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Abstract

This paper is to define a new iterative scheme under a special sequence of asymptotically nonexpansive
mapping with a special sequence. We prove some convergence, existence in CAT(0) space.
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1. Introduction and preliminaries

Let (C, d) be a metric space.In [19] A geodesic path joining χ ∈ C to ϖ ∈ C is a map c from
[0, k] ⊂ R to C if c (0) = χ, c (k) = ϖ, and d

(
c (x) , c

(
x

′))
=

∣∣x− x
′∣∣ for each x − x

′ ∈ [0, k].In a
geodesic metric space (C, d) , the geodesic triangle ∆ (χ1, χ2, χ3) consists of threepoints ofχ1, χ2, χ3

in C between the vertices of ∆ and a geodesic segment between the vertices of each pair ( edge of
∆ ). In the Euclidean plane E2, a comparison triangle for the geodesic triangle ∆ (χ1, χ2, χ3) is a
triangle ∆ (χ1, χ2, χ3) := ∆ (χ1, χ2, χ3) such that dE2(χi, χj) = d(χi, χj) for i, j ∈ {1, 2, 3}.
If all geodesic triangles satisfy the axiom of comparison,is called to be a CAT(0) space.
If χ,ϖ1, ϖ2 ∈ CAT (0), ifϖ0 is middle point of segment[ϖ1, ϖ2], where CAT(0) inequality is

d (χ,ϖ0)
2 ≤ 1

2
d (χ,ϖ1)

2 +
1

2
d (χ,ϖ2)

2 − 1

4
(ϖ1, ϖ2)

2 (AN)
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This is Bruhat and Tits(AN) inequality [2]. In [1] a geodesic space is a CAT(0) space if and only if it
satisfies (AN). In [9] special sequence {Ψ(n)} is Fibonacci sequence if Ψ (n+ 1) = Ψ (n)+Ψ (n− 1) ,
where Ψ (0) = Ψ (1) = 1 ,∀ n ≥ 1.

Definition 1.1. A mapping of nonempty subset A (B : A → C) of a CAT (0) space .B is an
asymptotically nonexpansive if

lim
n→∞

ξΨ(n) = 1, d
(
BΨ(n) (χ) , BΨ(n) (ϖ)

)
≤ ξΨ(n)d (χ,ϖ) for both n ≥ 1 and χ,ϖ ∈ A

If χ = Bχ, χ ∈ A is considered a point χ ∈ A is called a fixed point of B. Denote the set of fixed
points of B with F (B).In this work we assume that A be a nonempty bounded closed and convex
subset of CAT (0) and a complete space

In Kirk [6] the existence of fixed points in CAT (0) spaces then

Theorem 1.2. [4] Let A be subset of a CAT (0) space C and B satisfy Definition 1.1 Then B has
a fixed point,

A bounded sequence {χn}in a metric space C. For χ ∈ C, we get

r (χ, {χn}) = lim
n→∞

sup d (χ, χn)

An asymptotic radius r ({χn}) of{χn} is defiend by

r ({χn}) = inf {r (χ, {χn}) : χ ∈ C} ,
and the asymptotic center F ({χn}) of{χn} is defiend by

F ({χn}) = {χ ∈ C : r (χ, {χn}) = r ({χn})}

Definition 1.3. [7, 8] If χ is the unique asymptotic center of {vn} for all {vn} ⊆ {χn} , then a
sequence {χn} in a metric space C is said to ∆− converge to χ ∈ C,we write ∆− limn χn = χ and
call χ the ∆− limiχ of {χn} .

The metric space C andK ⊆ C is called ∆− compact [8]if each sequence inK has an ∆− convergence
subsequence. Mapping B : C → K is called completely continuous.
In this work, B is asymptotically nonexpansive mapping.

Lemma 1.4. [7] In a CAT (0) space. Each bounded sequence has a ∆− convergent subsequence.

Lemma 1.5. [3] The asymptotic center of {χn} is in A of a CAT (0) space and if{χn} is a bounded
sequence in A.

Lemma 1.6. [18] Let A be of a CAT (0) spaceC and B mapping, {χn} be a bounded sequence
in A,limn d (χn, Bχn) = 0 and ∆− limn χn = χ. Then χ = Bχ

Lemma 1.7. [5] Let (C, d) be a CAT (0) space.

i. χ,ϖ ∈ C and x ∈ [0, 1], there exists a unique point ψ ∈ [χ,ϖ] where

d(χ, ψ) = xd(χ,ϖ) and d(ϖ,ψ) = (1− x)d(χ,ϖ) (1.1)

We use (1− x)χ⊕ xϖ for a unique point ψ hold (1).
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ii. χ,ϖ, ψ ∈ C and x ∈ [0, 1], we have

d ((1− x)χ⊕ xϖ,ψ) ≤ (1− x) d (χ, ψ) + xd (ϖ,ψ)

iii. For χ,ϖ, ψ ∈ C and x ∈ [0, 1] , we have

d ((1− x)χ⊕ xϖ,ψ)2 ≤ (1− x) d (χ, ψ)2 + xd (ϖ,ψ)2 − x (1− x) d (χ,ϖ)2

Lemma 1.8. [20] Let Let {pn},{qn} ∈ R+satisfying inequality

pn+1 ≤ (1 + qn) pn, n ≥ 1. If
∞∑
n=1

qn <∞,

then limn→∞ pn exists.

2. Main Rsults

In this section we have new iteration sequence and some theorems for fixed point in CAT (0)
space.

Theorem 2.1. Let A be a subset of a CAT (0) space C and let B be a mapping,
{
ξΨ(n)

}
satisfying

ξΨ(n) ≥ 1 and
∑∞

n=1

(
ξΨ(n) − 1

)
< ∞. Let{ηn} , {µn} , {θn} be real sequences in [0, 1]. For a given

χ1 ∈ A, concider the sequence {χn} , {ϖn} and {ψn} defined new Iteration Sequence by

ψn = θnB
Ψ(n)χn ⊕ (1− θn)χn

ϖn = µnB
Ψ(n)ψn ⊕ (1− µn)χn n ≥ 1

χn+1 = ηnB
Ψ(n)ϖn ⊕ (1− ηn)χn

If F (B) is nonempty set of fixed point, and ∀ζ ∈ F (B) then lim
n
d (χn, ζ) exists for allζ ∈ F (B)

Proof . F (B) ̸= ∅ by Theorem 1.2 for all ζ ∈ F (B), then

d (ψn, ζ) = d
(
θnB

Ψ(n)χn ⊕ (1− θn)χn, ζ
)
≤ θnd

(
BΨ(n)χn, ζ

)
+ (1− θn) d (χn, ζ)

≤ θnξΨ(n)d (χn, ζ) + (1− θn) d (χn, ζ) =
(
1− θnξΨ(n) − θn

)
d (χn, ζ) (2.1)

Also

d (ϖn, ζ) = d
(
µnB

Ψ(n)ψn ⊕ (1− µn)χn, ζ
)
≤ µnξΨ(n)d (ψn, ζ) + (1− µn) d (χn, ζ) (2.2)

By (2.1) and (2.2), we have

d (χn+1, ζ) = d
(
ηnB

Ψ(n)ϖn ⊕ (1− ηn)χn, ζ
)
≤ ηnξΨ(n)d (ϖn, ζ) + (1− ηn) d (χn, ζ)

≤ ηnξΨ(n)

[
µnξΨ(n)d (ψn, ζ) + (1− µn) d (χn, ζ)

]
+ (1− ηn) d (χn, ζ)

≤ ηnξΨ(n)

[
µnξΨ(n)

(
1− θnξΨ(n) − θn

)
d (χn, ζ) + (1− µn) d (χn, ζ)

]
+ (1− ηn) d (χn, ζ)

=
(
ηnµnθnξ

2
Ψ(n) + ηnµnξΨ(n) + ηn

) (
ξΨ(n) − 1

)
d (χn, ζ) + d (χn, ζ)

≤
(
ξ2Ψ(n) + ξΨ(n) + 1

) (
ξΨ(n) − 1

)
d (χn, ζ) + d (χn, ζ)

=
[
1 +

(
ξ2Ψ(n) + ξΨ(n) + 1

) (
ξΨ(n) − 1

)]
d (χn, ζ)

Since
{
ξΨ(n)

}
is bounded, there exists G > 0,

d (χn+1, ζ) ≤
(
1 +G

(
ξΨ(n) − 1

))
d (χn, ζ)

By Lemma 1.8 and the fact that
∑∞

n=1

(
ξΨ(n) − 1

)
<∞, we get limn→∞ d (χn, ζ) exists. □
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Theorem 2.2. Let A, C, B,
{
ξΨ(n)

}
, {ηn} , {µn} , {θn} , {χn} , {ϖn} , {ψn} are as in Theorem 2.1

I. If 0 < lim
n→∞

inf ηn ≤ lim
n→∞

sup ηn < 1, then lim
n→∞

d
(
BΨ(n)ϖn, χn

)
= 0

II. If 0 < lim
n→∞

inf µn ≤ lim
n→∞

supµn < 1 and lim
n→∞

inf ηn > 0, then lim
n→∞

d
(
BΨ(n)ψn, χn

)
= 0

Proof . B has a fixed point ζ in A. Choose an arbitrary number 2 > 0 and a number r > 0 such
that A ⊆ B, and A− A ⊆ Br. It follows from Lemma 1.7 that

d (ψn − ζ)2 = d
(
θn

(
BΨ(n)χn − ζ

)
⊕ (1− θn) (χn − ζ)

)2
≤ θnd

(
BΨ(n)χn − ζ

)2 ⊕ (1− θn) d (χn − ζ)2 − (θn) d
(
BΨ(n)χn − χn

)
≤ θnξ

2
Ψ(n)d (χn − ζ)2 ⊕ (1− θn) d (χn − ζ)2

≤
(
1 + θnξ

2
Ψ(n) − θn

)
d (χn − ζ)2

Also

d (ϖn − ζ)2 ≤ d
(
µn

(
BΨ(n)ψn − ζ

)
⊕ (1− µn) (χn − ζ)

)2
≤ µnd

(
BΨ(n)ψn − ζ

)2 ⊕ (1− µn) d (χn − ζ)2 − µn (1− µn) d
(
BΨ(n)ψn − ζ

)
≤ θnξ

2
Ψ(n)d (ψn − ζ)

2 ⊕ (1− θn) d (χn − ζ)2 − µn (1− µn) d
(
BΨ(n)ψn − χn

)
Thus

d (χn+1 − ζ)2 = d
(
ηn

(
BΨ(n)ϖn − ζ

)
⊕ (1− ηn) (χn − ζ)

)2
≤ ηnd

(
BΨ(n)ϖn − ζ

)2 ⊕ (1− ηn) d (χn − ζ)2 − ηn (1− ηn)
(
BΨ(n)ϖn − χn

)
≤ ηnξ

2
Ψ(n)d (ϖn − ζ)⊕ (1− ηn) d (χn − ζ)2 − ηn (1− ηn) d

(
BΨ(n)ϖn − χn

)
≤ ηnξ

2
Ψ(n)

(
µnξ

2
Ψ(n)d (ψn − ζ)2 ⊕ (1− µn) d (χn − ζ)2 − µn (1− µn) d

(
BΨ(n)ψn − χn

)
⊕ (1− ηn) d (χn − ζ)2 − ηn (1− ηn) d

(
BΨ(n)ϖn − χn

))
≤ ηnξ

2
Ψ(n).µnξ

2
Ψ(n)

(
1⊕ θnξ

2
Ψ(n) − θn

)
d (χn − ζ)2 ⊕ ηnξ

2
Ψ(n) (1− µn) d (χn − ζ)2

− ηnξ
2
Ψ(n)µn (1− µn) d

(
BΨ(n)ψn − χn

)
⊕ (1− ηn) d (χn − ζ)2

− ηn (1− ηn) d
(
BΨ(n)ϖn − χn

)
= d (χn − ζ)2 ⊕

(
ηnµnθn

(
ξ2Ψ(n)

)2 ⊕ ηnµnξ
2
Ψ(n) ⊕ ηn

) (
ξ2Ψ(n) − 1

)
d (χn − ζ)2

− ηnξ
2
Ψ(n)µn (1− µn) d

(
BΨ(n)ψn − χn

)
− ηn (1− ηn) d

(
BΨ(n)ϖn − χn

)
≤ d (χn − ζ)2 ⊕

((
ξ2Ψ(n)

)2
+ ξ2Ψ(n) + 1

) (
ξ2Ψ(n) − 1

)
d (χn − ζ)2

− ηnµn (1− µn) d
(
BΨ(n)ψn − χn

)
− ηn (1− ηn) d

(
BΨ(n)ϖn − χn

)
(2.3)

The convergence of
{
ξΨ(n)

}
and the bounded property of G imply that there exists a constant G > 0

where

((
ξ2Ψ(n)

)2

⊕ ξ2Ψ(n) ⊕ 1

)
d (χn − ζ)2 ≤ G. Then from (2.3) we obtain

ηn (1− ηn) d
(
BΨ(n)ϖn − χn

)
≤ d (χn − ζ)2 − d (χn+1 − ζ)2 ⊕G

(
ξ2Ψ(n) − 1

)
(2.4)

And

ηnµn (1− µn) d
(
BΨ(n)ψn − χn

)
≤ d (χn − ζ)2 − d (χn+1 − ζ)2 ⊕G

(
ξ2Ψ(n) − 1

)
(2.5)
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I. If 0 < lim
n→∞

inf ηn ≤ lim
n→∞

sup ηn < 1, there exists some real number ρ > 0 and a natural

numberN0, such that

ηn (1− ηn) = ηn (1− ηn)
2 ⊕ η2n (1− ηn) ≥ ρ > 0, ∀n > N0

It follows from inequality (2.4) that for any natural number m > N0

m∑
n=N0

d
(
BΨ(n)ϖn − χn

)
≤

m∑
n=N0

ηn (1− ηn)d
(
BΨ(n)ϖn − χn

)
≤ d (χN0 − ζ)2 − d (χm+1 − ζ)2 ⊕G

m∑
n=N0

(
ξ2Ψ(n) − 1

)
≤ d (χN0 − ζ)2 ⊕G

m∑
n=N0

(
ξ2Ψ(n) − 1

)
(2.6)

It is easy to verify that χ2 − 1 ≤ 2χ (χ− 1) for a ≥ 1 by the application of the Lagrange mean
value theorem. This together with the assumption

∑∞
n=1

(
ξΨ(n) − 1

)
<∞ implies that∑∞

n=1

(
ξ2Ψ(n) − 1

)
<∞. Let m→ ∞ in inequality (2.6); we get∑∞

n=N0
d
(
BΨ(n)ϖn − χn

)
< +∞ and therefore lim

n→∞
d
(
BΨ(n)ϖn − χn

)
= 0. It follows that

lim
n→∞

d
(
BΨ(n)ϖn − χn

)
= 0

.

II. If 0 < lim
n→∞

inf µn ≤ lim
n→∞

supµn < 1 and lim
n→∞

inf ηn > 0, then lim
n→∞

d
(
BΨ(n)ψn, χn

)
= 0, using a

similar method, together with inequality (2.5), it can be proved that lim
n→∞

d
(
BΨ(n)ψn − χn

)
= 0.

□

Theorem 2.3. Let A be a subset of a CAT (0) space C and let B be a mapping with
{
ξΨ(n)

}
satisfying{

ξΨ(n)

}
≥ 1 and

∑∞
n=1

(
ξΨ(n) − 1

)
<∞. Let {ηn} , {µn} , {θn} be real sequence in [0, 1] satisfying

I. 0 < lim
n→∞

inf ηn ≤ lim
n→∞

sup ηn < 1 and

II. 0 < lim
n→∞

inf µn ≤ lim
n→∞

supµn < 1

For a given χ1 ∈ A, define

ψn = θnB
Ψ(n)χn ⊕ (1− θn)χn

ϖn = µnB
Ψ(n)ψn ⊕ (1− µn)χn n ≥ 1

χn+1 = ηnB
Ψ(n)ϖn ⊕ (1− ηn)χn

If F (B) is nonempty set of fixed point, and ∀ζ ∈ F (B)thenlimn→∞ d (Bχn, χn) = 0
Proof . from Theorem 2.2, we have

lim
n→∞

d
(
BΨ(n)ϖn, χn

)
= 0 and lim

n→∞
d
(
BΨ(n)ψn, χn

)
= 0.
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Thus

d
(
BΨ(n)χn, χn

)
≤ d

(
BΨ(n)χn, B

Ψ(n)ϖn

)
+ d

(
BΨ(n)ϖn, χn

)
≤ ξΨ(n)d (χn, ϖn) + d

(
BΨ(n)ϖn, χn

)
≤ ξΨ(n)µnd

(
BΨ(n)ψn, χn

)
+ d

(
BΨ(n)ϖn, χn

)
→ 0 As n→ ∞ (2.7)

So that

d
(
χn+1, B

Ψ(n)χn+1

)
≤ d (χn+1, χn) + d

(
BΨ(n)χn+1, B

Ψ(n)χn

)
+ d

(
BΨ(n)χn, χn

)
≤ d (χn+1, χn) + ξΨ(n)d (χn+1, χn) + d

(
BΨ(n)χn, χn

)
=

(
1 + ξΨ(n)

)
d
(
ηnB

Ψ(n)ϖn ⊕ (1− ηn)χn, χn

)
+ d

(
BΨ(n)χn, χn

)
≤

(
1 + ξΨ(n)

)
ηnd

(
BΨ(n)ϖn, χn

)
+ d

(
BΨ(n)χn, χn

)
→ 0 As n→ ∞ (2.8)

By (2.7) and (2.8), we have

d (χn+1, Bχn+1) ≤ d
(
χn+1, B

Ψ(n)+1χn+1

)
+ d

(
BΨ(n)+1χn+1, Bχn+1

)
≤ d

(
χn+1, B

Ψ(n)+1χn+1

)
+ ξΨ(1)d

(
BΨ(n)χn+1, χn+1

)
→ 0. As n→ ∞

Which implieslimn→∞ d (Bχn, χn) = 0 as desired □

Theorem 2.4. Let A be a subset of a CAT (0) space C and let B be a mapping with
{
ξΨ(n)

}
satisfying{

ξΨ(n)

}
≥ 1 and

∑∞
n=1

(
ξΨ(n) − 1

)
<∞. Let {ηn} , {µn} , {θn} ∈ [0, 1] satisfying

I. 0 < lim
n→∞

inf ηn ≤ lim
n→∞

sup ηn < 1 and

II. 0 < lim
n→∞

inf µn ≤ lim
n→∞

supµn < 1

Such that χ1 ∈ A, define

ψn = θnB
Ψ(n)χn ⊕ (1− θn)χn

ϖn = µnB
Ψ(n)ψn ⊕ (1− µn)χn, n ≥ 1

χn+1 = ηnB
Ψ(n)ϖn ⊕ (1− ηn)χn

If F (B) is nonempty set of fixed point, and ∀ζ ∈ F (B) , then {χn} ∆− converges to a fixed point
ofB
Proof . Since Theorem 2.2 lim

n→∞
d (χn, Bχn) = 0. Let ωw (χn) =

⋃
F ({vn}) where,{vn} of {χn}.

We claim that ωw (χn) ⊂ F (B). Let v ∈ ωw (χn), {vn} ⊆ {χn} where F ({vn}) = {v}. By Lemmas
1.4 and 1.5, then {yn} ⊆ {vn} and ∆− limn yn = y ∈ A. Since limn d (yn, Byn) = 0, then y ∈ F (B)
by Lemma 1.6. Assume that v = y. Suppose not, since y ∈ F (B), by Theorem 2.2 limn d (χn, y)
exists. By the uniqueness of asymptotic centers,

lim
n

sup (yn, y) ≤ lim
n

sup (yn, v) ≤ lim
n

sup d (vn, v) < lim
n

sup d (vn, y)

= lim
n

sup d (χn, y) = lim
n

sup d (yn, y)

A contradiction, and hence v = y ∈ F (B), it suffices to prove that ωw (χn) consists of exactly one
point. □

3. Open problem

The study for results in papers [10, 11, 12, 13, 14, 15, 16, 17] under new iteration.
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4. Conclusion

The idea in this research includes obtaining a new iteration that is subject to a sequence and
describing this iterationin obtaining the fixed point theorems in CAT (0) space.
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