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Abstract

In this paper, we study the stability of Mann iteration procedure in two directions, namely one due
to Harder and the other one due to Rus with respect to a map 7' : K — K where K is a nonempty
closed convex subset of a normed linear space X and that satisfies the property: there exist § € (0,1)
and L > 0 such that |[Tx — Ty|| < d||lz — y|| + L|[x — Tx|| for z,y € K. Also, we show that the
stability of the Mann iteration procedure in the sense of Rus may not imply that of Harder for weak
contraction maps. Further, we compare and study the equivalence of these two stabilities under
certain hypotheses and provide examples to illustrate the phenomena.
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2010 MSC: 4TH10, 54H25.

1. Introduction

Throughout this paper, we assume that (X, ||.||) is a normed linear space, K is a nonempty closed
convex subset of X and T : K — K is a selfmap of K. A point x € K is called a fixed point of T if
Tx = x and we denote the set of all fixed points of T by F(T).
In 1953, Mann [6] introduced an iteration procedure, namely Mann iteration procedure as follows:
For zy € K,
Tpr1 = (1 —ap)z, + Tz, forn=0,12.. (1.1)

where {a,}22, is a sequence in [0, 1].
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In 1988, Harder and Hicks [4] established a systematic study of the stability of a general fixed
point iteration procedure by defining the stability of general iteration procedure.

Definition 1.1. [4] Let (X,d) be a metric space, T : X — X be a map, xo € X and assume that
the iteration procedure is defined by

Tni1 = f(T,2n) (1.2)

forn =0,1,.... Suppose that the sequence {x,}5°, converges to a fived point p of T. We say that the
fized point iteration procedure (1.2)) is T-stable if for an arbitrary sequence {y,}5°, in X, lim €, =0
n—oo

if and only if lim y, = p where €, = d(Yns1, f(T,yn)) forn =0,1,2,... . In this case, we also say
n—oo

that the iteration procedure (1.2)) is stable in the sense of Harder.
If we consider the Mann iteration procedure (1.1)) in place of (1.2)) then we say that the Mann
iteration procedure is T-stable or stable in the sense of Harder.

Rhoades [10} 11] and Osilike [7, 8] studied the stability of Mann iteration procedure for the class
of maps T': K — K that satisfies the condition

|z = Ty|| < dllx — yl| + L[ — Tz| (1.3)

for some 0 € (0,1), L > 0 and for all z,y € K. Here we note that the map that satisfies condition
(1.3) may not have a fixed point in complete normed linear spaces.
Berinde [2] introduced the concept of weak contraction map, i.e., there exist § € (0,1) and L >0
such that
[Tz — Ty|| <[z —yll + Lz — Tyl (1.4)

for all z,y € K and proved that the weak contraction map has a fixed point in complete metric
spaces but does not ensure the uniqueness of fixed point in complete normed linear spaces.

In order to get the existence and uniqueness of fixed point of 7', Babu, Sandhya and Kameswari
[1] introduced the following condition : there exist § € (0,1) and L > 0 such that

T2 = Ty|| < blla — yll + Lmin{|le — T, lly = Tyll, |}z = Tyll, Iy = Tall}  (15)

for all z,y € K. A map T that satisfies is said to be ‘B-weak contraction’. Every ‘B-weak
contraction’ has a unique fixed point in complete metric space [1].

The concept of limit shadowing property was first introduced by Eirola, Nevanlinna and Pilyugin
[3]. Rus[12] introduced GM-algorithm in terms of admissible perturbations and studied its stability
by using limit shadowing property in the metric space setting. According to Rus [12], the Mann
iteration procedure is a special case of GM-algorithm [I2] on a normed linear space. Rus [12]
defined limit shadowing property and stability of Mann iteration procedure as follows.

Definition 1.2. [12] Let X be a normed linear space, K C X and K be convexr. A map T : K —

K is said to have limit shadowing property with respect to the Mann iteration procedure (L.1)) if

for any arbitrary sequence {y,}>2, in K, lim €, = 0 implies that there exists xo € K such that
n—oo

lim ||y, — z,|| = 0, where x,.1 = (1 — o)z + o T, and €, = ||yns1 — (1 — @) yn — @ Ty,|| for

n—oo

n=20,1,...

Definition 1.3. [I2] The Mann iteration procedure is said to be stable in the sense of Rus with
respect to an operator T if it is convergent with respect toT’" and the operatorT’ has the limit shadowing
property.
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loana Timis [I3] applied Rus definition for the stability of Picard iteration procedure and com-
pared the two stabilities (one due to Rus and the other one due to Harder) and proved that Rus
stability is more general than that of Harder.

We apply the following lemma in our subsequent discussion.

Lemma 1.4. [5] Let {a,} and {b,} be sequences of nonnegative real numbers. Assume that there
exists a constant 0 < h < 1 such that a,+1 < ha, + b, for alln, and lim b, = 0. Then lim a, = 0.

n—oo n—o0

In this paper, we study the stability of the Mann iteration procedure in the sense of Rus.

In Section , we prove that the Mann iteration procedure is stable in the sense of Harder
implies that it is stable in the sense of Rus and provide an example to show that its converse is
not true. In Section , we study the stability of Mann iteration procedure in the sense of Rus
for a map that satisfies condition and obtain the stability in the sense of Harder by proving
the equivalence of the two stabilities in normed linear spaces. In Section [4 we show that the Mann
iteration procedure is stable in the sense of Rus may not imply the stability in the sense of
Harder for weak contraction maps.

2. Comparison of Harder stability and Rus stability of Mann iteration procedure

Proposition 2.1. Let K be a nonempty closed convex subset of a normed linear space X, T : K —
K be a selfmap of K with F(T) # 0. Let {a, }°2, be an arbitrary sequence in (0, 1]. Let xy € K. We
assume that the Mann iteration procedure converges to a fixed point p of T" and it is T-stable
then T" has a unique fixed point.

Proof . Let ¢ be a fixed point of 7" in K with g # p. We consider the sequence {y,,}>>, where y,, = ¢
forn=0,1,2,... . Then lim ¢, = lim ||y,11 — (1 — a)yn — @, Tyy,|| = 0 but lim y, = q # p,

n—oo n—oo n—oo
a contradiction. Hence T has a unique fixed point. [

Theorem 2.2. Under the hypotheses of Proposition if the Mann iteration procedure (1.1]) is
stable in the sense of Harder then it is stable in the sense of Rus.

Proof . Let {y,}>2, be a sequence in K and €, = ||yn+1 — (1 — @) yn — 0 Tyy|| for n =0,1,2, ... .

We assume that lim ¢, = 0.
n—oo

Since the Mann iteration procedure is T-stable, we have lim y, = p.
n—o0

By Proposition 2.1 7' has a unique fixed point p and hence for any zo € K, the sequence {z,}

defined by (|1.1]) converges to p.
Since ||y, — xall < ||yn — p|| + |2 — pl| for all n, we have lim ||y, — x,|| = 0.
n—oo

Therefore T" has the limit shadowing property with respect to the Mann iteration procedure
and hence the Mann iteration procedure is stable in the sense of Rus. [J

The following example suggests that the converse of Theorem is not true. One more example
(Example is given in this direction in Section .

Example 2.3. Let X = R be equipped with the usual norm on R and K = [0,1]. We define

T: K — K by
2 .
T { 1 if =1,
so that F(T) = %,1}. Let ag = 1 and o, = ;%5 for n = 1,2,... . It is easy to see that for
any xo € [0,1] the sequence {z,}°° , generated by the Mann iteration procedure (1.1)) converges to
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a fixed point of T. For example, if 2o € [0,1) then z, = % for n = 1,2... so that lim z, = 2

n—o0 3

and if zg = 1 then z,, = 1 for all n so that lim =, = 1. Let {y,}5°, be a sequence in [0, 1],
n—oo

€n = Yn+1 — (1 — an)yn — Ty, | and lim €, = 0.
n—o0

Case (i): Suppose there exist a positive integer N such that y, € [0,1) for n > N. In this case,
| for all n > N. Therefore

_ _ Yn
€n = [yt — 45 3(n+1)

Un 2n Un 2n 2

|yn+1_§| <l = n+1 3(n—|—1)|+|n+1 +3(n+1) _§|
1 2
€n+n—+1'%—§

for alln > N. By Lemm, we have lim y, = % Here, we choose an arbitrary point zq € [0, 1) so

n—oo

that lim z,, = % and hence lim |y, — z,| = 0.
n—00 n—0o0

Case(ii): Suppose that there is a positive integer N such that y, = 1 for n > N. In this case,
lim y, = 1. If o = 1 then lim z,, = 1 so that hm |y — 20| = 0.

n—r00 n—00
Case(iii): Suppose that y, € [0,1) for mﬁmte values of n and y,, = 1 for infinitely many values

of n. Let n; be the smallest positive integer such that y,, € [0,1) and y,,.1 = 1. By choosing
ny < ng < ... < ng_1, let ng be the smallest positive integer such that y,, € [0,1) and y,,+1 = 1.
Thus we have constructed a subsequence {y,,} of {y,} such that y,, € [0,1) and y,,+1 = 1 for
k =1,2... . Therefore

€ny, :|ynk+1 - (1 - ank)ynk - ankTynk|

=] |,

3k +1) np+1
for all k. Since kh_{go €n, = 0, we have kh_g)lo (% - %) = 0. As the sequence {y,, } is bounded,

lim ni"jl = 0. Hence hm 372“133 = 0. But hm 37;’;133 = %, a contradiction. Hence, we do not need
k—o0

discuss Case (iii). Therefore by the above cases it follows that 7" has the limit shadowing property
with respect to the Mann iteration procedure and hence it is stable in the sense of Rus. Here we
observe that the Mann iteration procedure given in this example is not stable in the sense of Harder
by Proposition [2.1]

In the following example, we show that the Mann iteration procedure (|1.1)) is neither stable in
the sense of Harder nor in the sense of Rus and hence this example motivates us to consider a map
that satisfies condition (1.3]) in the study of stability analysis of Mann iteration procedure (1.1)) in
Section Bl

Example 2.4. Let [—1,1] be a closed convex subset of R, where R is the set of all real numbers
with usual norm on R. We define T": [-1, 1] — [—1, 1] by

Zta if zel-1
1+2z if ze[-3
1—2: if z€]0

2—a  if ze (3]

Tx =
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Then F(T) = {3}. Let a, = 5 forn = 0,1,2,.... We now show that for any zy in [-1,1],
{z,,} defined by (1.1)) converges to %
Case(i): Let zg € [—1,—2). In this case, z; = % + z9 € [—3,0) so that Tz; = £ + 22 and
_$1—|—T£C1 _3(1+.Z‘0) 1
Tg = 9 - ) S [ ) 2)

1 - : 1 _
3- On continuing this process, we get z, = 3, forn =3,4,....

- m+Try 3w +1

1
= =243 0, =|.

Therefore xy = 2x2tTez — 2zt -2

3 5 :%. Thusxnzéforn:?),él,....
Sub-Case(ii): Let 2 € [—3, —] so that 2y = T'mg = 1+ 2z € [0, 2],
(L’1+T1’1 $1+1—2I1 E[l 1] d 2I2+TI2 2$2+1—2$2 1
Tg = = =—x — =], and 3= = = —.
? 2 2 ¢ 62" ’ 3 3 3
Thus x, = % forn=3,4,....
Sub-Case(iii): Let xy € (—%, 0] so that 1 = Txg =1+ 2z € (%, 1],
x1 + Txy x1+§—x1 1
2 2 3
Therefore x,, = % forn=23,....
Case(iii): Let zo € [0, 2].
Sub-Case(i): Let zg € [0, ) so that z; =1 — 2z € (3, 1],
SL’l—i-Tl’l $1+§—(E1 1
:L‘Q = = = —
2 2 3.
Therefore x,, = % formn=23,....
Sub-Case(ii): Let zq € [g, 3] so that z1 = 1 — 2z € [0, 3],
T+ TZL'l T+ 1-— 2.I1 1-— (1 - 2(L’0) d ZIL’Q + T.TQ 2$0 +1-— 21’0 1
? 2 2 2 ’ ’ 3 3 3

Therefore x,, = % forn=3,4,....

Sub-Case(iii): Let z € [3, 3] so that 21 = Txo = 1 — 2z € [—3,0],

r1+ T2y 1+ 1— 21
Tog = B = B xo.

As xg = 22l — 20bl=200 — L we have z, = 3
Case(iv): Let 2o € (3,1]. Therefore zy = Twy = 2

1+ T$1 1+ 1+ 21‘1 3231 +1 1 2[[2 + T{L’g 21‘2 +1-— 2113‘2
To = = = € [0, —) and T3 = = =
2 2 2 2 3 3

Wl =

Hence x, = & for n = 3,4,.. ..
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Thus in all the above cases we have shown that for any xg € [—1,1], the sequence {z,} converges

to the fixed pomt . We consider the sequence {y,}°%, C [—1, 1], where y,, = (;Jlr)ln 1,2,
Since y, € [—3, 3], for n = 1,2, ..., we have Ty, = "= so that

€n = ‘yn+1 - (1 - an)yn - anTynl

(=)™t n(=)"  (n—1)
n+2 (n+1)2  (n+1)2

_ ‘ (=)™ 2n? +4n+1) — (n* +n —2) '

(n+2)(n+1)?

for n =0,1,2,.... Therefore

—3n2—5n+1 : :
n3+4n2+5n+2] if n is even
€n =
n?+3n+3 : :
R if n is odd.

Thus lim €, = 0 but hm yp = 0 # 1L 3 so that the Mann iteration procedure is not stable in the

n—oo

sense of Harder. Moreover, for any xo € [—1,1], lim |y, —z,| = 3 L £ 0 so that T does not satisfy
n—o0

the limit shadowing property. Therefore it is not stable in the sense of Rus.

Hence the following question is natural.
Question: Under what hypothesis, the converse of Theorem [2.2] holds ?
Its answer is given in Theorem [3.2] of Section [3]

3. Equivalence of Harder stability and Rus stability of Mann iteration procedure

Theorem 3.1. Let K be a nonempty closed convex subset of a normed linear space X, T : K — K
be a selfmap that satisfies the condition (1.3)). We assume that F(T') # 0. Let {a, }52, be a sequence
in (0, 1] such that and a < «, for some a > 0 and n =0, 1,2, ... . Then the Mann iteration procedure
(1.1]) is stable in the sense of Rus.

Proof . Since F(T) # () and T has at most one fixed point, F(T') is singleton, say {p}. Let o € K
be arbitrary and {z,}°°, be the sequence generated by the Mann iteration procedure (1.1). We
consider

|[zn1 = pll = [|(1 — an)zn + 0, T2, — pl|
< (1= an)|[xn = pl| + an|[Tz, — pl|
< (1 = an)l[xn = pl| + and||z, — pl|
= (1 = an(l = 9))|[zn — pl|
<(1—-al—=9))||z, —pl|| forn=0,1,2...
< (1-a(1=6) s~

< (1 — a1 = 0))" |z — pll.
Since 0 < 1 — a(1 —§) < 1, we have lim (1 — a(1 —4))"" = 0. Therefore lim ||z, — p|| = 0 so
n— oo

n—oo
that the sequence {z,} converges to p.

Let {y,}>2, be an arbitrary sequence in K and €, = ||yp+1 — (1 — a)yn — @ Tyy,||. We assume

that lim ¢, = 0. We consider
n—ro0
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Ynt1 = Tngal] < NYnr1 — (1 = an)¥n — anTynl| + [[(1 = an)yn + anTyn — 24|

< €+ (1= on)|[yn — al| + an|[Tyn — Tz,

< en+ (1= an)llyn — 2all + anld]|yn — x|l + Ll|zn — Tz, |[]

<ent (1= an(l = 0)|[yn — zn|| + Lan||z, — Ta,||

< €+ (1=l = 0))||yn — || + Lan||zn — Ty

=€+ (1 —a(l = 0)l[yn — 2|l + Ll|#nt1 — 2al|-
Since nh_)rgo ||Zni1—2n|] = 0and 0 < 1—a(1—9) < 1, by applying Lemma we have nh_g)lo ||y —2xn|| =
0. Thus T has the limit shadowing property with respect to the Mann iteration procedure and hence
it is stable in the sense of Rus. [J

The following theorem provides criteria for the equivalence of T-stabilities due to Harder and due

to Rus.

Theorem 3.2. Let K be a nonempty closed convex subset of a normed linear space X, T : K — K
be a selfmap that satisﬁes the condition (L.3). We assume that F(T) # (. Let {,};2, be a sequence
in (0,1] such that Z @, = co. Then the Mann iteration procedure (L.1)) is stable in the sense of
Harder if and only 1f 1t is stable in the sense of Rus.

Proof . Since F(T) # 0, let p be the fixed point of T'in K. Let 2o € K and {z,,}22, be the sequence

generated by the Mann iteration procedure (1.1)). We consider
[@n41 = pll = |[(1 — )2y + Txy, — pl|

< (1 = ap)llzn — pl| + || T2y — Tl
< (1= an)llzn = pl[ + an[dl|zn = pl| + Ll|p = Tl
< (1= ap)|lzn — pl| + bz, — pl|
=[1 = an(1 = 0)]|[zn — pl|
<[ = ap(l=0)|[1 = ana (1 = 0)]f|zn = pll
< [ = en(1 = 8)]l|z0 — pl] forn =0,1,2... . (3.1)
k=0
By the mean value theorem, we have 1—2 < e for all z > 0 so that 0 < [1—ay(1—0)] < e~(=9)
n ~(1-3) 3 «
for all & and hence 0 < [ (1 —ax(1 —9)) <e “forn=0,1,2,..
k=0
Since Y a, = 0o, we have lim [ (1—ax(1—0)) = 0. Hence from (3.1) it follows that lim z,, = p.
n=0 n—oo k=0 n—oo

Thus we have proved that for any zo € K, the sequence {x,} converges to p.
If the Mann iteration procedure (1.1)) is T-stable then by Theorem it is stable in the sense
of Rus. We now assume that the Mann iteration procedure is stable in the sense of Rus. Let

{yn}22, be an arbitrary sequence in K and set €, = ||[ynt1 — (1 — an)yn — 0, Ty,||. We assume
that lim €, = 0. Since T has the limit shadowing property with respect to the Mann iteration
n—oo

procedure, there exits zy € K such that lim ||y, — x,|| = 0 where {x,} is defined by (L.1)). Since
n—oo
19 =PIl < [lyn = @]l + [J2n = pl|, we have lim y, = p.
Conversely we assume that lim y, = p. We consider
n— o0
€n = [[Ynt1 — (1 — )y — anTys|

< Hyn+1 _pH + H(l _O‘n>yn+04nTyn _pH
< ||yns1 = pll + (1 = a)||yn — pl| + || Tyn — pl|
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< |[Yns1 = 2l + (1 = a)||yn — 2| + @nd]|yn — pl|
= ||ynt1 — || + (1 — (1 = ))||yn — pl|-

Therefore lim €, = 0. Hence the Mann iteration procedure is stable in the sense of Harder. [
n—o0

Corollary 3.3. [[7, Theorem 5]]Under the hypotheses of Theorem 3.1} the Mann iteration procedure
(1.1)) is stable in the sense of Harder.

Proof . Since a,, > « for n = 0,1,2..., we have > «a,, = oo and hence the conclusion follows from

n=0
Theorem B.1] and Theorem 3.2l [J
The following example is in support of Theorem and Corollary and also it answer the
following question: Can we replace the condition “there exists a € (0,1) such that «, > «a for
n=20,1,2,..."7 in either Theorem H or Corollary by the condition ) «,, = 0o 7 Case(ii) of the

n=0
following suggest that its answer is ‘no’.

Example 3.4. Let X = R be a normed linear space with the usual norm and K = [0, 1]. We define
T:10,1] — [0,1] by

1
T — g 1fm€[9,2]
z if ze(3,1].

Here F(T) = {0} and Pécurar [9] showed that T satisfies the condition (1.3) with § = 1 and
L=1.

o]
Case(i): Let ap =1, oy = 45 for n = 1,2, ... so that a,, > % and hence Y «a, = oco. First we

n=0
prove that for any zy € [0, 1], the sequence {z,}°, generated by (|1.1)), converges to the fixed point
0.
By induction on n, it is easy to see that for any x¢ € [0,1], 2, < 7% for n = 1,2,... so that

lim z, = 0.
n—oo

Let {y,}22, be an arbitrary sequence in [0, 1] and €, = |yn+1— (1 — ) yn— 0, Ty, | forn = 0,1, ... .

We assume that lim ¢, = 0. We consider
n—oo

|yn+1‘ < |yn+1 - (1 - an)yn - C“nTyn’ + |<1 - an)yn =+ QnT?/ﬂ'
<6t L+ Ty,

Yn n_ Yn
N e B

n T o)
Therefore y,11 < en—l—%yn forn =1, 2..., and hence by Lemma , we have lim y,, = 0. Moreover,
n—oo

for any o € [0, 1], we have lim z,, = 0so that lim |y,—x,| = 0. Therefore T" has the limit shadowing
n—oo n—oo

property with respect to the Mann iteration procedure and hence the Mann iteration procedure is
stable in the sense of Rus.

Now we assume that lim y, = 0. Therefore by using the continuity of 7" at 0 it follows that
n—oo

lim €, = 0. Hence the Mann iteration procedure (|1.1)) is stable in the sense of Harder and in the

n—oo
sense of Rus.

o

Case(ii): Let o, = n+r1 n = 0,1,2,... so that )  «, = oco. By induction on n, it is easy to
n=0

see that for any x € [0,1], z, < % for n = 1,2, ... so that lim z,, = 0, i.e., the sequence {z,}2,

n—o0

generated by the Mann iteration procedure ([1.1)) converges to the fixed point 0 of 7. We consider
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the sequence {y,} where y, = 525 forn =0,1,2... .

2(n+2)
Since Yn € (07 %]7 Tyn =0 and €n = ‘yn-i-l - (1 - an)yn - O‘nTyn‘
_ | n+1 1 n
- 27:&-6 - (1= n_+1)2n+4
_ |n+l n> ‘
— 12n+6 (n+1)(2n+4)
_ n%+4+5n+2

T 2(n+1)(n+2)(n+3)

Therefore lim ¢, = 0. But lim y, = % # 0. Hence the Mann iteration procedure is not stable
n—oo n—oo

in the sense of Harder. Since for any zo € [0,1], lim |y, — z,| = £ # 0 so that 7" does not satisfy
n—oo

the limit shadowing property with respect to the Mann iteration procedure (|1.1)) and hence it is not
stable in the sense of Rus. Thus neither of the stabilities hold for Mann iteration procedure.

Note: Example[3.4illustrates the importance of the hypotheses in proving Theorem and Theorem
5.2l

Corollary 3.5. Let K be a nonempty closed convex subset of a Banach space X, and T : K — K
be a B-weak contraction map, that is, 7" satisfies (1.5)). Let {a,,}5%, be a sequence in (0, 1] such that

> @, = oo. Then the Mann iteration procedure (|1.1]) is stable in the sense of Harder if and only if
n=0

it is stable in the sense of Rus.

Proof . By Theorem 2.3 of [I], 7" has a unique fixed point p in K. Since T satisfies the condition
(1.3]), the conclusion follows from Theorem . 0

Corollary 3.6. Under the hypotheses of Corollary if a, > « for some o > 0 then the Mann
iteration procedure ([1.1)) is stable in the sense of Rus as well as it is stable in the sense of Harder.

Proof . Follows from Theorem and Corollary [3.5] O
The following is in support of Corollary [3.5]

Example 3.7. Let [0, %] be a closed convex subset of the Banach Space R equipped with the usual
norm and T : [0, 1] — [0, 1] be a selfmap defined by
i 1

Tx:{o2 1fx€[0,41]

’2

= if ze(

].

Then F(T) = {0} and T is a B-weak contraction map, i.e., T satisfies condition (1.5) with § = %
and L = 1.

Case(i): We choose ag =1, a, = —5 so that Zo o, = 00.

=

We show that for any zo € [0, 3], the sequence {z,,}32, generated by the Mann iteration procedure

(1.1) converges to 0. If 2y € [0, 5] then by induction on n, it is easy to see that z,, < Zforn=1,2,..

2
so that lim z,, =0 .
n—o0 1

Let {yn}52, be a sequence in [0, 5] and set €, = |Yp1 — (1 — n)yn — 0 Ty,|. We assume that
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lim €, = 0. Therefore
n—oo

|yn+1| < |yn+1 - (1 — Q) Yn — Tyn| + |(1 — Q) Yn + anTyn|
Yn nTys,

n+l n+1
Yn ny,

n+1 * 2(n+1)

(n 4 2)yn

2(n+1)

:E’I’L+

< 6

<e€,+

<e+ Zyn
forn=0,1,2,3,... . By Lemma we have nh_)rglo Yn = 0. Moreover, for any z, € [0, 1], nh_)rrolo z, =0
so that lim |y, — x,| = 0.
Thus T’ Tﬁggo the limit shadowing property with respect to the Mann iteration procedure and hence the

Mann iteration procedure is stable in the sense of Rus. Now we assume that lim y,, = 0. Therefore
n—oo

€n = |yn+1 - (1 - an)yn - anTyn|

Yn nya
n+1 n+12

so that lim ¢, = 0. Therefore the Mann iteration procedure ([1.1)) is stable in the sense of Harder as

n—oo
well as in the sense of Rus. -
Case(ii): We choose oy, = — for n = 0,1,2... so that ) o, = oo. Therefore T satisfies the
n=0

< Yny1 t+

hypotheses of Corollary We show that for any zo € [0, 5], the sequence {,}22, generated by
the Mann iteration procedure (|1.1)) converges to 0. If ¢ € [0, %] then by induction on n, it is easy to

n

see that x, < 2 for n = 1,2, ... so that lim z, = 0. Let y, = TeEe) for n = 0,1, 2... be a sequence
n—oo

in [0, 3]. Therefore Ty, = 0 for all n and

2

€n = |yn+1 - (1 - O‘n)yn - CVnTyn|

| n+1 n?
Cl4(n+5)  4(n+1)(n+4)
n®>+9n+4

4n+1)(n+4)(n+5)’

so that lim ¢, = 0. But lim y, = }l # 0. Therefore, the Mann iteration procedure is not stable in
n—oo n— oo

the sense of Harder. Moreover, for any zy € [0, %], lim |y, — 2| = % # 0 showing that 7" does not
n—o0

satisfy the limit shadowing property with respect to the Mann iteration procedure. Hence neither of
the stabilities hold for this Mann iteration procedure.

4. Stability of Mann iteration procedure with respect to weak contraction

In this section, we answer the following question.

Question: “Does the conclusion of Theorem |3.1] and Theorem (3.2 hold if 7" is a weak contraction
map 77

The following example suggests that its answer is 'No’.
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Example 4.1. Let X = R where R is the set of all real numbers with usual norm on R. We define
T if zel0,3],

T:[0,1] — [0,1] by
Tx:{ c+3 if ze (5 1]

Pacurar [9] showed that 7" is a weak contraction map, i.e., 1" satisfies with 6 = % and L = 6.
Here F(T) = {0,1}. We choose ag = 1, ay, = ;15 for n = 1,2, ... so that 5 < a,, for n =0,1,... .

Case(i): First we show that for any x¢ € [0,1], the sequence {x,}>°, generated by the Mann
iteration procedure (|1.1]) converges to a fixed point of T

Sub-Case (i): Let zo € [0, 3] so that 21 = Tzo = 22 € [0, 3]. By induction on n, we show that

W N [N

z, € [0, 3] and z, = (6271"(;1)2:1:1 for n = 1,2,3,... . We assume that z,, € [0, 3] and z, = (2"(:,1))2'
for some positive integer n. Then x,,; = g“jgxn so that x,.1 € [0, 1] and x,.1 = gﬁg %%L”(Z,l)é =
%xl. Therefore z,, = (2"(“2:101 forn=1,2,3,.

Since nlggo (62:(:!1))! = 0, the sequence {z,} converges to 0.

Sub-Case(ii) : Let 29 € (3,1] so that #1 = Tzg = 22 + 3 € (3,1] C (3,1]. By induction on n,
we show that z,, € (3,1] and |z, — 1] = 2"+12 lzg — 1] for n = 1,2,... . We assume that z, € (1, 1]
and |z, — 1] = 2”“ |a:1 — 1| for some n > 1. Then x, 1 = % so that @,41 € (3,1] and

2n+3 (2n + 3)!
Tpt1 — 1| = Ty — 1| = T, —1
a1 =1 3n+3| | 6n+1((n+1)!)2| 1= 1
for n =1,2,3,... . Therefore |z, — 1| = (62;2:,12 |xy — 1| for n =1,2,3... and hence lim z, = 1.
n—oo

Case(ii) : Now we show that 7" has the limit shadowing property with respect to the Mann
iteration procedure (1.1). Let {y,}°, be an arbitrary sequence in [0,1] and set €, = |y,+1 — (1 —
an)Yn — @ Tyy,| for n =0,1,2... . We assume that lim ¢, = 0.

n—oo
Sub-Case (i) : Suppose there is a positive integer ng such that y, € [0, 3] for n > ny. Then
Ty, = 2%" and €, = Y11 — %| for n > ng. Therefore
2n+ 3 2n + 3 5
n < n 5, 59Yn n S €n + = n
(Y] < Jynrr = 5omgyn| + 5l 519l

n—o0
O.

Sub-Case(ii): Suppose there is an integer ng such that y, € (3,1] for n > ng. Then Ty, = %yn —i—%
and

for n > ngy. By Lemma hm yn = 0. We choose an arbitrary point g € [0, ] so that lim z, =0

and hence lim |y, — 2,
n—oo

€np =

T T T30S T 33

(2n + 3)yn n ‘

for n > ng. Therefore,

(2n 4 3)ys n (2n + 3)yn n
n -1 < n - o -1
|Yn+1 | < |Ynt1 30+ 3 3n+3+ 3n+3 +3n—|—3
2n + 3
< n n_]-
Sty gl =l

5)
<n _n_l
< €t lyn — 1]
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for all n > ngy. By Lemma , lim |y, — 1| = 0 so that the sequence {y,} converges to 1. We choose
n—oo
an arbitrary point z € (3, 1] so that lim z, = 1 and hence lim |y, — z,| = 0.
n—oo n—oo

Sub-Case(iii): Suppose y, € [0, 3] for infinitely many values of n and y, € (3,1] for infinitely
many values of n. Let n; be the smallest positive integer such that y,, € [0, %] and Y, 11 € (%, 1].
By choosing ny < ng < -+ < ng_1, let n; be the smallest positive integer such that y,, € [0, %]
and Y41 € (3,1]. Thus we have constructed a subsequence {y,, } of the sequence {y,} such that
Yne € [0, 3] and yp, 41 € (3, 1] for all k. Therefore lim ¢, = 0 implies that

Y
2 n—o0

lim gy s1 — ok T )
koo | VLT T30, 3

. (2n5+3)yn
Since Z"kigynk 0, 12] [Ynpt1 — (gZ:ig)ynk\ > 1 for all k£ so that hm [Ynpt1 — T;’;Hg L 20, a

contradiction. Hence we need not discuss Sub—Case(lu) of Case(ii).

Therefore by Case(ii), T' has the limit shadowing property with respect to the Mann iteration
procedure and hence it is stable in the sense of Rus. But, by the Proposition we observe
that the Mann iteration procedure is not stable in the sense of Harder.
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