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Abstract

A topological derivative of the Lagrangian is required for optimization of structures with thermal and
mechanical boundary conditions by the level-set method using the reaction diffusion equation. In
this study, drawing on the relationship between the shape derivative and the topological derivative,
the topological derivative of the Lagrangian was obtained by Reynolds’ transport theorem. Given
that introducing holes to the topology creates boundaries, the derivative was found by incorporating
the boundary integral into the Reynolds’ transport theorem and analyzing the stress over the hole
boundaries. The temperature was assumed to be dependent on topology in the present study under
thermal and mechanical boundary conditions. Placing a hole in the structure affects the temperature
of the remaining elements. Penalty factor is enforced on thermal conductivity for removed elements,
and the result is taken into consideration in the Laplace’s equation expressing the steady-state
conductive heat transfer.
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1. Introduction

Topology Optimization (TO) is a reliable tool for constructing highly-efficient structures with
minimal use of materials. In this method of optimization, system components can be removed from
or introduced to the domain. Although the optimization can be applied to both continuum and
discrete structures, here, we focus on continuum TO.

The aim of TO in a continuum domain is to achieve the optimal distribution for a set amount of
construction materials in a predefined domain while satisfying the system performance requirements
and problem constraints. Researchers have proposed several TO methods for the continuum domain.
One of the first, most prominent of these methods is the homogenization method, introduced in 1988
by Bendsoe [4]. In this scheme, first, a set of fine holes are introduced to the domain, and then,
an optimization problem is solved to create an optimal distribution of the holes. Taking the TO
approach to replace size optimization in homogenization allows for creating new holes in the domain.
However, in some cases, the homogenization method provides a suboptimal solution, and the result-
ing structure can come with extremely-fine holes that undermine the practical value of the method
[42]. In other words, this TO scheme results in a ”gray” optimal structure. Accordingly, different
methods have been proposed to improve the efficiency of homogenization, all of which are based on
penalizing the gray parts of the structure. Introduced in 1989 by Bendsoe, Solid Isotropic Material
with Penalization (SIMP) is a prominent example of such methods [5]. The method assumes homo-
geneous and isotropic materials. The algorithm begins with discretizing the domain to fixed-density
elements. Further, the elasticity of each element is a function of its density (E = pPEO). Where
P represents the density of the element, P is the penalty factor, and E denotes the elasticity of the
materials.
Examples of other TO methods include the Evolutionary Structural Optimization (ESO). This
scheme, introduced in 1997 by Xie et al., involves removing elements with the least effect on the
field response [40, 41]. Similar to the previous method, the ESO begins by discretizing the design
domain using suitable elements. Knowing the finite-element analysis will suffice for implementing
this method as it features a simple, smart algorithm that involves removing elements with the least
impact on the response. However, a notable drawback of this scheme is that it is prone to be trapped
in local optima [41]. Others, including the bubble method [14] and reverse adaptivity [28], followed
the discussed methods, with each offering their particular advantages and drawbacks. What is shared
by all these methods is the optimization variable they consider. In fact, in all these methods, ma-
terial properties are considered as optimization variables. For example, in the TO of a cantilever
beam, after meshing, the thickness of each element will be taken as the optimization variable in all
discussed methods.

In addition, the level-set method, as an efficient TO method, has been employed as an effective
optimization method for continuum domains. The main difference between this and other methods
lies in the optimization variable. The level-set method assumes interior and exterior boundaries as
optimization variables with each boundary moving at a defined velocity in the appropriate direction
that yields the optimal structure. In 1998, to show the structural boundary variations, Osher and
Sethian introduced the Hamilton-Jacobi equation. The boundary assumed to be able to move at
a set velocity to allow a solution for the Hamilton-Jacobi equation. The level-set method was first
used for structural TO in 2000 [31]. In their proposed method, Wiegmann and Sethian moved the
boundaries in proportion to the stress exerted on them. The boundaries, in this method, were defined
as the zero iso-surface of the level-set function. By solving Hamilton-Jacobi equation, the level-set
function changes forms, leading to zero iso-surface and domain boundaries assuming new positions.
The definition of boundary velocity as stress is what links TO and the level-set method. Wiegmann
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and Sethian showed if the boundaries move at a velocity equal to the stress over the boundary,
the structure transforms into a configuration with minimum potential energy. Later Osher and
Santosa employed the level-set method for structural frequency optimization [26]. In their work, the
authors calculated the velocity and applied the geometrical constraints by the projected gradient
method. Wang et al. [37] proposed the velocity vector based on the boundary form and changes
in the sensitivity as a significant physical link between the shape derivative and the robust level-
set method. The method was later expanded through color level-set methods [38] to represent TO
and the shapes of multi-phase design domains. Allaire et al. [2] independently presented a similar
level-set method to improve the shape and topology of the structure. In this method, the velocity
vector is derived from the shape sensitivity analysis and the motion of the boundaries is a function
of the solution of the Hamilton-Jacobi equation. Yamada et al. [43, 27] presented an advanced
boundary representation method based on boundary expression methods. In this method, the level-
set function is updated by the reaction diffusion equation based on a topological derivative of the
objective function. The method allows new boundaries to form during optimization by topological
variations without requiring a re-initialization of the level-set function-unlike the Hamilton-Jacobi
equation. Another attraction of the reaction diffusion equation is that it can be used for optimizing
complex geometries through a ”regularization” parameter.

Further, several researchers worked on different methods which created holes in the topology. A
standard method is to assume holes are present in the structure from the very beginning. In this
method, selecting and controlling the number and size of the initial holes has proved challenging.
The studies addressing this method include the work of Bendsoe et al. [4, 6, 7] proposing the
homogenization method. Examples of level-set-based TO with initial holes include the works of
Wang et al. [37, 36], and Xia and Wang [39] employed this method for thermo-elastic structures.
Eschenauer et al. [14] and Schumacher [30] proposed another TO approach that was later expanded
once the mathematical concept of topological derivative was introduced (examples include Sokolowski
and Zochowski [32]; Cea et al. [9]; Garreau et al. [18]). The concept was further expanded by Burger
et al. [8], Allaire et al. [1], Yulin and Xiaoming [46], A. A. Novotny [24, 25]. The present study used
the topological derivative of the Lagrangian. Optimization is carried out by substituting it in the
reaction diffusion equation.

Optimization of elastic structures in thermal environments, also known as thermo-elastic struc-
tures, has become a topic of interest in recent years. In such environments, the structure experiences
damage due to thermal stresses. Traditionally, these stresses were diminished or eliminated by al-
lowing the structure to expand in some or all directions. Examples of such a design method include
expansion joints in concrete structures and gas turbine components. This solution, however, is not
applicable to all structures, an example being the nozzle of an airplane. Exhaust gases temperature
from the nozzle causes serious damage to the nozzle, engine, and fuselage of the airplane. Opti-
mization techniques are rendered necessary by the impracticality of using the expansion method to
prevent the nozzle structure from developing thermal stresses. As one of the most advanced of design
techniques, topology optimization is an ideal option. Various methods of topology optimization for
thermo-elastic structures are introduced in what follows.

Using the homogenization method, a study due to Rodrigues et al. [29] considered topology opti-
mization of thermo-elastic structures where they combined homogenization on periodic microstruc-
tures with finite element formulations. This resulted in reduced thermal strains in the final structure.
In [20], the solid isotropic material with penalization (SIMP) method was used for topology opti-
mization of thermo-elastic structures to minimize the strain energy, and the sensitivity analysis were
carried out based on the adjoint method. In [44], the buckling of a thermo-elastic structure under
time dependent loading was analyzed using the SIMP method. In [45], frequency responses of a
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thermo-elastic structure were minimized through the SIMP method. Another study [21] combined
the SIMP and guide weight methods to minimize the compliance function for a thermo-elastic struc-
ture. In study [47] used the SIMP method to make a comparison between the minimization of strain
energy and compliance for thermo-elastic structures. As another topology optimization technique,
the rational approximation of material properties (RAMP) differs from the SIMP method in that
the zero density material distribution function of the SIMP method for thermo-elastic problems is
always a challenge [33, 17], which is resolved by RAMP [33]. The superior performance of RAMP
is demonstrated in [17]. This technique was used for the optimization of thermo-elastic structures,
for instance by [12], which proposed the stress-relaxation method for stress constraints. Another
efficient method for the topology optimization of thermo-elastic structures is the level-set (LS) ap-
proach [19, 11], where design variables are the boundaries of the structure. The study by Xia [39] is
among the most important studies adopting this approach. In this study, the compliance function
was minimized for a thermo-elastic structure. The effects of material properties for multi phase
thermo-elastic structures were presented through the LS approach in [34]. A comparison was made
in [22] between minimizing strain energy, compliance and stress in thermo-elastic structures through
the LS approach. In [13], topological sensitivity for stress constraints was analyzed using the LS
approach in a thermo-elastic structure.

All the above studies on the topology optimization of thermo-elastic structures through homog-
enization, SIMP, RAMP, and LS methods were similar in that they considered the temperature of
each element to be constant during the course of optimization. In other words, temperature was
considered to be independent of the topological changes. In fact, in deriving sensitivity functions
when holes were created under mechanical and thermal loads, temperature variations were not taken
into account. In the study by Xia [39], for instance, no topology dependent temperature variations
were observed in the velocity term of the Hamilton- Jacobi equation, something which points to
the novelty of the present work. Indicating the temperature that depends on topological changes, a
topology function was derived in the present study through relevant mathematical methods.

2. Defining the Optimization Problem

According to Fig. 1, the structural boundary is defined as follows

∂Ω = Γu
⋃

ΓT
⋃

ΓH
⋃

ΓM
⋃

ΓF (1)

The Displacement boundary is denoted by Γu , temperature boundary by ΓT , thermal load boundary
by ΓH , mechanical load boundary by ΓM , and the free structural boundary by ΓF .

The problem is governed by the equilibrium equation stated as follows:
−∇ · σ(u) = 0 in Ω

u = 0 on Γu
F = Fm on ΓM

(2)

Heat transfer analysis is necessary under temperature and thermal boundary conditions. The below
equation can be established assuming heat transfer by conduction:

−∇ · (K∇T ) = 0 in Ω
T = T0 on ΓT

K∇T · n = q in ΓH
K∇T · n = 0 in ΓF

(3)
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Where
K = kI (4)

Where k represents thermal conductivity coefficient, q is heat flux over the boundary, and n is the
normal vector on the boundary.

Fig. 1. The structural boundaries.

The two equations above are coupled with the stress-strain relation:

σ = C(ε(u)− εth(T ))) (5)

The mechanical strain is defined as follow

ε(u) =
1

2
(∇u + (∇u)T ) (6)

The thermal strain is defined as follow

εth(T ) = αTΦT , Φ = [1 1 0] (7)

C represents the elastic coefficient tensor and α , in thermal strain, is the thermal expansion coeffi-
cient. The integral form of the equilibrium equation (2) is as follows

a(u,v) = γ(T,v) + lf (v) , u ∈ Z(Ω) , ∀ v ∈ Z(Ω) (8)

Where

a(u,v) =

∫
Ω

Cε(u)ε(v)dΩ (9)

lf (v) =

∫
ΓM

FmvdΓ (10)

γ(T,v) =

∫
Ω

Cεth(T )ε(v)dΩ (11)

Z(Ω) = {v ∈ H1(Ω)N | v = 0 on ΓD} (12)
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Where Z(Ω) is the allowable space for the displacement vector. The integral form of the thermal
conduction equation is as follows

b(T,T) = lh(T) (13)

b(T,T) =

∫
Ω

k∇T · ∇T (14)

lh(T̄) =

∫
Γh

qTdΓ (15)

Y = {T ∈ H1(Ω)N | T = T0 on ΓT0} (16)

Where Y is the allowable space for the temperature field. Under thermal and mechanical boundary
conditions, the objective function in the optimization problem, referred to as ”compliance”, is defined
as follows

J = γ(T,u) + lf (u) (17)

Where

lf (u) =

∫
ΓM

FmudΓ (18)

γ(T,u) =

∫
Ω

Cεth(T )ε(u)dΩ (19)

A constraint stating that the material volume V should not exceed a given upper bound V is given
by

V =

∫
Ω

dx ≤ V (20)

A structure is represented as an open-bounded set Ω ⊂ Rd (d = 2 or 3). It is necessary that, during
optimization, all admissible structures remain within a fixed reference domain D ⊂ Rd that is, Ω ⊂ D
.The set of admissible shapes can be defined

Uad = {Ω ⊂ D , V ≤ V} (21)

Defining the optimization problem:
inf

Ω∈Uad

J (22)

3. Optimization Method

The reaction diffusion equation is used in the level-set-based optimization:

∂ϕ

∂t
= DTL+ τ∇2ϕ (23)

In the reaction diffusion equation, ϕ represents the level-set function, which is defined as follows:
ϕ(x) = 0 ∀ x ∈ ∂Ω
ϕ(x) > 0 ∀ x ∈ Ω \ ∂Ω
ϕ(x) < 0 ∀ x ∈ D \ ∂Ω

(24)

In the established equation, ϕ(x) = 0 shows the structural boundary, ϕ(x) > 0 is the material phase
and ϕ(x) < 0 is the void.
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In the reaction diffusion equation, DTL denotes the topological derivative of the Lagrangian
function and τ is the regularization parameter corresponding to the second-degree gradient of the
level-set function. What is important is that the topological derivative of the Lagrangian is found.
By forming the Lagrangian function, we have:

L = J + γ(T,w) + lf (w)− a(u,w) + λ(V − V ) (25)

where w and λ are the Lagrange multipliers.
λ is updated during the optimization according to the augmented lagrange multiplier method [23] as

λm+1 = max{0 , λm +
1

β
(V m − V )} (26)

Where β > 0 is a penalty parameter.
By substituting in Lagrange’s equation, we have:

L =

∫
Ω

Cεth(T )ε(u)dΩ +

∫
ΓM

FmudΓ−
∫

Ω

Cε(u)ε(w)dΩ

+

∫
Ω

Cεth(T )ε(w)dΩ +

∫
ΓM

FmwdΓ + λ(V − Vmax) (27)

By rearranging the equation above, we have:

L =

∫
Ω

Cεth(T )[ε(u) + ε(w)]dΩ +

∫
ΓM

Fm(u + w)dΓ

−
∫

Ω

Cε(u)ε(w)dΩ + λ(V − V ) (28)

The material derivative of the Lagrangian is used for this purpose [10, 12, 35]. The aim is to find the
adjoint equation, which will be used to find the multiplier w . The material derivative of Lagrange’s
equation is as follows

L′ = J ′ + γ′(T,w) + l′f (w)− a′(u,w) + λV ′ (29)

The material derivative of the objective function

J ′ = γ(T,u′) + γ(T ′,u) + lf (u
′) +

∫
∂Ω

Cεth(T )ε(u)V · ndΓ

+

∫
ΓM

(∇(Fmu) · n + κFmu)V · ndΓ (30)

Where
κ = div n (31)

The material derivative of other terms of Lagrange’s equation

a′(u,w) = a(u′,w) + a(u,w′) +

∫
∂Ω

Cε(u)ε(w)V · ndΓ (32)

γ′(T,w) = γ(T,w′) + γ(T ′,w) +

∫
∂Ω

Cεth(T )ε(w)V · ndΓ (33)

l′f (w) = lf (w
′) +

∫
ΓM

(∇(Fmw) · n + κFmw)V · ndΓ (34)

V ′ =

∫
∂Ω

V · ndΓ (35)
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By substituting in the material derivative of the Lagrangian, we have:

L′ = γ(T,u′) + γ(T ′,u) + lf (u
′) +

∫
∂Ω

Cεth(T )ε(u)V · ndΓ

+

∫
ΓF

(∇(Fmu) · n + κFmu)V · ndΓ + γ(T,w′) + γ(T ′,w)

+

∫
∂Ω

Cεth(T )ε(w)V · ndΓ + lf (w
′) (36)

+

∫
ΓF

(∇(Fmw) · n + κFmw)V · ndΓ− a(u,w′)− a(u′,w)

−
∫
∂Ω

Cε(u)ε(w)V · ndΓ + λ

∫
∂Ω

V · ndΓ

By taking into account the terms containing w′ , summing them up, and equating to zero, the
equilibrium equation is obtained.

a(u,w′) = γ(T,w′) + lf (w
′) (37)

By taking into account the terms containing u′ , summing them up, and equating to zero, the adjoint
equation is obtained.

a(u,u′) = a(u′,w) (38)

Based on the definition of a(u,u′) and a(u′,w) in Eq. (9), it is concluded from the adjoint equation
that:

u = w (39)

4. Topological derivative

Therefore, the topological derivative of the Lagrangian can be obtained. Thus, finding the topo-
logical derivative according to Novotny’s theory [16, 25]. According to Fig. 2, in this method, the
topological derivative is stated as follows

DT = lim
ε→0

ψ(Ωε)− ψ(Ω)

f(ε)
(40)

Fig. 2. Topological changes due to the introduction of a new hole.

Based on the theory, the relationship between the shape and topological derivatives is defined as:

DT = lim
ε→0

1

f ′(ε)

d

dτ
ψ(Ωτ )

∣∣∣∣
τ=0

(41)
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Where

Ωτ :=

{
xτ ∈ R2 : x ∈ Ωε, xτ = x + τv, xτ

∣∣∣∣
τ=0

= x, Ωτ

∣∣∣∣
τ=0

= Ωε

}
(42)

The velocity vector v is defined as follows{
v = −n on ∂Bε

v = 0 on ∂Ω
(43)

Thermal conductivity coefficient and Young’s modulus are defined as follows considering the topology
conditions:

K =

{
K on Ω \Bε

PTK on Bε
(44)

E =

{
E on Ω \Bε

PME on Bε
(45)

where PM and PT are penalty factors.
The theory can be applied to find the derivative of the Lagrangian. It will suffice that

ψ(Ωτ ) = L (46)

Where

L = 2

∫
Ω

Cεth(T )ε(u)dΩ + 2

∫
ΓM

FmudΓ−
∫

Ω

Cε(u)ε(u)dΩ + λ(V − V ) (47)

Therefore, based on Eq. (41):

DTL = lim
ε→0

1

f ′(ε)

d

dτ
L

∣∣∣∣
τ=0

(48)

Where

d

dτ
L

∣∣∣∣
τ=0

=
d

dτ

(
2

∫
Ω

Cεth(T )ε(u)dΩ

)∣∣∣∣
τ=0

+
d

dτ

(
2

∫
ΓM

FmudΓ

)∣∣∣∣
τ=0

+
d

dτ

(
−
∫

Ω

Cε(u)ε(u)dΩ

)∣∣∣∣
τ=0

+
d

dτ

(
λ(V − V )

)∣∣∣∣
τ=0

(49)

The terms on the right side of the above equation, the shape derivatives, are defined by the Reynolds’
transport theorem:

d

dτ

(
2

∫
Ω

Cεth(T )ε(u)dΩ

)∣∣∣∣
τ=0

= 2

∫
Ωε

∂

∂τ
(Cεth(Tτ )ε(uτ ))

∣∣∣∣
τ=0

dΩε

+2

∫
∂Ωε

Cεth(Tε)ε(uε)(v · n)dΓ (50)

d

dτ

(
2

∫
ΓM

FmudΓ

)∣∣∣∣
τ=0

= 2

∫
ΓM

Fmu̇dΓ (51)

d

dτ

(
−
∫

Ω

Cε(u)ε(u)dΩ

)∣∣∣∣
τ=0

= −
∫

Ωε

∂

∂τ
(Cε(uτ )ε(uτ ))

∣∣∣∣
τ=0

dΩε

−
∫
∂Ωε

Cε(uε)ε(uε)(v · n)dΓ (52)

d

dτ

(
λ(V − V )

)∣∣∣∣
τ=0

= λ

∫
∂Ωε

v · ndΓ (53)
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Based on Eqs.9 and 11, the first terms of Eqs.50 and 52:

2

∫
Ωε

∂

∂τ
(Cεth(Tτ )ε(uτ ))

∣∣∣∣
τ=0

dΩε = 2γ(T ′,u) + 2γ(T,u′) (54)

−
∫

Ωε

∂

∂τ
(Cε(uτ )ε(uτ ))

∣∣∣∣
τ=0

dΩε = −a(u,u′)− a(u′,u) = −2a(u,u′) (55)

Then

d

dτ
L

∣∣∣∣
τ=0

= 2γ(T ′,u) + 2γ(T,u′) + 2

∫
∂Ωε

Cεth(Tε)ε(uε)(v · n)dΓ

+2

∫
ΓM

Fmu̇dΓ− 2a(u,u′)−
∫
∂Ωε

Cε(uε)ε(uε)(v · n)dΓ + λ

∫
∂Ωε

v · ndΓ (56)

Considering that:

u̇ =
d

dτ
u +

du

dx

dx

dτ
= u′ + (∇u)v (57)

Then, the fourth term of the Eq. (56):

2

∫
ΓM

Fmu̇dΓ = 2lf (u
′) + 2

∫
ΓM

Fm(∇u)vdΓ (58)

According to the equilibrium equation (Eq. 8):

2a(u,u′) = 2γ(T,u′) + 2 lf (u
′) (59)

Therefore:

d

dτ
L

∣∣∣∣
τ=0

= 2γ(T ′,u) + 2

∫
∂Ωε

Cεth(Tε)ε(uε)(v · n)dΓ + 2

∫
ΓM

Fm(∇u)vdΓ

−
∫
∂Ωε

Cε(uε)ε(uε)(v · n)dΓ + λ

∫
∂Ωε

v · ndΓ (60)

The first term of the above equation can be rewritten based on stress as follow

2γ(T ′,u) = 2

∫
Ω

Cεth(T
′)ε(u)dΩ = 2

∫
Ω

[
σT εth(T

′) + (Cεth(T ))T εth(T
′)

]
dΩ (61)

Under plane stress conditions:

(Cεth(T ))T εth(T
′) =

2Eα2TT ′

1− ν
(62)

Therefore:

2γ(T ′,u) = 2(αT ′tr(σ) +
2Eα2TT ′

1− ν
) (63)

Let us now discuss T ′ from the above equation. For this purpose, the finite element form of Eq. (13)
is used.

KT = F ⇒ K′T + KT′ = F′ ⇒ T′ = K−1(F′ −K′T) (64)

With no thermal loads on the boundary:

T′ = −K−1K′T (65)
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Where

K′ =

{
0 on Ω \Bε

−(1− PT )K on Bε
(66)

Therefore, four-node elements, the temperature of each element is determined as follows:

T ′ =
1

4

4∑
i=1

T ′(i, 1) (67)

Now, the second term of Eq. 60 is addressed.

2

∫
∂Ωε

Cεth(Tε)ε(uε)(v · n)dΓ = 2

∫
∂Ω

Cεth(Tε)ε(uε)(v · n)dΓ + 2

∫
∂Bε

Cεth(Tε)ε(uε)(v · n)dΓ (68)

Based on the relationship for velocity over the boundary in Eq. (43), the first term on the right of
the equation is zero while the second term is as follows:

2

∫
∂Bε

Cεth(Tε)ε(uε)(v · n)dΓ = −2

∫
∂Bε

Cεth(Tε)ε(uε)(n · n)dΓ = −2

∫
∂Bε

Cεth(Tε)ε(uε)dΓ (69)

Therefore, stress analysis over hole boundary is necessary, and the above equation must be rewritten
based on stress. Based on Eq. (5), and by substituting in the integral (69), we have:

−2

∫
∂Bε

Cεth(Tε)ε(uε)dΓ = −2

∫
∂Bε

εth(Tε)[σ + Cεth]dΓ

−2

∫
∂Bε

[
σT εth(Tε) + (Cεth(Tε))

T εth(Tε)

]
dΓ (70)

Stress tensor over the hole boundary is defined as follows

σ(uε)|∂Bε = σnnε (n⊗ n) + σtnε (t⊗ n) + σntε (n⊗ t) + σttε (t⊗ t) (71)

Based on boundary conditions over the hole,

σ(uε)n = σnnε n + σtnε t = 0 ⇒ σnnε = σtnε = 0 on ∂Bε (72)

Therefore, the boundary integral is:

− 2

∫
∂Bε

[
σT εth(Tε) + (Cεth(Tε))

T εth(Tε)

]
dΓ = −2

∫
∂Bε

[
σttαT + (Cεth(Tε))

T εth(Tε)

]
dΓ (73)

Tangential stress over the hole boundary is rewritten based on the principal stresses in polar coordi-
nates:

σttε =
σ1 + σ2

2
(1 +

ε2

r2
)− σ1 − σ2

2
(1 +

3ε4

r4
) cos 2γ +O(ε1−µ) (74)

The principal stresses are defined as follows:

σ1,2 =
1

2
[tr(σ)±

√
(2σD · σD)]

σD = σ − 1

2
tr(σ) I (75)
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Tangential stress over the hole boundary is created at r = ε :

σttε = σ1 + σ2 − 2(σ1 − σ2) cos 2γ (76)

By substituting tangential stress in boundary integral (73):

−2

∫
∂Bε

[
σttαT + (Cεth(Tε))

T εth(Tε)

]
dΓ =

− 2

∫
∂Bε

[
[σ1 + σ2 − 2(σ1 − σ2) cos 2γ]αT + (Cεth(Tε))

T εth(Tε)

]
dΓ (77)

By integration over the hole boundary:

−2

∫ 2π

0

[
[σ1 + σ2 − 2(σ1 − σ2) cos 2γ]αT + (Cεth(Tε))

T εth(Tε)

]
εdγ

= − 2ε

(
αT [(σ1 + σ2)γ − (σ1 − σ2) sin 2γ]|2π0 + (Cεth(Tε))

T εth(Tε)γ|2π0
)

= − 4πε

[
αTtr(σ) + (Cεth(Tε))

T εth(Tε)

]
(78)

Under plane stress conditions:

− 2

∫
∂Bε

[
σttαT + (Cεth(Tε))

T εth(Tε)

]
dΓ = −4πε

[
αTtr(σ) +

2Eα2T 2

1− ν

]
(79)

The third term of Eq. 60: Based on the relationship for velocity over the boundary in Eq. (43),

2

∫
ΓM

Fm(∇u)vdΓ = 0 (80)

The fourth term of Eq. 60:

−
∫
∂Ωε

Cε(uε)ε(uε)(v · n)dΓ = −
∫
∂Ω

Cε(uε)ε(uε)(v · n)dΓ

−
∫
∂Bε

Cε(uε)ε(uε)(v · n)dΓ (81)

Based on the relationship for velocity over the boundary in Eq. (43),

−
∫
∂Ωε

Cε(uε)ε(uε)(v · n)dΓ = −
∫
∂Bε

Cε(uε)ε(uε)dΓ

=

∫
∂Bε

[
(C−1σ)Tσ + 2σ2εth(Tε) + (Cεth(Tε))

T εth(Tε)

]
dΓ (82)

By substituting tangential stress (76) in boundary integral (82):∫ 2π

0

[
(C−1σ)Tσ + 2σ2εth(Tε) + (Cεth(Tε))

T εth(Tε)

]
εdγ

= 2πε

[
3

E
((tr(σ))2 − 8

E
σ1σ2 + 2αTtr(σ) +

2Eα2T 2

1− ν

]
(83)



Deriving a topology function to be used ..... ;
Volume 12, Special Issue, Winter and Spring 2021 , 873-891 885

The last term of Eq. 60:

λ

∫
∂Ωε

v · ndΓ = λ

∫
∂Ω

v · ndΓ + λ

∫
∂Bε

v · ndΓ (84)

Based on the relationship for velocity over the boundary in Eq. (43),

λ

∫
∂Ωε

v · ndΓ = −λ
∫
∂Bε

dΓ = −2πελ (85)

The surface function of the hole is denoted by f(ε) :

f(ε) = −|Bε| = −πε2 ⇒ f ′(ε) = −2πε (86)

Further, by substituting in the topological derivative (Eq. (48)), the Lagrangian topology function
is obtained:

DTL = − 1

πε

[
αT ′tr(σ) +

2Eα2TT ′

1− ν

]
− 3

E
((tr(σ))2 +

8

E
σ1σ2 +

2Eα2T 2

1− ν
+ λ (87)

5. Numerical Examples

An optimization problem was tackled for the structure in the figure below (Fig. 3.). First, the
analysis was carried out for uniform temperature boundary conditions. Based on the figure, the
structure is secured on the left and right by clam supports. The mechanical boundary conditions
were defined by a concentrated force (F = 1 N) in the middle of the lower edge of the structure.
Temperature boundary conditions were distributed on the right and left edges of the structure. The
material properties were defined by Young’s modulus E = 1 , thermal conductivity k = 1 , thermal
expansion coefficient α = 1× 10−4 and Poisson’s ratio ν = 0.3 .

A total of fifty and twenty elements were considered in the horizontal and vertical directions,
respectively. The optimization results for the level-set-based method are presented by the compliance
objective function and a volume constraint using the reaction diffusion equation under both identical
and different temperature boundary conditions.

Fig. 3. The initial shape of the structure under temperature and mechanical boundary conditions.

The results were compared with the reports of Xia et al. [39] under identical temperature boundary
conditions, with a volume constraint of V = 0.2 . The first row of Figure (4) corresponds to the
case with only mechanical boundary condition. The second and third rows of Figure (4) correspond
to identical temperature boundary conditions, under which the elements do not exhibit consider-
able temperature variations during optimization, thus producing identical temperatures across all
elements. The results were compared with those reported by Xia for fixed-temperature elements.



886 Dehghanipour, Ghoddosian

Fig. 4. A comparison of the final optimized forms in the present study with those of the Xia et al. under

identical temperature boundary condition with the volume constraint V = 0.2 .

Figure (5) illustrates temperature variations in element no. 976, located in the middle of the lower
edge, during optimization under identical temperature boundary conditions (TR = TL = 5). As
evident, in this topology, the temperature of the elements remains identical and unchanged during
the optimization.

Fig. 5. Temperature variations in element no. 976, located in the middle of the lower edge, during

optimization under identical temperature boundary conditions (TR = TL = 5).
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Fig. 6. The comparison of the compliance and volume constraint in the proposed method with Xia’s work

at TR = TL = 5.

As can be seen from Figure (6), the convergence rate in the proposed method is higher than the
Xia’s work. Figure (7) compares the results with those from the homogenization method [29] under
identical temperature boundary conditions with the volume constraint V = 0.4 .

Fig. 7. A comparison of the final optimized forms in the present study with those from homogenization

method under identical temperature boundary condition with the volume constraint V = 0.4 .

The problem is investigated under different temperature boundary conditions. Under non-identical
boundary conditions, the temperature, a function of the topology, changes in the elements throughout
the optimization. As a result of the decrease in the number of elements in the topology, in addition
to elasticity modulus, a penalty is applied to the thermal conductivity of the elements. Therefore,
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the temperature changes in the elements in every optimization step. Optimization under different
temperature boundary conditions is presented in four cases, according to Figure (8).

Fig. 8. The final optimized forms by the proposed method under non-identical temperature boundary

condition with the volume constraint V = 0.5 .

Figure (9) illustrates temperature variations in element 976, located in the middle of the lower edge,
during optimization under the third-case temperature boundary conditions (TR = 15 and TL = 5).
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Fig. 9. Temperature variations in element no. 976, located in the middle of the lower edge, during

optimization under non- identical temperature boundary conditions (TR = 15 and TL = 5).

6. Conclusion

In this work, we have derived new term in reaction diffusion equation for considering the effects
of temperature boundary conditions. Applying this new formulation, the topology function derived
for temperature and mechanical boundary conditions, the topology optimization is analyzed in two
modes. In the first case with identical temperature boundary conditions, the results show that penal-
izing the thermal conductivity of eliminated elements has no significant effects on the temperature of
remaining elements during optimization. In this case, the results obtained from the proposed method
are consistent with those obtained by Xia’s work and homogenization method. In the second mode
with non-identical temperature boundary conditions, topological variations significantly affected the
temperature of remaining elements during optimization. In fact, penalizing the thermal conductivity
of eliminated elements causing variations in the conductivity matrix and thereby temperature of
elements.
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