (), (v, ¥R (1)) )

(Y,New (Y,New)

(Y,New)

+ ((DYF (1), BY (10)) » ($F (0, 9T (100) (- wewwy R = ((F2 ) (98 (0,08 (20))) (- e

(£:d), (07" (1), 7" (20))) (v, N ew)

2323

=
=

(DY (), BYT (1)) » (W7 (E), YR (20))) (v, New) AN =((f,d), (BT ), YR (1)) (v, N ew)

Step 8: the solution of the system in step 7 nominated the critical pointes (varational pointes),
hence Hessian matrix required to decide the local minimum points as

_ 9
(d))meNm - 872
Step 9: determinate the eigenvalues (\;) of the matrix Hy , if \; > 0, where \; € 0 (Hy) ,

o (H¢) = {)\6 C: ‘)\]INmXNm — H(¢)meNm
is obtained otherwise go to Step (13)

‘ = 0} , then the local minimum at (Z (@,t), Z(d

o))

Step 10: Solving the system in step 7 leads to linear algebraic system

dy dr
061 —r | o [00]7! | da
dp dn

Step 11: Set the solution (z;(t),7;(ty)) =

Step 12: Out put the approximate solution

((@1(8), 71(t)), (F2(), Ta(to)), -, (Bn(L), T (L0)))

Step 13: Stop.

Example 3.5. Consider the model of a chemical reactor in which a first order isomerization reaction
takes place and which is externally cooled. Denoting by co the given feed reactant concentration, by
to the initial temperature, by c(t), T(t).

The concentration and temperature at time t, and by R(t) the reaction rate per unit volume, the
model takes the form

10 0] [4 co 0 0] [M L 0] ray
00 1| |%]|=|0 T, 0 T+o1{cost],
00 0] |4 0 0 1| |[R 11
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sint
where f(t) = cost refers to T, is cooling temperature.
sint + cost
Take co = 2 and Ty = 1 we get

1 0 0 [4 2 0 0] [M LO]re (1) M (t)
00 1 @—2 =010l |T|+|01 Lost], ()| = |T@) |, 0<t<1 (3.17)
00 0] [ 00 1| |R 11 x3(t) R(t)
with the initial condition
1 0 0f [M(0) 1
Ex(ty) = d, 00 1| |7T(0)]=]-1 (3.18)
0 0 0| |R(0) 0
and exact solution
-2 1 6
M(t) = — sint — — cost + — €,
5 5 5
T(t) =sint — 2cost (3.19)
R(t) = —sint — cost,
Solution:
According to the data of the example we have:
1 00 -2 0 0 sint
E=10 0 1|,A=]10 -1 0], f= cost =0, t1 =1,.
0 00 0O 0 -1 sint + cost
The linear operator
1 0 0] [ -2 0 07 [M(®)
Dr= |00 1| |[E|+|0 -1 0] |T@®)], (3.20)
0 0 0] |4& 0 0 —=1]| |R()

<
SN

and
(z;(t), Z(to)) ZGW ZGJW% . j=123

where le]_, N2:27 N3:3 and N:N1+N2+N3:12, wz(t):tl, ’L.:O,]_,273

(T1(), T1(to)) = (ag + art + azt® + azt’, ag)

To(t), To(to)) = (ag +att + axt? + a§t3, ag)
(T3(t), Ta(to)) = (ag + ait + azt® + azt’, ag)
Define the Cartesian product bilinear form:

(2 (1), 2(t0)) . (1), 5(t0)) yvew) = [((t), 2(t0)) , (Dy (1), Ey(to))]

- [ (s Ax<t>) (B9 + ay(o)) dr-+ (o)) Byta), 1= 011
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Then, the variational functional will be:
%

7

1| (" dz(a,t T dz(d,t

5/ (EM+A§(7¢O)> (EM+A§(7,tO)) dt
t

dt dt

0

+(EZ(d . to)" Ef(adto)] - [ /: fr (E%ﬁf’” +A f(ﬁ,to)) dt + (d"EZ (@, 1))

Solving the system in step (7) of the algorithm (1) for m = 3. Where the operator D is given by
(3.20), f(t) is given by (3.17), d is given by (3.18), N = 12, @ € R'?. Hence 12 x 12 linear system
of algebraic equation for the unknown parameter @ € R is obtained, the following table shows the
numerical solutions of the parameters a

3

2 3 3 3
asg aq ay as asg

) ) . ) Table 1
ol ay as as ap ay )
0

2.3219 0.3110 4.5831 1.1258 0.7455 -0.0788 -1.0154 0.5683 0.0654 0.9742 -2.0148 -1.9992

To ensure the local minimum solution, Hessian matrix is derived, where

O O ¢ ¢ O O
) ) 5 163 y 104 y 15 )
da} dai da} da} dad da?
b 0¢ b e h ¢ b 0¢p b ¢ h e 4 " Oh;
6 — oy b7 = 9y 18 — 3y 9 — 3y Y10 — 39 1011 — 3 an (9) N - )
3xN3 J
- 0.3333 0 —0.2000 0 0 0 0 0 0 0 0 0 A
0 0.1333 0.1667 0 0 0 0 0 0 —0.667 0 0
—0.2000 0.1667 0.3714 0 0 0 0 0 0 —1.0000 0 0
0 0 0 0.3333 0.2500 0.2000 —0.5000 —0.667 —0.7500 0 0.5000 0
0 0 0 0.2500 0.200 0.1667 —0.3333 —0.5000 —0.6000 0 0.3333 0
H . 0 0 0 0.2000 0.1667 0.1429 —0.2500 —0.4000 —0.5000 0 0.2500 0
¢ - 0 0 0 —0.5000 —0.3333 —0.2500 1.3333 1.2500 1.2000 0 —1.0000 0.5000
0 0 0 —0.6667 —0.5000 —0.4000 1.2500 1.5333 1.6667 0 —1.0000 0.3333
0 0 0 —0.7500 —0.6000 —0.5000 1.2000 1.6667 1.9429 0 —1.0000 0.2500
0 —0.6667 —1.000 0 0 0 0 0 0 0.5000 0 0
0 0 0 0.5000 0.3333 0.2500 —1.0000 —1.0000 —1.0000 0 1.0000 0
L 0 0 0 0 0 0.5000 0.3333 0.2500 0 0 1.00004

The eigenvalues of the Hessian matrix are presented in the Table (2), which shows the positivity of

the matrix Hy

Table 2
A6

A1 A2 A3 Aq As A7 A8 A9 A10 A11

Ao
0.0000 0.0002 0.0021 0.0123 0.0196 0.0612 0.0652 0.4622 0.5510 1.1115 5.2984 5.7401

The comparisons between the approximate solution of the proposed approach and the exact
solution (3.19) are presented in the following table:
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Table 3
Time VAL
l,_l'l] x,(T) I,l'l:] I,lt,l E (L)
0.9742
12141 67 ooz -1.8030 ooods  -1.0950  -1094E o002

14877 15147 o027  -1.7606 -1.7615 ouwoo9 -1.1700 -L17E7 0.0003
1825 18773 oo0s48 16112 -16152 oo  -1.2509 12500 ©

2360 23307 ooeqr -14503 -14538 pooes -13102 -13105 guo003
27858 213047 oaomy  -1237H -13757 owoo3  -13567 -1.3570 0.0003
34503 35031 oa239  -1.0880 -1.0B60 owooz  -13R07 13000 0.0003
[l 4330 44556 09316 -DBBRS -18B55 owoor -140001 14091 o

33T 551 paa L4574 06766 pooos -l4143 -14141 o002
§.5570 68219 o0asds 04552 04509 ooody  -14051 -14040  0.0D02
81903 84222 o231 02113 03400 ooave  -13809 -1.3B1R 0.0009

plots of state compared with the given exact solution are shown in the following plots

Ennmpdy | 1) bwtisl vl st DECH
- ——— - - - - - Haamiple | brti ol walue DAEs . Ell-lphlhlalml:\-lh
N e ' d T —— ko .

1 gt ke 1 | e

o et s .
Py BT bl o "1 ." A 0 el ikt

- nkaks
" -
[T

As one can see from Table (3) and the plots, the good accuracy is obtained even when simple
numbers of the basis function (N), v,(t) = ¢ are nominated. to insure this accuracy, the number of
selected basis function and their type are suggested to be modified.

4. Conclusions

The approximate analytic solution to class of descriptor-composed operator have been proposed.
this approach is based on the theoretical results. A step-by-step algorithm is derived to simplify the
numerical computation. the approximate solution is based on the type of selection basis function
and their numbers. the unknown parameters of the representation solution are esaily obtained as a
result of solvable linear algebraic system.

The future work is looking for generalized these results to include non-linear system of composed
differential-algebraic system with and without control inputs.
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